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ANHA Series Preface

The Applied and Numerical Harmonic Analysis (ANHA) book series aims to
provide the engineering, mathematical, and scientific communities with significant
developments in harmonic analysis, ranging from abstract harmonic analysis to
basic applications. The title of the series reflects the importance of applications
and numerical implementation, but richness and relevance of applications and
implementation depend fundamentally on the structure and depth of theoretical
underpinnings. Thus, from our point of view, the interleaving of theory and
applications and their creative symbiotic evolution is axiomatic.

Harmonic analysis is a wellspring of ideas and applicability that has flourished,
developed, and deepened over time within many disciplines and by means of
creative cross-fertilization with diverse areas. The intricate and fundamental rela-
tionship between harmonic analysis and fields such as signal processing, partial
differential equations (PDEs), and image processing is reflected in our state-of-the-
art ANHA series.

Our vision of modern harmonic analysis includes mathematical areas such as
wavelet theory, Banach algebras, classical Fourier analysis, time-frequency analysis,
and fractal geometry, as well as the diverse topics that impinge on them.

For example, wavelet theory can be considered an appropriate tool to deal with
some basic problems in digital signal processing, speech and image processing,
geophysics, pattern recognition, biomedical engineering, and turbulence. These
areas implement the latest technology from sampling methods on surfaces to fast
algorithms and computer vision methods. The underlying mathematics of wavelet
theory depends not only on classical Fourier analysis but also on ideas from abstract
harmonic analysis, including von Neumann algebras and the affine group. This leads
to a study of the Heisenberg group and its relationship to Gabor systems and of the
metaplectic group for a meaningful interaction of signal decomposition methods.
The unifying influence of wavelet theory in the aforementioned topics illustrates the
justification for providing a means for centralizing and disseminating information
from the broader, but still focused, area of harmonic analysis. This will be a key role
of ANHA. We intend to publish the scope and interaction that such a host of issues
demands.
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viii ANHA Series Preface

Along with our commitment to publish mathematically significant works at the
frontiers of harmonic analysis, we have a comparably strong commitment to publish
major advances in the following applicable topics in which harmonic analysis plays
a substantial role:

Antenna theory
Biomedical signal processing

Digital signal processing
Fast algorithms

Gabor theory and applications
Image processing

Numerical partial differential equations

Prediction theory
Radar applications

Sampling theory
Spectral estimation
Speech processing

Time-frequency and
time-scale analysis

Wavelet theory

The above point of view for the ANHA book series is inspired by the history of
Fourier analysis itself, whose tentacles reach into so many fields.

In the last two centuries, Fourier analysis has had a major impact on the
development of mathematics, on the understanding of many engineering and
scientific phenomena, and on the solution of some of the most important problems
in mathematics and the sciences. Historically, Fourier series were developed in
the analysis of some of the classical PDEs of mathematical physics; these series
were used to solve such equations. In order to understand Fourier series and the
kinds of solutions they could represent, some of the most basic notions of analysis
were defined, e.g., the concept of “function”. Since the coefficients of Fourier
series are integrals, it is no surprise that Riemann integrals were conceived to deal
with uniqueness properties of trigonometric series. Cantor’s set theory was also
developed because of such uniqueness questions.

A basic problem in Fourier analysis is to show how complicated phenomena,
such as sound waves, can be described in terms of elementary harmonics. There are
two aspects of this problem: first, to find, or even define properly, the harmonics or
spectrum of a given phenomenon, e.g., the spectroscopy problem in optics; second,
to determine which phenomena can be constructed from given classes of harmonics,
as done, e.g., by the mechanical synthesizers in tidal analysis.

Fourier analysis is also the natural setting for many other problems in engineer-
ing, mathematics, and the sciences. For example, Wiener’s Tauberian theorem in
Fourier analysis not only characterizes the behavior of the prime numbers, but it
also provides the proper notion of spectrum for phenomena such as white light; this
latter process leads to the Fourier analysis associated with correlation functions in
filtering and prediction problems, and these problems, in turn, deal naturally with
Hardy spaces in the theory of complex variables.

Nowadays, some of the theory of PDEs has given way to the study of Fourier
integral operators. Problems in antenna theory are studied in terms of unimodular
trigonometric polynomials. Applications of Fourier analysis abound in signal
processing, whether with the fast Fourier transform (FFT), or filter design, or the
adaptive modeling inherent in time-frequency-scale methods such as wavelet theory.



ANHA Series Preface ix

The coherent states of mathematical physics are translated and modulated Fourier
transforms, and these are used, in conjunctionwith the uncertainty principle, for
dealing with signal reconstruction in communications theory. We are back to the
raison d’être of the ANHA series!

College Park, MD John J. Benedetto
Series Editor





Preface

This book is the result of numerous courses titled “Constructive Approximation”
and taught at the Universities of Kaiserslautern and Siegen. More and more
students have encouraged me to turn my lecture notes into a textbook; hence,
when Birkhäuser asked me if I had plans to write a book, I decided to accept the
students’ advice. The more I thought about the project, the more ideas I had about
what else could be added and what could be presented in a different way than in
my lectures. Although I ran the risk of turning the book project into a never-ending
story, I finally managed to finish it. So, here it is.

As a textbook, this book cannot cover the whole area of constructive approx-
imation on the real line, the sphere, and the ball. The one-dimensional part is
kept brief because there are many books that already present this area in detail.
The main purpose is to demonstrate the features of Fourier, spline, and wavelet
methods so that analogues in the multivariate case become clear. The parts on the
sphere and the ball concentrate on tools that have already been successfully applied
to geophysical problems or problems of medical imaging. Alternative approaches
and additional theoretical and practical achievements are also mentioned, and
corresponding references are given.

This book addresses several distinct readers:

• Undergraduate students in their last year as well as graduate students of
mathematics will hopefully find this book a helpful companion while they are
attending courses in constructive approximation, harmonic analysis, numerical
analysis, or spline and wavelet methods. I have purposely not written as a
research monograph. Advanced experts will consider some explanations trivial,
but students who are not familiar with spherical analysis, in particular, might
profit from additional help given in the derivations.

• Students in geoscientific studies with a focus on mathematical methodologies
are provided with an introduction to the fundamental numerical methods for
approximating functions on the sphere and the ball. This book treats classical
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xii Preface

global approximations by orthogonal polynomials (spherical harmonics) as well
as modern localized methods based on splines, wavelets, and Slepian functions
with a view to sparse regularization.

• Geoscientists who realize that they need to learn more about advanced approxi-
mation methods for their problems.

• Mathematicians facing an application where they, for example, need to approx-
imate an unknown function on a sphere or a ball can use this textbook to learn
how the presented approximation methods work and what the current state of the
art of these tools is.

• Geomathematicians who are already familiar with constructive approximation
for geoscientific applications will, hopefully, find some new insights into well-
known concepts. They will also find references to further advanced results and
additional publications.

This book would not exist without the help of several people, listed in no particular
order. The first courses that I taught on constructive approximation basically
summarized Willi Freeden’s achievements on spherical approximation methods at
that point in time. So, without him, there wouldn’t have been such a course and,
consequently, there wouldn’t be the book that you are holding in your hands. For
the last ten years, I have added further topics. Besides the fact that I am starting
now with a brief introduction to one-dimensional approximation, I have added
some of the results of constructive approximation on the three-dimensional ball
that I obtained in cooperation with my own research group. For this reason, I
want to thank Nahid Akhtar, Muhammad Akram, Abel Amirbekyan, Paula Berkel,
Doreen Fischer, and Dominik Michel for their courage to tackle complicated inverse
problems in three dimensions and their valuable contributions to my own long-range
research project. They all left their footprints in this book. Successful research in
geomathematics and many other scientific areas is nowadays only possible with a
highly qualified and ambitious group of scientists.

I also want to thank those who proofread this book and (in addition to catching
typing errors) gave numerous suggestions for improvements. They are Nicole
Dröge, Doreen Fischer, Willi Freeden, and Roger Telschow. I am also thankful to the
anonymous reviewers for giving useful comments and catching some more minor
errors. Furthermore, I would like to express my gratitude to Frederik J. Simons for
his comments regarding the section on Slepian functions. Moreover, I am grateful
to so many students who have attended my lectures for more than ten years. Their
feedback was always valuable, and without their encouragement I would have never
written this textbook. In this context, my gratitude also goes to a series of PhD
students who organized tutorials that accompanied my lectures and assisted the
students in learning the subject. Furthermore, I also want to thank Tom Grasso and
Ben Cronin from Birkhäuser for their advice and their patience with an author who
didn’t meet the deadline. Above all, special thanks go to my wife, Bärbel Michel,
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for assisting me by typing the whole book, deciphering my handwriting, catching
errors during the typing, and coping with stylistic requirements.

I hope that this book will be helpful to many students and scientists, and I
appreciate any feedback.

Siegen, Germany Volker Michel
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Chapter 2
Basic Fundamentals: What You Need to Know

If you want to learn how to cook the perfect soufflé, you first have to know how to
beat egg white. It is not easy but easier than cooking the whole soufflé. However,
if your beaten egg white does not have the right consistency, your soufflé won’t
become satisfactory.

Now, don’t wonder. This is not a cooking book. The allegory of the soufflé means
here: This textbook will give you a small glimpse of a topic in today’s research. You
will only reach this point if you are versed in the use of some basic mathematical
theories. You will need the mathematics of the first two, or at least the first one
and a half, years of undergraduate courses. That’s why I won’t explain here, for
example, what a partial derivative, an integral on a volume in R

3, a vector space,
or a determinant are. You should know that or recapitulate that if you do not feel
confident with it.

Due to my experience in teaching this course, I will give you a short introduction
to some mathematical basics which are essential for the presented subjects but are
usually not known to all students attending this course. These are functional analysis
and the theory of integrals on curves and surfaces in R

3.

2.1 Preliminaries

The set of all positive integers is denoted by N, where N0 := N∪{0}, and Z is the
set of all integers. Moreover, the set of all real numbers is, as usual, represented by
R, and the set of all rational numbers is called Q.

Furthermore, the set of all polynomials on the real line, that is, all polynomials
in one variable, is called Pol(R) or, briefly, Pol. More general, Pol(Rn) represents
the set of all polynomials in n variables. In addition, the restrictions of polynomials
to a domain D are collected in Pol(D). For instance,

Pol [a,b] := Pol([a,b]) :=
{

P
∣
∣
[a,b]

∣
∣ P ∈ Pol

}
. (2.1)

V. Michel, Lectures on Constructive Approximation, Applied and Numerical
Harmonic Analysis, DOI 10.1007/978-0-8176-8403-7 2,
© Springer Science+Business Media New York 2013
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14 2 Basic Fundamentals: What You Need to Know

Finally, if we only consider polynomials of degree ≤ m, then the sets Pol0...m,
Pol0...m (Rn), and Pol0...m(D), respectively, are used.

For two univariate functions F and G and for x0 ∈ R∪{−∞,+∞}, the Landau
symbols O and o are defined as follows:

• F(x) = O(G(x)) as x → x0 :⇔ F(x)
G(x) is bounded as x → x0.

• F(x) = o(G(x)) as x → x0 :⇔ limx→x0
F(x)
G(x) = 0.

2.2 Basics of Functional Analysis

This textbook is about the approximation of functions. Some of the questions will
be: Which functions can be approximated? In which sense does the sequence of
approximations converge to the function? The answers require the knowledge of
spaces of functions and their properties and a concept of a convergence of functions.
Such structures are provided by functional analysis. We will need here pre-Hilbert
spaces and normed spaces. For further details, please consult any standard textbook
on functional analysis such as [93, 207].

Definition 2.1. A real vector space X is called a pre-Hilbert space if it is equipped
with an inner product, that is, a mapping 〈·, ·〉 : X ×X → R with the following
properties:

(IP1) 〈x,x〉 ≥ 0 for all x ∈ X , where 〈x,x〉 = 0 if and only if x = 0 (positive
definiteness).

(IP2) 〈x,y〉= 〈y,x〉 for all x,y ∈ X (symmetry).
(IP3) 〈λ x+μy,z〉= λ 〈x,z〉+μ〈y,z〉 for all x,y,z ∈ X and all λ ,μ ∈R (bilinearity).

Note that (IP2) in combination with (IP3) yields

〈x,λ y+ μz〉= 〈λ y+ μz,x〉= λ 〈y,x〉+ μ〈z,x〉= λ 〈x,y〉+ μ〈x,z〉

for all x,y,z ∈ X and all λ ,μ ∈ R.

Definition 2.2. Let X be a real vector space. If X is equipped with a mapping ‖ ·‖ :
X →R which satisfies

(N1) ‖x‖≥ 0 for all x∈X , where ‖x‖= 0 if and only if x= 0 (positive definiteness),
(N2) ‖λ x‖= |λ | ‖x‖ for all x ∈ X and all λ ∈ R (homogeneity),
(N3) ‖x+ y‖ ≤ ‖x‖+ ‖y‖ for all x,y ∈ X (triangle inequality),

then X (or, more precisely, (X ,‖ · ‖)) is called a normed space and ‖ · ‖ is called
a norm.

Note that, since all vector spaces here are real vector spaces, the expression “real”
will be omitted from here on.

There are some essential relations between normed spaces and pre-Hilbert
spaces.
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Theorem 2.3. Let X be a vector space.

(a) Every pre-Hilbert space is a normed space. More precisely, if 〈·, ·〉 is an inner
product on X, then the mapping ‖ · ‖ : X →R defined by

‖x‖ :=
√
〈x,x〉 for all x ∈ X (2.2)

is always a norm. It is called the induced norm.
(b) A norm ‖·‖ on X is an induced norm, that is, it originates from an inner product,

if and only if the parallelogram identity

‖x+ y‖2+ ‖x− y‖2 = 2‖x‖2 + 2‖y‖2 for all x,y ∈ X (2.3)

holds.
(c) Let 〈·, ·〉 be an inner product on X with the corresponding induced norm ‖ · ‖.

Then the Cauchy–Schwarz inequality

|〈x,y〉| ≤ ‖x‖ · ‖y‖ for all x,y ∈ X (2.4)

holds.

Unless anything else is stated, ‖ · ‖ in the context of a pre-Hilbert space always
represents the corresponding induced norm.

Let us have a look at some examples of pre-Hilbert spaces and normed spaces
which will be important for our further work.

Example 2.4. Of course, Rn with the Euclidean dot product

〈x,y〉 :=
n

∑
i=1

xiyi =: x · y ; x = (x1, . . . ,xn)
T , y = (y1, . . . ,yn)

T ∈ R
n; (2.5)

and its induced norm

‖x‖ :=

√
n

∑
i=1

x2
i =: |x| (2.6)

is a pre-Hilbert space, but this is not really exciting. Let us look at some more
interesting examples.

1. The space C (D,Rm), where D ⊂ R
n is compact, for example, D = [a,b]⊂R, of

all continuous functions f : D → R
m can be equipped with different norms: For

p ∈ [1,+∞[, we set

‖ f‖p := ‖ f‖Lp(D,Rm) :=

(∫

D
| f (x)|p dx

)1/p

, (2.7)

where | · | refers to the Euclidean norm, and, formally, for p =+∞, we set

‖ f‖∞ := ‖ f‖C(D,Rm) := max
x∈D

| f (x)|. (2.8)
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Note that the longer indices are used if the choice of the domain is not clear. For
instance, for f : R→R, x �→ x2, we have

‖ f‖C([−1,0],R) = 1,

‖ f‖C([0,
√

2],R) = 2. (2.9)

Moreover, the case p = 2 is special because then and only then we have the
parallelogram identity

∫

D
( f + g)2(x)dx+

∫

D
( f − g)2(x)dx

=

∫

D

(
f 2(x)+ 2 f (x)g(x)+ g2(x)+ f 2(x)− 2 f (x)g(x)+ g2(x)

)
dx

= 2
∫

D
( f (x))2 dx+ 2

∫

D
(g(x))2 dx. (2.10)

Hence, this norm is an induced norm. The corresponding inner product is

〈 f ,g〉2 := 〈 f ,g〉L2(D,Rm) :=
∫

D
f (x) ·g(x)dx, f ,g ∈ C(D,Rm) , (2.11)

where “·” refers to the Euclidean dot product.
2. In part (1), the norms for finite p do not require continuity but merely p-

integrability, that is, the integrability of | f |p. By the way, all integrals in this
book are Lebesgue integrals. If you only know the Riemann integral, don’t worry.
The differences are minor, although they are sometimes important. Let us have
a look at the space L p (D,Rm) , 1 ≤ p < +∞, which consists of all (Lebesgue)
measurable functions f : D → R

m (the “usual” functions are measurable) with
∫

D
| f (x)|p dx <+∞, (2.12)

where the set D ⊂ R
n only has to be a (Lebesgue) measurable set (e.g., an open

or closed set or nearly every other set that occurs in practice). The formula (2.7)
can obviously also be used for f ∈ L p(D,Rm), but ‖ · ‖p is not a norm on
L p(D,Rm). The reason is that a Lebesgue integral of a nonnegative function
vanishes if and only if the function vanishes almost everywhere, that is, if the set
where the integrand is not zero has the Lebesgue measure zero.1 For instance,
countable sets have a vanishing Lebesgue measure. Thus, for

F(x) :=

{
1, x ∈ [0,1]∩Q

0, x ∈ [0,1]∩ (R\Q),
(2.13)

1Nonmathematicians might want to ignore this problem and the following considerations of part
(2) and just accept that there is a particular difference between L p and Lp. The rest of this book
will, nevertheless, be comprehensible.



2.2 Basics of Functional Analysis 17

we have ‖F‖Lp([0,1],R) = 0 for all p. This problem is solved by considering
functions to be identical, if they are almost everywhere equal, that is, if they
only differ on a set of measure zero. This has the consequence that exactly these
functions f with ‖ f‖p = 0 are identified with the zero function. For a rigorous
mathematical formalism, one uses the algebraic technique of equivalence classes:
Let N p(D,Rm) denote the set of all Lebesgue measurable functions f : D →R

m

with ∫

D
| f (x)|p dx = 0. (2.14)

Then the normed space (Lp(D,Rm),‖ · ‖p) is defined by

Lp (D,Rm) := L p (D,Rm)/N p(D,Rm). (2.15)

Note that L2(D,Rm) is a pre-Hilbert space with the inner product 〈·, ·〉2.

For scalar functions, we will use the shorter notations C(D) := C(D,R) and
Lp(D) := Lp(D,R). Moreover, C(k) (D,Rm) denotes the set of all k-times (k ∈
N0 ∪ {∞}) continuously differentiable functions f : D → R

m, where C(k)(D) :=
C(k)(D,R).

A fundamental property of the Lp-spaces is the Hölder inequality (see, e.g., [99,
p. 224]).

Theorem 2.5 (Hölder’s Inequality). Let D ⊂ R
n be a measurable set and F ∈

Lp(D), G ∈ Lq(D), where p,q ∈]1,+∞[ with 1
p +

1
q = 1. Then F ·G ∈ L1(D) and

‖F ·G‖L1(D) ≤ ‖F‖Lp(D) ‖G‖Lq(D). (2.16)

Moreover, for bounded domains D, the Lp(D)-spaces are nested.

Theorem 2.6. Let D ⊂ R
n be measurable and bounded. If 1 ≤ q ≤ p <+∞, then

Lp(D)⊂ Lq(D). (2.17)

Proof. Let f ∈ Lp(D). Then we can subdivide D into two parts:

A :=
{

x ∈ D
∣
∣ | f (x)| ≤ 1

}
, B := D\A (2.18)

(which are well defined up to a set of measure zero and are measurable). Then
∫

D
| f (x)|q dx =

∫

A
| f (x)|q dx+

∫

B
| f (x)|q dx

≤
∫

A
1dx+

∫

B
| f (x)|p dx

≤ λ (A)+ ‖ f‖p
Lp(D)

(2.19)

is obviously finite, where λ (A) is the Lebesgue measure of A. ��
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For L1[a,b], an analogue of the fundamental theorem of calculus is known (see,
e.g., [99, p. 550]). For formulating this theorem, we need the concept of absolutely
continuous functions.

Definition 2.7. A function f : [a,b]→R is called absolutely continuous (or briefly
AC) if the following holds true: For every ε > 0, there exists δ > 0 such that, for
every finite set of points

a ≤ x1 < y1 ≤ x2 < y2 ≤ ·· · ≤ xm < ym ≤ b (2.20)

with
m

∑
j=1

(y j − x j)< δ , (2.21)

we get
m

∑
j=1

∣
∣ f (y j)− f (x j)

∣
∣< ε. (2.22)

The case m = 1 immediately yields the following embedding.

Theorem 2.8. Every absolutely continuous function is continuous.

With a lot of more work, one can prove the announced analogue of the fundamental
theorem of calculus.

Theorem 2.9. Let f : [a,b] → R be given. Then f is absolutely continuous if and
only if there exists g ∈ L1[a,b] with

f (x) = f (a)+
∫ x

a
g(t)dt for all x ∈ [a,b]. (2.23)

In this case, f is almost everywhere differentiable on [a,b], where f ′(x) = g(x) for
almost every x ∈ [a,b].

Remember that one of the reasons for the use of functional analysis in approxima-
tion theory is the concept of the convergence of functions which is provided just by
the choice of the norm as the following definition shows.

Definition 2.10. Let (X ,‖ · ‖) be a normed space, (xn) be a sequence in X , and
ξ ∈ X be an element.

(a) We say that (xn) converges to ξ if

lim
n→∞

‖xn − ξ‖= 0. (2.24)

In this case, we write ξ = limn→∞ xn. If the choice of the normed space is not
clear, notations such as ξ = X limn→∞ xn or ξ = ‖·‖ limn→∞ xn are used.
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(b) (xn) is called a Cauchy sequence if the following holds true: For every ε > 0,
there exists an index n0 ∈ N such that, for all n, m ≥ n0, the inequality

‖xn − xm‖< ε (2.25)

holds.

As you might know, there are more general spaces, the so-called metric spaces. They
are equipped with a metric d which measures distances. A norm always induces a
metric by d(x,y) := ‖x− y‖. Thus, convergence in a normed space simply means
that the distance (measured by the norm) between the sequence and the limit tends
to zero (in the ordinary sense of a convergence in R which you learned in analysis).
The concept of a Cauchy sequence can correspondingly be interpreted. In analogy
to finite-dimensional spaces, we have that every convergent sequence is a Cauchy
sequence, where the opposite conclusion is false in general.

Definition 2.11. A normed space is called complete if every Cauchy sequence in
this space converges to an element of this space. A complete normed space is also
called a Banach space, whereas a complete pre-Hilbert space is called a Hilbert
space.

Example 2.12. Again, the boring examples from your first year of studies are as
follows: Rn, n∈N, in combination with the Euclidean dot product is a Hilbert space,
where Qn, n ∈ N, with the same inner product is not complete.

The function spaces which are relevant for this course have the following
properties:

(C(D,Rm) ,‖ · ‖∞), where D ⊂ R
n is compact, is a Banach space.

(C(D,Rm) ,‖ · ‖p), where D ⊂ R
n is compact and 1 ≤ p <+∞, is in general not

complete.
(Lp (D,Rm) ,‖ · ‖p), where D ⊂ R

n is Lebesgue measurable and 1 ≤ p < +∞, is
a Banach space. In particular,

(
L2 (D,Rm) ,〈·, ·〉2

)
is a Hilbert space.

There exist two different concepts of convergence in pre-Hilbert spaces.2 The rela-
tion between both is an immediate consequence of the Cauchy–Schwarz inequality.

Theorem 2.13. Let (X ,〈·, ·〉) be a pre-Hilbert space. If (yk) is a sequence in X and
y ∈ X is an element such that limk→∞ ‖yk − y‖ = 0 (i.e., (yk) converges (strongly)
to y), then

lim
k→∞

〈yk,x〉= 〈y,x〉 for all x ∈ X (2.26)

(i.e., (yk) converges weakly to y).

In the context of convergence, the following relation is helpful.

2Actually, this is a particular case of a more general concept on normed spaces.
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Theorem 2.14. Let D ⊂ R
n be a compact set, and let (Fn) be a sequence in

C(D,Rm) which converges with respect to ‖ · ‖∞ to F : D → R
m. Then F is

continuous and (Fn) also converges to F with respect to ‖ ·‖p for every p ∈ [1,+∞[.

Proof. Note that the convergence in the sense of ‖ · ‖∞ is the same as the uniform
convergence, since we have (by using the quantors ∀ for “for all” and ∃ for “there
exists”) in this case

∀ε > 0∃n0∀n ≥ n0 ‖Fn −F‖∞ < ε,

⇔ ∀ε > 0∃n0∀n ≥ n0 max
x∈D

|Fn(x)−F(x)|< ε,

⇔ ∀ε > 0∃n0∀n ≥ n0 |Fn(x)−F(x)|< ε ∀x ∈ D. (2.27)

The first line corresponds to the ‖ ·‖∞-convergence, whereas the last line defines the
uniform convergence. Now, remember your lectures on analysis. The uniform limit
of a sequence of continuous functions is continuous. Thus, F is continuous.

The convergence in the ‖ ·‖p-sense is a consequence of the following considera-
tions: For each G ∈ C(D,Rn), we have

‖G‖p =

(∫

D
|G(x)|p dx

)1/p

≤
(∫

D

(
max
y∈D

|G(y)|
︸ ︷︷ ︸

=‖G‖∞

)p
dx

)1/p

= ‖G‖∞

(∫

D
dx

)1/p

.

(2.28)

Since D is compact and, consequently, bounded, the last integral is always finite.
Hence, we obtain from the convergence in the ‖ · ‖∞-sense, that is, from (2.27),

∀ε > 0∃n0∀n ≥ n0 ‖Fn −F‖p <

(∫

D
dx

)1/p

· ε. (2.29)

��
In analogy to the concepts in R

n, topological expressions such as “closed” and
“open” can be transferred to normed spaces.

Definition 2.15. Let (X ,‖ ·‖) be a normed space, M ⊂ X be a subset, and x ∈ X be
an element.

(a) The open ball with center x and radius r > 0 is denoted by

Br(x) := {y ∈ X |‖y− x‖< r} . (2.30)

(b) The element x is called an inner point of M if there exists ε > 0 such that
Bε(x) ⊂ M. The set intM consists of all inner points of M and is called the
interior of M.



2.2 Basics of Functional Analysis 21

(c) The set M is called an open set if every element of M is an inner point, that is,
if M = intM.

(d) The element x is called an accumulation point of M if the following holds true:
For every ε > 0, there exists an element y ∈ Bε(x) with y �= x and y ∈ M. The
set M denotes the union of M and all of its accumulation points and is called

the closure of M. If different norms may be chosen, the notation M
‖·‖

avoids
confusions.

(e) The set M is called closed3 if it contains all of its accumulation points, that is,
if M = M.

(f) The set M is called dense in X if M = X .

Hilbert spaces have a very helpful property, which is of particular interest in
constructive approximation: the existence of complete orthonormal systems.

Definition 2.16. Let (X ,〈·, ·〉) be a pre-Hilbert space and {xα}α∈A be a subset of
X , where A is an index set (which need not be countable).

(a) {xα}α∈A is called an orthogonal system if 〈xα ,xβ 〉 = 0 whenever α �= β (for
α,β ∈ A).

(b) {xα}α∈A is called an orthonormal system (ons) if

〈xα ,xβ 〉= δαβ :=

{
1, if α = β
0, if α �= β

, (2.31)

where δαβ is called the Kronecker delta.
(c) {xα}α∈A is called complete if the only element which is orthogonal to {xα}α∈A

is the zero element, that is, if f ∈ X with 〈 f ,xα 〉= 0 for all α ∈ A, then f = 0.
(d) A complete ons is called an orthonormal basis (onb). A complete orthogonal

system is called an orthogonal basis.

A preliminary result for Theorem 2.18 is the following lemma.

Lemma 2.17 (Bessel Inequality). Let (X ,〈·, ·〉) be a pre-Hilbert space and let
{xn}n∈N0 be a countable orthonormal system in X. Then the inequality

∞

∑
n=0

〈 f ,xn〉2 ≤ ‖ f‖2 (2.32)

is valid for all f ∈ X.

There are several equivalent criteria for the completeness of an orthonormal system.
They can be formulated for uncountable sets as well, but we will need the countable
case only.

3More precisely, this is the concept of a closed set in the topology. Later, we will also get to know
the concept of a closed set in the sense of the approximation theory.
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Theorem 2.18. Let (X ,〈·, ·〉) be a Hilbert space and let {xn}n∈N0
be a countable

orthonormal system in X. Then the following properties are equivalent:

1. {xn}n∈N0
is complete.

2. Every element of the space can be expanded in a (generalized) Fourier series: If
f ∈ X, then

lim
N→∞

∥
∥
∥
∥
∥

f −
N

∑
n=0

〈 f ,xn〉xn

∥
∥
∥
∥
∥
= 0, (2.33)

where ‖ · ‖ is the induced norm. Briefly,

“ f =
∞

∑
n=0

〈 f ,xn〉xn in the sense of (X ,〈·, ·〉).” (2.34)

3. The Parseval identities hold: If f ,g ∈ X, then

〈 f ,g〉 =
∞

∑
n=0

〈 f ,xn〉〈g,xn〉 (2.35)

and, in particular,

‖ f‖2 =
∞

∑
n=0

〈 f ,xn〉2. (2.36)

4. {xn}n∈N0
is a basis, that is,

span{xn|n ∈ N0}‖·‖ = X . (2.37)

Now, this is an essential key to constructive approximation. Consider, for example,
L2 (D,Rm) (we will get to know further Hilbert spaces, but this one suffices here).
If (!) we know a complete orthonormal system {gn}n∈N0

in L2 (D,Rm), then every

f ∈ L2 (D,Rm) may be represented as

f =
∞

∑
n=0

〈 f ,gn〉2 gn (2.38)

in the sense of L2 (D,Rm).
This is a fundamental result for two reasons:

1. If we want to analyze f , we need to be able to decompose f . The contribution by
g1 might have a different meaning than the contribution by g10. We can compare
f in this respect with other functions. We can detect similarities or differences
which we might not observe otherwise.

2. In practice, we do not know f explicitly like f (x) = x2 sinx. We only have
discrete data, that is, data

{
f (x j)

}
j=1,...,G on a finite point grid. Nevertheless,
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we want to find out as much about f as possible. Equation (2.38) allows us to
calculate an approximation to f as

f ≈
N

∑
n=0

〈 f ,gn〉2 gn, (2.39)

if N is chosen sufficiently large. The inner products 〈 f ,gn〉2, n = 0, . . . ,N, can
be calculated approximately out of the discrete data of f by numerical means.
Remember Principle 1 in Chap. 1.

We discussed this in the introduction in further detail.
Let me draw your attention to (2.38) from another point of view. Remember the

definition of the Lp-spaces and the trick that is needed to obtain a norm. This means
that we cannot be sure that the left-hand side and the right-hand side of (2.38) are
equal at every x ∈ D. They are merely equal “in the sense of L2 (D,Rm),” which
means that they may differ on a set of measure zero. Never forget this!

Remark 2.19. Actually, properties 2–4 in Theorem 2.18 are also equivalent for
(countable) orthonormal systems in pre-Hilbert spaces, that is, the completeness
of the space is not required, if we skip property 1 (see, for example, [93, pp. 176–
178]). Moreover, property 4 in the case of a non-orthogonal system does not imply
property 2, e.g., (1,0)T and 1√

2
(1,1)T constitute a (normed) basis of R2, but

〈
(x,y)T ,(1,0)T

〉
(1,0)T +

1
2

〈
(x,y)T ,(1,1)T

〉
(1,1)T =

1
2
(3x+ y,x+ y)T �= (x,y)T

(2.40)

(except (x,y)T = (0,0)T).

We will also need the concept of an orthogonal complement and a direct sum, which
can be explained as follows.

Definition 2.20. Let V be a vector space and U,W ⊂ V be linear subspaces. Then
we define the sum U +W by

U +W := {u+w |u ∈U, w ∈W} . (2.41)

If every x ∈ U +W is uniquely representable by x = u+w, u ∈ U , w ∈ W , that is,
if u and w are uniquely determined by x, then we write U ⊕W and call this a direct
sum. If V =U ⊕W , then W is called the algebraic complement of U (in V ).

Example 2.21. We study a finite-dimensional and an infinite-dimensional
example.

(a) Let V = R
2. If

U1 := {(x,0) |x ∈R} , W1 := {(0,y) |y ∈ R} , (2.42)
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then, obviously,V =U1⊕W1, since every (x,y)∈R
2 is representable as (x,y) =

(x,0)+ (0,y), where x and y are unique. The same holds true for

U2 := {(x,−x) |x ∈ R} , W2 := {(y,y) |y ∈R} , (2.43)

since
(ξ ,η) = (x,−x)+ (y,y) (2.44)

is uniquely solvable by

x =
1
2
(ξ −η) , y =

1
2
(ξ +η) . (2.45)

Hence, V =U2 ⊕W2.
(b) Let V = C(R) be the space of all continuous functions on R. Then

U1 := {λ exp |λ ∈ R} , W1 :=
{

x �→ μx2
∣
∣ μ ∈ R

}
(2.46)

generate a direct sum U1 ⊕W1, which is a proper subspace of V . Moreover, the
sum of

U2 := Pol(R) , W2 :=
{

x �→ λ exp(x)+ μx2
∣
∣ λ ,μ ∈ R

}
(2.47)

is not direct, since, for example, f (x) := x2 is representable as

f (x) = x2
︸︷︷︸
∈U2

+0 exp(x)+ 0x2

︸ ︷︷ ︸
∈W2

(2.48)

and as

f (x) = 0︸︷︷︸
∈U2

+0 exp(x)+ 1x2

︸ ︷︷ ︸
∈W2

. (2.49)

Theorem 2.22. Let V be a vector space and U,W ⊂ V be linear subspaces. Then
the sum U +W is direct if and only if U ∩W = {0}.

Proof.
“⇒⇒⇒”:
Let x ∈U ∩W . Then

x = x︸︷︷︸
∈U

+ 0︸︷︷︸
∈W

= 0︸︷︷︸
∈U

+ x︸︷︷︸
∈W

. (2.50)

Since the sum is direct, we conclude that x = 0.
“⇐⇐⇐”:
Let x = u1 +w1 = u2 +w2 ∈V with u1,u2 ∈U and w1,w2 ∈W . As a consequence,

U � u1 − u2 = w2 −w1 ∈W. (2.51)
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Since U ∩W = {0}, we conclude that

u1 − u2 = 0 = w2 −w1. (2.52)

��
Theorem 2.23 (Orthogonal Decomposition). Let (X ,〈·, ·〉) be an inner product
space and Y ⊂ X be a complete linear subspace. Then

X = Y ⊕Y⊥, (2.53)

where

Y⊥ := {z ∈ X | 〈z,y〉= 0 for all y ∈ Y} (2.54)

is called the orthogonal complement of Y (in X). Moreover, the orthogonal
complement Y⊥ is a closed linear subspace of X and Y⊥⊥ = Y.

Note that Y has to be a complete4 subspace. In the case of an infinite-dimensional
X , one could otherwise find a proper linear subspace Y � X which is nevertheless
dense in X , that is, Y = X . In this case, Y⊥ = {0} since Y = X implies that every
z ∈Y⊥ ⊂ X is the limit of a sequence (yn) in Y , where, consequently,

0 = 〈z,yn〉 (2.55)

for all n ∈ N0, because z ∈ Y⊥, and

〈z,z〉= lim
n→∞

〈z,yn〉= 0 (2.56)

due to Theorem 2.13. Hence, Y ⊕Y⊥ �= X in this case.

The last topic in this section is about linear and bounded operators. By the way, if
X and Y are normed spaces, then mappings T : X → Y are called operators and
mappings T : X →R (which is a particular case, since R has a norm, too) are called
functionals.

Definition 2.24. Let (X ,‖ · ‖X) and (Y,‖ · ‖Y ) be normed spaces and T : X → Y be
an operator.

(a) T is called a linear operator if

T (λ x+ μy) = λ T x+ μTy (2.57)

for all x,y ∈ X and all λ ,μ ∈ R (note that T x = T (x), etc.).
(b) T is called a bounded operator if

‖T‖L (X ,Y ) := sup
x∈X ,
x�=0

‖Tx‖Y

‖x‖X
<+∞. (2.58)

The vector space L (X ,Y ) consists of all linear bounded operators T : X → Y .
Moreover, X∗ := L (X ,R) is called the dual space of X .

4If X is complete, it suffices to know that Y is closed.
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(c) T is called a continuous operator if the following holds true for each x ∈ X :
For every ε > 0, there exists δ (= δ (ε,x)) > 0 such that ‖y− x‖ < δ , y ∈ X ,
always implies ‖Tx−Ty‖< ε .

Theorem 2.25. Let (X ,‖ · ‖X) and (Y,‖ · ‖Y ) be normed spaces. Then the following
holds true:

(a)
(
L (X ,Y ),‖ · ‖L (X ,Y )

)
is a normed space. It is a Banach space, if Y is complete.

(b) If T : X →Y is linear, then T is bounded if and only if T is continuous. Moreover,
there exist the following equivalent notations for the operator norm:

‖T‖L (X ,Y ) = sup
x∈X ,

‖x‖X =1

‖Tx‖Y = sup
x∈X ,

‖x‖X≤1

‖Tx‖Y . (2.59)

Theorem 2.26 (Riesz Representation Theorem). Let (X ,〈·, ·〉) be a Hilbert
space with the dual space X∗. Then the following holds true:

(a) Every x ∈ X defines a linear and bounded functional fx ∈ X∗ by

fx(y) := 〈y,x〉 ∀y ∈ X . (2.60)

(b) Every f ∈ X∗ can (vice versa) be represented by a unique element x f ∈ X as

f (y) = 〈y,x f 〉 ∀y ∈ X . (2.61)

Moreover, ‖ f‖X∗ =
∥
∥x f

∥
∥.

The following theorem is a consequence of the Riesz representation theorem.

Theorem 2.27. Let (X ,〈·, ·〉X ) and (Y,〈·, ·〉Y ) be Hilbert spaces and T : X →Y be a
linear and bounded operator. Then there exists one and only one linear and bounded
operator T ∗ : Y → X which satisfies

〈T x,y〉Y = 〈x,T ∗y〉X ∀x ∈ X ∀y ∈ Y. (2.62)

Moreover, ‖T‖L (X ,Y ) = ‖T ∗‖L (Y,X). The operator T ∗ is called the adjoint operator
of T .

Definition 2.28. Let (X ,〈·, ·〉) be a Hilbert space and T : X → X be a linear and
bounded operator. T is called self-adjoint if T = T ∗.

2.3 Curves and Surfaces

The surfaces in this textbook will usually be spheres and the curves are usually
also rather harmless. For this reason, this section is not kept more complicated than
necessary. For further details see [108, Chaps. XV and XX], [150, Chap. 16], [158,
Chap. 11], [185, Chap. 15], and [191, Chaps. 5 and 6].
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Definition 2.29. Let I := [a,b] be an interval in R and R := [a,b]× [c,d] be a
rectangle in R

2, where certainly a < b and c < d.

(a) A mapping ϕ : I →R
n, n ≥ 2, is called a simple arc and ϕ(I) is called a curve

if ϕ is continuously differentiable on [a,b] and ϕ ′(x) �= 0 for all x ∈]a,b[. If
ϕ(a) = ϕ(b), then the curve is called closed.

(b) A mapping Φ ∈ C(1)
(
R,R3

)
which is injective on intR and has a Jacobian

matrix with a full rank, that is, rkΦ ′ = 2 on intR, is called a parametrization
of the surface Φ(R) with parameter range R.

Example 2.30. The following are some simple examples of a curve and a surface:

(a) A circle with the radius r > 0 and the center x in R
2 can be parametrized by

ϕ(t) := x+

(
r cos t
r sin t

)
, t ∈ [0,2π ]. (2.63)

(b) A sphere with the radius r > 0 and the center x ∈ R
3 can be parametrized by

Φ(ϕ ,ϑ) = x+

⎛

⎝
r sinϑ cosϕ
r sinϑ sinϕ

r cosϑ

⎞

⎠ , ϕ ∈ [0,2π ], ϑ ∈ [0,π ]. (2.64)

Definition 2.31. Let ϕ(I) be a curve and Φ(R) be a surface. Moreover, let f :
ϕ(I)→R and g : Φ(R)→R be continuous functions.

(a) The line integral of f along ϕ(I) is defined by
∫

ϕ(I)
f (x)dl(x) :=

∫

I
f (ϕ(t)) |ϕ ′(t)|dt. (2.65)

(b) The surface integral of g across Φ(R) is defined by

∫

Φ(R)
g(x)dω(x) :=

∫

R
g(Φ(u,v))

∣∣
∣
∣

(
∂Φ
∂u

∧ ∂Φ
∂v

)
(u,v)

∣∣
∣
∣ d(u,v), (2.66)

where the vector product (cross product) of y,z ∈ R
3 is (as usual) defined by

y∧ z :=

⎛

⎝
y2z3 − y3z2

y3z1 − y1z3

y1z2 − y2z1

⎞

⎠ . (2.67)

In physics, the symbol × is used for the vector product. Here, we prefer the
symbol ∧ to avoid confusion between the symbol × and the letter x.

(c) The length of ϕ(I) and the surface area of Φ(R) are obtained by choosing f ≡ 1
and g ≡ 1, respectively.
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Example 2.32. Let us calculate the length of a circle line and the area of a sphere.
For the circle, we use the parametrization (2.63) and get the length

∫

ϕ([0,2π ])
1dl(x) =

∫ 2π

0

∣∣
∣
∣

(−r sin t
r cos t

)∣∣
∣
∣ dt

=

∫ 2π

0

√
r2 sin2 t + r2 cos2 t dt

=
∫ 2π

0
r dt

= 2πr. (2.68)

Finally, the area of a sphere which is parametrized by (2.64) is given by
∫

Φ([0,2π ]×[0,π ])
1dω(x)

=
∫ π

0

∫ 2π

0

∣
∣
∣
∣∣
∣

⎛

⎝
−r sinϑ sinϕ
r sin ϑ cosϕ

0

⎞

⎠∧
⎛

⎝
r cosϑ cosϕ
r cosϑ sinϕ
−r sinϑ

⎞

⎠

∣
∣
∣
∣∣
∣

dϕ dϑ

=
∫ π

0

∫ 2π

0

∣
∣
∣
∣
∣∣

⎛

⎝
−r2 sin2 ϑ cosϕ
−r2 sin2 ϑ sinϕ

−r2 sinϑ cosϑ
(
sin2 ϕ + cos2 ϕ

)

⎞

⎠

∣
∣
∣
∣
∣∣

dϕ dϑ

=
∫ π

0

∫ 2π

0

√
r4 sin4 ϑ

(
cos2 ϕ + sin2 ϕ

)
+ r4 sin2 ϑ cos2 ϑ dϕ dϑ

=

∫ π

0

∫ 2π

0
r2
√

sin2 ϑ
(
sin2 ϑ + cos2 ϑ

)
dϕ dϑ

=
∫ π

0

∫ 2π

0
r2|sin ϑ |dϕ dϑ . (2.69)

We observe that sinϑ ≥ 0 for ϑ ∈ [0,π ] and get
∫

Φ([0,2π ]×[0,π ])
1dω(x) = 2πr2

∫ π

0
sinϑ dϑ = 4πr2. (2.70)

You should know what a volume integral is. However, to allow you a recapitulation,
let us calculate the volume of a ball BR(x), that is, a ball with the radius R and the
center x. For simplicity, let us take the R3. The parametrization of BR(x) is the same
as in (2.64) where additionally r runs from 0 to R. Hence, the volume of the ball is

∫

BR(x)
1dy

=

∫ R

0

∫ π

0

∫ 2π

0

∣
∣∣
∣
∣
∣
det

⎛

⎝
sinϑ cosϕ r cosϑ cosϕ −r sinϑ sinϕ
sinϑ sinϕ r cosϑ sinϕ r sinϑ cosϕ

cosϑ −r sinϑ 0

⎞

⎠

∣
∣∣
∣
∣
∣

dϕ dϑ dr
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Fig. 2.1 An example for the set V and the graphs of g and h (red and blue) in (2.72)

=

∫ R

0

∫ π

0

∫ 2π

0
r2 sinϑ dϕ dϑ dr

= 2π
∫ R

0
r2

∫ π

0
sin ϑ dϑ dr

= 2π · 1
3

R3 ·2

=
4
3

πR3. (2.71)

There is a couple of fundamental theorems that connect volume and surface integrals
in a particular way.

Theorem 2.33. Let G ⊂ R
2 be open and bounded and let g,h : G → R be given

continuous functions (with g(x1,x2) < h(x1,x2) for all (x1,x2) ∈ G) that define
the set

V :=
{

x ∈ R
3
∣
∣(x1,x2) ∈ G, g(x1,x2)< x3 < h(x1,x2)

}
, (2.72)

see Fig. 2.1. Moreover, let ∂V be the surface of V and let n be the outer unit normal
field on ∂V .

(a) (Gauß’s Law) If f : V → R
3 is continuously differentiable on V with bounded

derivatives on V and continuous on V , then
∫

V
div f (x)dx =

∫

∂V
f (x) ·n(x)dω(x), (2.73)
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where

div f (x) :=
3

∑
j=1

∂ f j

∂x j
(x). (2.74)

(b) (First and Second Green’s Identity) If u,v : V → R are twice continuously
differentiable in V with bounded second-order derivatives and continuously
differentiable in V , then

∫

V
u(x)Δv(x)+ (∇u(x)) · (∇v(x))dx =

∫

∂V
u(x)

∂v
∂n

(x)dω(x) (2.75)

and
∫

V
u(x)Δv(x)− v(x)Δu(x)dx =

∫

∂V

(
u

∂v
∂n

− v
∂u
∂n

)
(x)dω(x), (2.76)

where ∇ represents the gradient (nabla) operator, Δ denotes the Laplace
operator (Laplacian)

Δ :=
∂ 2

∂x2
1

+
∂ 2

∂x2
2

+
∂ 2

∂x2
3

, (2.77)

that is, the trace of the Hessian, and ∂v
∂n stands for the directional derivative of

v in the direction n, that is, ∂v
∂n = n ·∇v.

The set V can, for instance, be an open ball BR(0). In this case, we can choose

G :=
{
(x1,x2) ∈R

2
∣
∣ x2

1 + x2
2 < R2} (2.78)

and

g(x1,x2) := −
√

R2 − x2
1 − x2

2,

h(x1,x2) := +
√

R2 − x2
1 − x2

2. (2.79)

Gauß’s Law is sometimes very helpful for the calculation of integrals. For instance,

∫

∂BR(0)

⎛

⎜
⎝

x− tan 1
1+y2 + ln

√
z2 + 2

sinh(xez)+ y

z+
yx2−ln(y2+x4+5)

coshy

⎞

⎟
⎠ ·n(x,y,z)dω(x,y,z) (2.80)

is very hard to calculate if one tries to do this directly. However, due to Gauß’s Law,
this integral equals

∫

BR(0)
div

⎛

⎜
⎝

x− tan 1
1+y2 + ln

√
z2 + 2

sinh(xez)+ y

z+
yx2−ln(y2+x4+5)

coshy

⎞

⎟
⎠ d(x,y,z) =

∫

BR(0)
3 d(x,y,z) = 4πR3.

(2.81)



Chapter 3
Approximation of Functions on the Real Line

3.1 Orthogonal Basis Systems on Intervals

As we know from functional analysis, if we have a Hilbert space (H,〈·, ·〉) and
a corresponding orthonormal basis {bn}n∈N0

, then every element f ∈ H can be
represented by a (generalized) Fourier series

f =
∞

∑
n=0

〈 f ,bn〉bn (3.1)

and can, consequently, be approximated by a truncation

f ≈
N

∑
n=0

〈 f ,bn〉bn, (3.2)

provided that N is sufficiently large. More general, in the case of an orthogonal basis
{bn}n∈N0

, the series has the form

f =
∞

∑
n=0

〈
f ,

1
‖bn‖ bn

〉
1

‖bn‖ bn =
∞

∑
n=0

〈 f ,bn〉
‖bn‖2 bn. (3.3)

In practice, observations of 1D-functions usually have a bounded domain. Thus, we
will restrict our attention here to functions on intervals [a,b]. The intuitive choice of
a corresponding Hilbert space is L2([a,b]), which is usually abbreviated as L2[a,b].
We will consider a generalization of this space as follows.

Definition 3.1. Let w : [a,b]→R (with a,b∈R and a< b) be a continuous function
on [a,b] which is positive on ]a,b[. For all measurable F,G : [a,b]→R with

∫ b

a
F(x)2w(x)dx <+∞,

∫ b

a
G(x)2w(x)dx <+∞, (3.4)

V. Michel, Lectures on Constructive Approximation, Applied and Numerical
Harmonic Analysis, DOI 10.1007/978-0-8176-8403-7 3,
© Springer Science+Business Media New York 2013
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we define

〈F,G〉L2
w[a,b]

:=
∫ b

a
F(x)G(x)w(x)dx . (3.5)

In analogy to the definition of L2[a,b], the Hilbert space (L2
w[a,b],〈·, ·〉L2

w[a,b]
) is

defined by (see also Example 2.4)

L2
w[a,b] :=

{
F : [a,b]→ R

∣∣∣∣∣F measurable and
∫ b

a
F(x)2w(x)dx <+∞

}/
N 2

w [a,b]
,

(3.6)

where

N 2
w [a,b] :=

{
F : [a,b]→R

∣∣∣∣∣F measurable and
∫ b

a
F(x)2 w(x)dx = 0

}
. (3.7)

The proof that L2
w[a,b] is a Hilbert space is similar to the proof in the case of

L2[a,b]. Alternatively, the fact that L2[a,b] is a Hilbert space can be used to prove
the completeness of L2

w[a,b].
We will now consider the question how a complete orthonormal system in

L2
w[a,b] can be constructed. Let us start with the construction of an orthonormal

system. If we simply considered polynomials on [a,b], it would be quite clear
that the monomials {xn}n∈N0

provide a (certainly non-orthogonal) basis of the
polynomials. We will see later that it really suffices to use polynomials. From
linear algebra, we know Schmidt’s orthonormalization procedure. If we apply this
algorithm to the monomials and use 〈·, ·〉L2

w[a,b]
as the inner product, we obtain

a system of orthonormal polynomials (see also [26, 180] for further details on
orthogonal polynomials).

Theorem 3.2 (Orthonormal Polynomials). Let L2
w[a,b] be given as defined

above. Then there exists a system of polynomials {Pw,n}n∈N0
such that:

1. Each Pw,n, n ∈N0, is a polynomial of degree n.
2. 〈Pw,n,Pw,m〉L2

w[a,b]
= δnm for all n,m ∈ N0.

If {Qw,n}n∈N0
is another system with this property, then either Qw,n = Pw,n or Qw,n =

−Pw,n for each n ∈N0.

Proof. As we observed above, the existence of such a system is a consequence of
Schmidt’s orthonormalization procedure. The uniqueness up to ± can be seen from
the following iterative construction method (which also gives the existence of the
system):

Pw,0 is a constant. Since ‖Pw,0‖L2
w[a,b]

= 1 is required, only the sign of the constant
is free to choose. Now, let Pw,0, . . . ,Pw,n be constructed. For the polynomial

Pw,n+1(x) =
n+1

∑
k=0

ak xk (3.8)
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and its n+ 2 coefficients a0, . . . ,an+1, we have the following conditions:

∫ b

a

(
n+1

∑
k=0

ak xk

)
Pw,m(x)w(x)dx = 0 for all m = 0, . . . ,n, (3.9)

∫ b

a

(
n+1

∑
k=0

ak xk

)2

w(x)dx = 1. (3.10)

Note that (3.9) is invariant with respect to the selected signs of Pw,0, . . . ,Pw,n. The
system (3.9) is linear and corresponds to the (n+ 1)× (n+ 2)-matrix

(∫ b

a
xkPw,m(x)w(x)dx

)
m=0,...,n

k=0,...,n+1

. (3.11)

Now remember the properties of the polynomials already constructed: They are
orthogonal. Hence, they are, in particular, linearly independent. In combination
with the requirement that degPw, j = j for all j, we can conclude that for each
k(≤ n), Pw,0, . . . ,Pw,k is a basis of Pol0...k. Consequently, every xk is a linear
combination of Pw,0, . . . ,Pw,k. Thus, the monomial xk is L2

w-orthogonal to Pw,m for
each m > k. This corresponds to the entries below the main diagonal. Thus, the
determinant of the upper left (n+ 1)× (n+ 1)-block is

n

∏
k=0

∫ b

a
xkPw,k(x)w(x)dx. (3.12)

None of the integrals
∫ b

a xkPw,k(x)w(x)dx vanishes. Otherwise, the representation of
xk by Pw,0, . . . ,Pw,k would be reduced to a representation by Pw,0, . . . ,Pw,k−1, which
contradicts the degree of xk. Therefore, the matrix (3.11) has the full rank n+ 1,
and the unknown coefficient vector (a0, . . . ,an+1) is uniquely determined up to a
constant factor. Due to condition (3.10), this constant is uniquely determined up to
a factor ±1 and nonzero.

Wait! There’s no reason to celebrate yet. The proof is not finished. We have to
explain why an+1 	= 0, since Pw,n+1 must have the degree n+ 1. However, this is an
immediate consequence of the fact that Pw,0, . . . ,Pw,n provide a basis for Pol0...n and
Pw,n+1 is orthogonal to this basis and nonzero. 
�
This proof also shows us how we can determine such orthogonal polynomials.
However, this appears to be only practicable for low degrees. We will see that there
is a more useful technique for the calculation of orthogonal polynomials. Before we
study this, we have to take care of the fact that we only have an orthonormal system
yet but not necessarily a basis. In order to investigate this further, we need a couple
of theorems. The first one is a very famous theorem of approximation theory (see,
e.g., [43, p. 107], [51, p. 1], [159, p. 11]).
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Theorem 3.3 (Weierstraß Approximation Theorem). Every continuous function
on an interval [a,b] can be uniformly approximated by a polynomial. More precisely,
for every continuous function f : [a,b] → R and every ε > 0, there exists a
polynomial p such that

‖ f − p‖C [a,b] < ε. (3.13)

In other words, Pol [a,b] is dense in
(
C [a,b],‖ · ‖C [a,b]

)
:

Pol [a,b]
‖·‖C [a,b] = C [a,b]. (3.14)

Proof. First of all, it suffices to consider the interval [0,1]. For general intervals
[a,b], just use the transformation g(t) = f

(
t−a
b−a

)
. For a better understanding of the

proof, the “divide and conquer” principle can help.

(1) The Bernstein operator and the idea of the proof:
For every n ∈ N, we define the operator Bn : C [0,1]→ Pol0...n[0,1] by

(Bn f ) (x) :=
n

∑
k=0

f

(
k
n

)(
n
k

)
xk(1− x)n−k, (3.15)

where x ∈ [0,1], f ∈ C [0,1], and
(n

k

)
denotes the usual binomial coefficient “n

choose k.” We will show in this proof that ‖Bn f − f‖C[0,1] → 0 as n → ∞ for every
f ∈C[0,1]. This will complete the proof since this implies that for every ε > 0, there
exists n0 such that for n = n0 (actually, for all n ≥ n0) ‖Bn f − f‖C[0,1] < ε , where
Bn f is a polynomial. Let us see how we get there.

(2) The determination of Bn fBn fBn f for some simple fff :
Assume that g0 is the constant 1, when we determine Bng0. Did you notice it? Right,
it is the binomial theorem which gives us

(Bn1)(x) =
n

∑
k=0

(
n
k

)
xk(1− x)n−k = (x+(1− x))n = 1 (3.16)

for all x ∈ [0,1] (and elsewhere, of course). Note that this result can formally be
extended (since Bn has only been defined for n ≥ 1 so far) by

B01 =

(
0
0

)
x0(1− x)0−0 = 1. (3.17)

Suppose that g1(x) = x, x ∈ [0,1], then

(Bng1) (x) =
n

∑
k=0

k
n

(
n
k

)
xk(1− x)n−k, x ∈ [0,1], (3.18)

where the summand for k = 0 vanishes. Since

k
n

(
n
k

)
=

k
n
· n!
(n− k)!k!

=
(n− 1)!

(n− 1− (k− 1))!(k− 1)!
=

(
n− 1
k− 1

)
, (3.19)
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we get (by setting j := k− 1)

(Bng1)(x) =
n

∑
k=1

(
n− 1
k− 1

)
xk(1− x)n−k

= x ·
n−1

∑
j=0

(
n− 1

j

)
x j(1− x)n−1− j

︸ ︷︷ ︸
=(Bn−11)(x)

= x. (3.20)

If g2(x) = x2 and n ≥ 2, we obtain

(Bng2)(x) =
n

∑
k=0

k2

n2

(
n
k

)
xk(1− x)n−k (3.21)

=
n

∑
k=0

k
n

(
k
n
− 1

n

)(
n
k

)
xk(1− x)n−k +

1
n
(Bng1) (x), x ∈ [0,1],

where in the last sum the summands vanish for k = 0 and k = 1. Now we use

k
n
· k− 1

n
·
(

n
k

)
=

k(k− 1)
n2 · n!

(n− k)!k!

=
n− 1

n
· (n− 2)!
(n− 2− (k− 2))!(k− 2)!

=

(
1− 1

n

)(
n− 2
k− 2

)
(3.22)

for the derivation ( j := k− 2)

(Bng2)(x) =

(
1− 1

n

)
x2

n−2

∑
j=0

(
n− 2

j

)
x j(1− x)n−2− j

︸ ︷︷ ︸
=(Bn−21)(x)

+
1
n
· x

= x2 +
1
n

(
x− x2) . (3.23)

Note that

(B1g2) (x) = 0+ x1(1− x)1−1

= x

= x2 +
1
1

(
x− x2) (3.24)

shows that the obtained formula is also valid for n = 1.
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(3) A partition of unity:
Equation (3.16) is called a partition of unity. Such structures are extremely helpful
in constructive approximation, since they allow the following trick:

f (x) =
n

∑
k=0

f (x)

(
n
k

)
xk(1− x)n−k. (3.25)

You might want to ask, “What’s so special about this?” Well, we want to show that
‖Bn f − f‖C[0,1] → 0 as n → ∞ for every f ∈ C[0,1], right? So, we have to look at
maxx∈[0,1] |(Bn f ) (x)− f (x)|. And here’s the whole trick:

|(Bn f ) (x)− f (x)| =
∣∣∣∣∣

n

∑
k=0

f

(
k
n

)(
n
k

)
xk(1− x)n−k −

n

∑
k=0

f (x)

(
n
k

)
xk(1− x)n−k

∣∣∣∣∣
≤

n

∑
k=0

∣∣∣∣ f

(
k
n

)
− f (x)

∣∣∣∣
(

n
k

)
xk(1− x)n−k (3.26)

for all x ∈ [0,1].
This estimate is a step forward. It is easier to show that the right-hand side uniformly
converges to 0. For this purpose, we subdivide the sum into two parts.

(4) A subdivision of the sum I:
For the purpose of the convergence proof, let us keep f ∈ C[0,1] and ε > 0 fixed
(whereas the choice is certainly arbitrary). f is continuous, and [0,1] is a compact
set. Hence, f is uniformly continuous, i.e., there exists δ = δ (ε) > 0 such that
|x−y|< δ , x,y ∈ [0,1], always implies | f (x)− f (y)|< ε . Thus, those k ∈ {0, . . . ,n}
with

∣∣ k
n − x

∣∣< δ yield in (3.26) the estimate, which is true for all x ∈ [0,1],

n

∑
k=0| k

n −x|<δ

∣∣∣∣ f

(
k
n

)
− f (x)

∣∣∣∣
(

n
k

)
xk(1− x)n−k ≤ ε

n

∑
k=0| k

n−x|<δ

(
n
k

)
xk(1− x)n−k

≤ ε
n

∑
k=0

(
n
k

)
xk(1− x)n−k

= ε. (3.27)

(5) A subdivision of the sum II:
We consider those k ∈ {0, . . . ,n} with

∣∣ k
n − x

∣∣ ≥ δ . They satisfy obviously the

inequality 1
δ 2

(
k
n − x

)2 ≥ 1. Consequently, the associated part of the sum in (3.26)
yields the estimate
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n

∑
k=0| k

n −x|≥δ

∣∣∣∣ f

(
k
n

)
− f (x)

∣∣∣∣
(

n
k

)
xk(1− x)n−k

≤ 2‖ f‖C[0,1]

n

∑
k=0| k

n −x|≥δ

(
n
k

)
xk(1− x)n−k

≤ 2‖ f‖C[0,1]

δ 2

n

∑
k=0| k

n −x|≥δ

(
k
n
− x

)2(n
k

)
xk(1− x)n−k

≤ 2‖ f‖C[0,1]

δ 2

n

∑
k=0

(
k
n
− x

)2(n
k

)
xk(1− x)n−k

=
2‖ f‖C[0,1]

δ 2 ·
[

n

∑
k=0

k2

n2

(
n
k

)
xk(1− x)n−k − 2x

n

∑
k=0

k
n

(
n
k

)
xk(1− x)n−k

+x2
n

∑
k=0

(
n
k

)
xk(1− x)n−k

]

=
2‖ f‖C[0,1]

δ 2 · [(Bng2)(x)− 2x(Bng1) (x)+ x2 (Bng0) (x)
]

=
2‖ f‖C[0,1]

δ 2

[
x2 +

1
n

(
x− x2)− 2x · x+ x2 ·1

]

=
2‖ f‖C[0,1]

δ 2 · 1
n

(
x− x2) , x ∈ [0,1]. (3.28)

Since 0 ≤ x−x2 ≤ 1
4 on [0,1], we can find an integer n0 (which is independent of x)

such that for all n ≥ n0 and all x ∈ [0,1],

n

∑
k=0| k

n −x|≥δ

∣∣∣∣ f

(
k
n

)
− f (x)

∣∣∣∣
(

n
k

)
xk(1− x)n−k ≤ ε. (3.29)

(6) The final step:
Combining parts 4 and 5 in (3.26), we obtain that for all ε > 0 and all f ∈ C[0,1],
there exists n0 such that, for every n ≥ n0,

max
x∈[0,1]

|(Bn f ) (x)− f (x)| ≤ 2ε. (3.30)


�
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This result leads us to the concept of a closed subset in the approximation theory,
which clearly has to be distinguished from the concept of a closed set in the topology
(see, e.g., [43, p. 188]).

Definition 3.4. Let (X ,‖ · ‖X) be a normed space and let S ⊂ X be a subset. The
set S is called closed in (X ,‖ · ‖X) (in the sense of the approximation theory), if the
following holds true: For every f ∈ X and every ε > 0, there exists a finite linear
combination ∑N

n=0 angn of elements gn of S such that

∥∥∥∥∥ f −
N

∑
n=0

angn

∥∥∥∥∥
X

< ε. (3.31)

In other words,

spanS
‖·‖X = X . (3.32)

The name “closed” is a bit confusing here. It is not the “closed” which one knows
from topology (see Definition 2.15). One could say that S is closed in X (in the sense
of the approximation theory) if spanS is dense in X (in the sense of the topology).

Note that, in Hilbert spaces, an orthogonal system is closed if and only if
it is complete (see Theorem 2.18). In fact, this can be generalized, that is, the
orthogonality is unnecessary for the equivalence.

Theorem 3.5. In every inner product space, a system {xα}α∈A is closed if and only
if it is complete.

The proof uses basic arguments of functional analysis (see, e.g., [43, p. 263]).
We know, based on the previous considerations, the following closed systems

(where the closure with respect to ‖ · ‖L2
w[a,b]

is a consequence of ‖ f‖L2
w[a,b]

≤
‖ f‖∞

√‖w‖∞(b− a)∀ f ∈ C[a,b]).

Theorem 3.6. The following systems are closed in (C[a,b],‖ · ‖∞) as well as in
(C[a,b],‖ · ‖L2

w[a,b]
) (for a,b ∈ R with a < b):

(a) All monomials:
{

xk
}

k=0,1,...
(b) The sequence of orthonormal polynomials {Pw,n} on [a,b] for an arbitrary but

fixed choice of w based on Theorem 3.2.

We can extend this result to L2
w[a,b].

Theorem 3.7. Every system of orthonormal polynomials {Pw,n}n∈N0 as introduced
in Theorem 3.2 is complete in L2

w[a,b], i.e., it is an orthonormal basis of the Hilbert
space (L2

w[a,b],〈·, ·,〉L2
w[a,b]

).

Proof. Due to Theorem 3.5, this statement is equivalent to the completeness of the
monomials in L2

w[a,b]. Thus, suppose that f ∈ L2
w[a,b] with

∫ b

a
xn f (x)w(x)dx = 0 for all n ∈ N0. (3.33)
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Integration by parts yields, with F(x) :=
∫ x

a f (t)w(t)dt, x ∈ [a,b], for all n ∈ N0 the
identity

0 =
∫ b

a
xn f (x)w(x)dx = xnF(x)

∣∣∣∣
b

a
−
∫ b

a
nxn−1F(x)dx. (3.34)

By the construction of F we get

F(a) =
∫ a

a
f (x)w(x)dx = 0,

F(b) =
∫ b

a
f (x)w(x)dx =

∫ b

a
x0 f (x)w(x)dx = 0. (3.35)

Hence, (3.34) implies
∫ b

a
xn−1F(x)dx = 0 for all n ∈ N. (3.36)

Note that the Cauchy–Schwarz inequality yields

∫ b

a
| f (t)w(t)|dt ≤

(∫ b

a
( f (t))2w(t)dt

)1/2(∫ b

a
w(t)dt

)1/2

(3.37)

such that f w ∈ L1[a,b]. Hence, F is absolutely continuous due to Theorem 2.9 and,
in particular, continuous.

Since F is continuous and the monomials are complete in (C[a,b],‖ · ‖L2[a,b])
(see also Definition 2.16) due to Theorems 3.5 and 3.6, it follows that F = 0 and,
consequently, f = 1

w F ′ = 0 in the sense of L2
w[a,b]. 
�

Hence, every f ∈ L2
w[a,b] can be represented by

f =
∞

∑
n=0

〈 f ,Pw,n〉L2
w[a,b]

Pw,n (3.38)

in the sense of L2
w[a,b]. Remember what this type of convergence means. The

series (3.38) does not necessarily converge pointwise. In particular, we should avoid
to write “ f (x) = ∑∞

n=0 〈 f ,Pw,n〉L2
w[a,b]

Pw,n(x).”
We will now investigate some general properties of orthogonal polynomials

before we study some particular examples.

Theorem 3.8 (Zeros of Orthonormal Polynomials). Let {Pw,n}n∈N0
be a system

of L2
w[a,b]-orthonormal polynomials based on Theorem 3.2. Then each Pw,n has n

real and pairwise distinct zeros in ]a,b[.

Proof. Since Pw,0 is constant, we have

0 = 〈Pw,n,Pw,0〉L2
w[a,b]

= Pw,0

∫ b

a
Pw,n(x)w(x)dx (3.39)
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for each n ≥ 1. Since w > 0 on ]a,b[ and Pw,0 	= 0, Pw,n must, consequently, have
positive and negative values in [a,b]. Due to the continuity of Pw,n, there must be at
least one zero of Pw,n in ]a,b[ where Pw,n changes sign due to the intermediate value
theorem.

Let x1 < · · · < xk be all zeros of Pw,n where the polynomial changes sign (i.e.,
all zeros with odd multiplicity) in ]a,b[. Obviously, k ≤ n. We now generate a new
polynomial where all zeros in ]a,b[ have an even multiplicity:

Qn(x) := Pw,n(x) ·
k

∏
j=1

(x− x j) . (3.40)

Let us collect what we can find out about Qn:

1. Qn is either nonnegative on the whole interval [a,b] or nonpositive on [a,b] (with
a finite number of roots only).

2. ∏k
j=1 (x− x j) is a polynomial of degree k and can, therefore, be represented in

the basis Pw,0, . . . ,Pw,k of Pol0...k[a,b].

Property (1) in combination with the positivity of w on ]a,b[ implies that

∫ b

a
Qn(x)w(x)dx 	= 0, (3.41)

whereas property (2) yields, by definition of the orthogonal polynomials, that

∫ b

a
Qn(x)w(x)dx =

∫ b

a
Pw,n(x)

k

∏
j=1

(x− x j)w(x)dx = 0, if k < n. (3.42)

Hence, k = n, that is, all zeros of Pw,n are in ]a,b[ and all have the multiplicity 1. 
�
This is a surprising property. In particular, there are no imaginary zeros. Moreover,
there is one particular consequence: Pw,n(b) 	= 0 for all w and all n. This opens the
door to an alternative definition of orthogonal polynomials. We skip the requirement
of normalized polynomials. This yields unique polynomials up to a constant factor
(	= 0) as we learned above. This factor can be fixed by defining the values at b. Note
that it is important for this procedure that Pw,n(b) indeed does not vanish.

Theorem 3.9 (Orthogonal Polynomials). Let w ∈ C[a,b] with w > 0 on ]a,b[ and
let (γn)n∈N0

⊂ R \ {0} be a given sequence. Then there exists one and only one
sequence of polynomials {P̃w,n}n∈N0 with the following properties:

1. Each P̃w,n has the degree n, that is, deg P̃w,n = n.
2. If n 	= m, ∫ b

a
P̃w,n(x)P̃w,m(x)w(x)dx = 0.
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3. P̃w,n(b) = γn for every n ∈ N0.

This sequence of polynomials is an orthogonal basis of L2
w[a,b].

No further proving is necessary. This theorem is an immediate consequence of the
preliminary considerations.

Of course, a vast selection of orthogonal polynomials based on the choice of w,
[a,b], and (γn) is possible. In practice, a few particular systems are relevant. In the
following, we will only take care of the Jacobi polynomials and some particular
examples of them. In some cases, different values γn are common.

Definition 3.10. The following choices of w, [a,b], and (γn) correspond to the
named orthogonal polynomials:

(a) The Jacobi polynomials P(α ,β )
n := P̃w,n, n ∈ N0, are given by

w(x) := (1− x)α(1+ x)β

for α,β >−1,

[a,b] := [−1,1],

and

γn :=

(
n+α

n

)
,

where
(c

d

)
:= Γ (c+1)

Γ (c−d+1)Γ (d+1) and

Γ (x) :=
∫ ∞

0
e−ttx−1 dt, x > 0,

denotes the Gamma function1 with Γ (n+1) = n! for all n ∈N0 and Γ (x+1) =
xΓ (x) for all x > 0.

(b) The ultraspherical polynomials (or Gegenbauer polynomials) are Jacobi
polynomials with α = β up to constant factors. More precisely, one writes

P(λ )
n :=

Γ
(
λ + 1

2

)
Γ (2λ )

Γ (n+ 2λ )
Γ
(
n+λ + 1

2

)P(λ−1/2,λ−1/2)
n , λ 	= 0, λ >−1

2
. (3.43)

(c) The Legendre polynomials Pn, n ∈ N0, represent the particular case Pn :=

P(0,0)
n .

1Though the integral representation of the Gamma function is valid on the domain R
+, the

function itself can be analytically continued to a meromorphic function on the complex plane
C. In particular, the Gamma function is also declared on the real interval ]−1,0[. This is important
for the definition of the ultraspherical polynomials below.
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(d) Moreover, for α = β = − 1
2 , we have the Chebyshev polynomials of the

first kind

Tn := 22n
(

2n
n

)−1

P(−1/2,−1/2)
n . (3.44)

(e) Finally, for α = β = 1
2 , we have the Chebyshev polynomials of the

second kind

Un := 22n
(

2n+ 1
n+ 1

)−1

P(1/2,1/2)
n . (3.45)

Note that the cases −1 < α < 0 and −1 < β < 0 are not covered by our general
approach, since in these cases w is not defined on [−1,1] but merely on ]− 1,1[.
However, the theory can be extended accordingly, since the requirement α,β >
−1 leaves the singularity “weak enough” (for instance,

∫ 1
−1(1− x)α dx is finite for

α >−1).
It should be noted that general ultraspherical polynomials will not be discussed

further here. Whenever you read P(k)
n , it will refer to the k-th derivative of the

Legendre polynomial.
For the Chebyshev polynomials of the first and the second kind, explicit

representations can be derived. This can be seen from the orthogonality conditions
∫ 1

−1
Tn(x)Tm(x)(1− x)−1/2(1+ x)−1/2 dx = 0 for n 	= m ,

∫ 1

−1
Un(x)Um(x)(1− x)1/2(1+ x)1/2 dx = 0 for n 	= m, (3.46)

which can be simplified as follows:

∫ 1

−1
Tn(x)Tm(x)

(
1− x2)−1/2

dx = 0 for n 	= m ,

∫ 1

−1
Un(x)Um(x)

(
1− x2)1/2

dx = 0 for n 	= m. (3.47)

The substitution x = cosϑ , ϑ ∈ [0,π ], yields
∫ π

0
Tn(cosϑ)Tm(cosϑ)

1
sinϑ

· sinϑ dϑ = 0 for n 	= m ,

∫ π

0
Un(cosϑ)Um(cosϑ)sinϑ · sinϑ dϑ = 0 for n 	= m

⇔
∫ π

0
Tn(cosϑ)Tm(cosϑ)dϑ = 0 for n 	= m ,

∫ π

0
Un(cosϑ)Um(cosϑ)sin2 ϑ dϑ = 0 for n 	= m. (3.48)
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With experience in integration and addition theorems, one obtains the following
result.

Theorem 3.11. The Chebyshev polynomials can be represented as follows:

Tn(cosϑ) = cos(nϑ), Un(cosϑ) =
sin[(n+ 1)ϑ ]

sinϑ
, n ∈ N0, ϑ ∈ [0,π ]. (3.49)

Note that for Un, the values at ϑ = 0 and ϑ = π are limits.
Let us also have a closer look at the Legendre polynomials. They are defined by

the following requirements:

1. Every Pn is a polynomial of degree n.
2. If n 	= m, ∫ 1

−1
Pn(t)Pm(t)dt = 0.

3. Pn(1) = 1 for every n ∈N0.

Orthogonal polynomials represent a part of the mathematical area of “special
functions.” There exist many books with detailed studies of special functions
(such as [1, 113]), orthogonal polynomials in particular (e.g., [26, 180]), and even
more specific topics such as Legendre polynomials (see [160–162]). We will only
summarize here some selected and most commonly used properties of the Jacobi
polynomials. For further details and the proofs, please consult the corresponding
references.

Theorem 3.12 (Rodriguez Formula). The Jacobi polynomials P(α ,β )
n , n ∈ N0,

where α,β >−1, satisfy

(1− x)α(1+ x)β P(α ,β )
n (x) =

(−1)n

2nn!

(
d
dx

)n [
(1− x)n+α(1+ x)n+β

]
(3.50)

for all x ∈ [−1,1]. In particular, the Rodriguez formula for the Legendre polynomi-
als is

Pn(x) =
(−1)n

2nn!

(
d
dx

)n (
1− x2)n

, x ∈ [−1,1], n ∈ N0. (3.51)

In the proof of Theorem 3.2, we already learned how orthogonal polynomials can be
calculated iteratively by solving systems of equations (where here the last condition
‖Pw,n‖ = 1 has to be replaced by P̃w,n(b) = γn). The Rodriguez formula provides
us with a direct way. However, both ways are not practicable for the determination

of P(α ,β )
n for very large n. The Rodriguez formula is more important for proving

further properties of the Jacobi polynomials. The most elegant way of calculating
Jacobi polynomials is the following three-term recurrence relation.
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Theorem 3.13 (Recurrence Formula for Jacobi Polynomials). For every α,β >
−1, the Jacobi polynomials are given by

P(α ,β )
0 (x) = 1,

P(α ,β )
1 (x) =

1
2
(α +β + 2)x+

1
2
(α −β ), (3.52)

2n(n+α +β )(2n+α+β − 2)P(α ,β )
n (x)

= (2n+α +β − 1)
[
(2n+α +β )(2n+α+β − 2)x+α2−β 2]P(α ,β )

n−1 (x)

−2(n+α − 1)(n+β − 1)(2n+α +β )P(α ,β )
n−2 (x), n ≥ 2, (3.53)

x ∈ [−1,1]. In particular,

P0(x) = 1,

P1(x) = x,

Pn(x) =
2n− 1

n
xPn−1(x)− n− 1

n
Pn−2(x), n ≥ 2, (3.54)

x ∈ [−1,1].

Figures 3.1 and 3.2 show the graphs of some Jacobi polynomials.

The Legendre polynomials and the Jacobi polynomials of type P(0,2)
n , P(0,m+1/2)

n

are also important for the analysis on the sphere and the ball, respectively.
What do we have now? In the spaces L2

w[a,b], we can represent elements F in
terms of Fourier series. For instance, for F ∈ L2

w[−1,1] with w(x) = (1− x)α(1+
x)β , α,β >−1, we have

F =
∞

∑
n=0

〈
F,P(α ,β )

n

〉
L2

w[−1,1]

∥∥∥P(α ,β )
n

∥∥∥−2

L2
w[−1,1]

P(α ,β )
n (3.55)

in the sense of L2
w[−1,1]. The required norms can be taken from the following

theorem.

Theorem 3.14. For every α,β >−1, the norm of P(α ,β )
n , n ∈N0, is given by

∥∥∥P(α ,β )
n

∥∥∥2

L2
w[−1,1]

=
2α+β+1

2n+α +β + 1
· Γ (n+α + 1)Γ (n+β + 1)

n!Γ (n+α +β + 1)
. (3.56)

In particular,

‖Pn‖2
L2[−1,1] =

2
2n+ 1

. (3.57)
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Fig. 3.1 Graphs of Jacobi polynomials of degrees 1 (solid line), 2 (dotted line), 3 (dash-dotted

line), and 4 (dashed line); left-hand top: Pn = P(0,0)
n , right-hand top: P(−1/2,−1/2)

n , left-hand bottom:

P(1/2,1/2)
n , right-hand bottom: P(0,2)

n

Therefore, the expansion of F ∈ L2[−1,1] in terms of Legendre polynomials is
given by

F =
∞

∑
n=0

〈F,Pn〉L2[−1,1]
2n+ 1

2
Pn (3.58)

in the sense of L2[−1,1].

Definition 3.15. For every F ∈ L2[−1,1], the values

F∧(n) := 2π 〈F,Pn〉L2[−1,1] , n ∈ N0, (3.59)

are called the Legendre coefficients of F .

In this notation,

F =
∞

∑
n=0

F∧(n)
2n+ 1

4π
Pn (3.60)
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line), and 4 (dashed line); left-hand top: Pn = P(0,3.5)
n , right-hand top: P(4,0)
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n

for each F ∈ L2[−1,1]. The Legendre series (3.60) will also play an important role
when we study the spherical analysis.

Here are two examples of Legendre series.

Theorem 3.16. For all h ∈]− 1,1[ and all t ∈ [−1,1],

1√
1+ h2− 2ht

=
∞

∑
n=0

hnPn(t),

1− h2

(1+ h2− 2ht)3/2
=

∞

∑
n=0

(2n+ 1)hnPn(t). (3.61)

The proofs are easy exercises. For the first identity, show that both sides satisfy
the same ordinary differential equation (where h is the variable!) with equal initial
value, and use the Picard–Lindelöf theorem to prove that this initial value problem
is uniquely solvable. For the second identity, differentiate the first one with respect
to h and combine the differentiated series with the non-differentiated one in an
appropriate way. Try it!
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We have already learned in the introduction how to determine the coefficients in
a truncated form of the expansion (3.55). After this procedure, the approximation
of F , which is represented by the corresponding truncated expansion, requires the
calculation of a sum of the form

SN(x) =
N

∑
k=0

Ak Tk(x), (3.62)

where the coefficients Ak are given and (Tk)k is a system (of orthogonal polynomials)
which can be calculated via a recurrence relation. A very efficient way of imple-
menting the recursion in this summation is provided by the Clenshaw algorithm
(see [44]). Since later the coefficients Ak may depend on x (in a different context),
we allow this here, too.

Theorem 3.17 (Clenshaw Algorithm). Let a system of 1D-functions Tk satisfy the
linear second-order recurrence relation

Tk(x)− ak(x)Tk−1(x)− bk(x)Tk−2(x) = 0; k = 2, . . . ,N; (3.63)

where the coefficients ak(x) and bk(x) as well as the first two functions T0(x) 	= 0
and T1(x) are given. Then the sum

SN(x) :=
N

∑
k=0

Ak(x)Tk(x) (3.64)

can be calculated by

UN+1 := UN+2 := 0

for k = N, . . . ,1 : Uk := ak+1Uk+1 + bk+2Uk+2 +Ak

SN = (A0 + b2U2)T0 +U1T1. (3.65)

Note that the dependence on x was not mentioned in (3.65) for reasons of readability.
We will also omit it in the following proof.

Proof. We define the additional coefficient a1 := T1
T0

such that T1 − a1T0 = 0. Then
the recurrence relation (3.63) can be represented as a linear system as follows:

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 . . . . . . 0

−a1 1 0 . . . . . .
...

−b2 −a2 1
. . .

. . .
...

0
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . . 0
0 . . . 0 −bN −aN 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
=:M

⎛
⎜⎜⎜⎜⎜⎝

T0

T1

T2
...

TN

⎞
⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
=:t

=

⎛
⎜⎜⎜⎜⎜⎝

T0

0
0
...
0

⎞
⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
=:r

. (3.66)

Obviously, detM = 1. Hence, M−1 exists.
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Let a := (A0, . . . ,AN)
T, u := (U0, . . . ,UN)

T, where U0 := a1U1 +b2U2+A0. With
the introduced notations, the sum that has to be calculated can be represented by

SN = aTt = aTM−1r =
((

M−1)T
a
)T

r =
((

MT)−1
a
)T

r. (3.67)

The algorithmic iteration in (3.65) is equivalent to

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −a1 −b2 0 . . . 0

0 1 −a2 −b3
...

... 0
. . .

. . .
. . . 0

...
. . . 1 −aN−1 −bN

...
. . . 1 −aN

0 . . . . . . . . . 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
=MT

⎛
⎜⎜⎜⎜⎜⎝

U0

U1

U2
...

UN

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎝

A0

A1
...
...

AN

⎞
⎟⎟⎟⎟⎟⎟⎠
. (3.68)

Consequently, the auxiliary variables U0, . . . ,UN satisfy

u =
(
MT)−1

a. (3.69)

By inserting (3.69) in (3.67), we obtain

SN = uTr =U0T0 = a1U1T0 + b2U2T0 +A0T0

= U1T1 +(b2U2 +A0)T0. (3.70)


�
For instance, for the Legendre polynomials, the algorithm is, due to (3.54), as
follows:

1. UN+1(x) :=UN+2(x) := 0.
2. For k = N, . . . ,1:

Uk(x) :=
2k+ 1
k+ 1

xUk+1(x)− k+ 1
k+ 2

Uk+2(x)+Ak(x). (3.71)

3. Finally,

N

∑
k=0

Ak(x)Pk(x) = A0(x)− 1
2

U2(x)+U1(x)x. (3.72)

Two further properties of Jacobi polynomials are added here. The first theorem is
about the absolute maximum of these polynomials (see, e.g., [180, p. 168]). We will
find a simple way of proving this result in the case of the Legendre polynomials
when we study functions on the sphere.
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Theorem 3.18. For all α,β > −1 with q := max(α,β ) ≥ − 1
2 and every n ∈ N0,

the following holds true:

max
x∈[−1,1]

∣∣∣P(α ,β )
n (x)

∣∣∣=
(

n+ q
n

)
= max

(∣∣∣P(α ,β )
n (−1)

∣∣∣ , P(α ,β )
n (1)

)
=O (nq) (3.73)

(as n → ∞), where O is the usual Landau symbol (see Sect. 2.1). In particular,

max
x∈[−1,1]

|Pn(x)|= 1 = Pn(1). (3.74)

Note that one can prove (see, e.g., [180, p. 59]) that

P(α ,β )
n (−1) = (−1)n

(
n+β

n

)
, (3.75)

whereas by Definition 3.10, we have

P(α ,β )
n (1) =

(
n+α

n

)
, (3.76)

for all n ∈ N0 and all α,β ∈R with α,β >−1.
An estimate for the derivatives of the Legendre polynomials can be derived, too

(see also [138]).

Theorem 3.19. For every n ∈N0 and every t ∈ [−1,1],

∣∣P′
n(t)

∣∣≤ P′
n(1) =

n(n+ 1)
2

. (3.77)

Proof.

(1) The Legendre coefficients of PPP′′′
nnn:

Since we know that P′
n ∈ L2[−1,1], we can expand this function with respect to the

Legendre polynomials Pj. We get the coefficients via integration by parts:

1
2π

(
P′

n

)∧
( j) =

∫ 1

−1
P′

n(t)Pj(t)dt

= Pn(t)Pj(t)
∣∣1−1 −

∫ 1

−1
Pn(t)P

′
j(t)dt

= 1−Pn(−1)Pj(−1)− 1
2π

(
P′

j

)∧
(n) . (3.78)
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Since P′
k is a polynomial of degree k− 1 (k ≥ 1), the orthogonality of the Legendre

polynomials implies (
P′

n

)∧
( j) = 0, if j ≥ n (3.79)

and

1
2π

(
P′

n

)∧
( j) = 1−Pn(−1)Pj(−1), if j < n. (3.80)

(2) We calculate PPPnnn(((−−−111))):
From the recurrence formula (see Theorem 3.13), we get

Pn(−1) =−2n− 1
n

Pn−1(−1)− n− 1
n

Pn−2(−1) (3.81)

such that we can easily prove by induction that Pn(−1) = (−1)n for all n ∈ N0:

P0(−1) = 1 = (−1)0 ,

P1(−1) = −1 = (−1)1 ,

Pn(−1) = −2n− 1
n

(−1)n−1 − n− 1
n

(−1)n−2

= (−1)n−2
(

2n− 1
n

− n− 1
n

)

= (−1)n−2

= (−1)n. (3.82)

(3) The absolute maximum of PPP′′′
nnn:

As a consequence of (3.79), (3.80), and (3.82), the Legendre series (3.60) for
F = P′

n is

P′
n(t) =

n−1

∑
j=0

2 j+ 1
2

[
1− (−1)n+ j]Pj(t) ∀t ∈ [−1,1]. (3.83)

Using Theorem 3.18, we get

∣∣P′
n(t)

∣∣≤ n−1

∑
j=0

2 j+ 1
2

[
1− (−1)n+ j]= P′

n(1). (3.84)
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(4) We calculate PPP′′′
nnn(((111))):

P′
n(1) can be calculated from (3.84) as follows2: If n is even, then only the

summands for odd j (i.e., j = 2k+ 1) are different from zero. Hence, we get, for
even n,

P′
n(1) =

n−1

∑
j=1

j odd

2 j+ 1
2

·2

=
(n−2)/2

∑
k=0

[2(2k+ 1)+ 1]

=
(n−2)/2

∑
k=0

(4k+ 3)

2 Alternatively, the recurrence formula (Theorem 3.13)

Pn(t) =
2n−1

n
tPn−1(t)− n−1

n
Pn−2(t) ∀t ∈ [−1,1] ∀n ≥ 2 (3.85)

can be differentiated such that (for all n ≥ 2)

P′
n(t) =

2n−1
n

Pn−1(t)+
2n−1

n
tP′

n−1(t)−
n−1

n
P′

n−2(t) ∀t ∈ [−1,1]. (3.86)

By induction, we obtain P′
n(1) =

n(n+1)
2 as follows:

P′
0(1) = 0 =

0 · (0+1)
2

,

P′
1(1) = 1 =

1 · (1+1)
2

,

P′
n(1) =

2n−1
n

+
2n−1

n
(n−1)n

2
− n−1

n
(n−2)(n−1)

2

=
1

2n

(
4n−2− (n−1)2(n−2)

)
+

(2n−1)(n−1)
2

=
1

2n

(
4n−2−n3 +2n2 +2n2 −4n−n+2

)
+

2n2 −3n+1
2

=
1

2n

(−n3 +4n2 −n
)
+

2n2 −3n+1
2

=
1
2

(−n2 +4n−1+2n2 −3n+1
)

=
1
2

(
n2 +n

)

=
1
2

n(n+1) . (3.87)



52 3 Approximation of Functions on the Real Line

= 4 · 1
2
· n− 2

2
· n

2
+ 3 · n

2

=
1
2

(
n2 − 2n+ 3n

)

=
1
2

n(n+ 1). (3.88)

Finally, odd numbers n yield

P′
n(1) =

n−1

∑
j=0

j even

2 j+ 1
2

·2

=
(n−1)/2

∑
k=0

(4k+ 1)

= 4 · 1
2
· n− 1

2
· n+ 1

2
+

n+ 1
2

=
1
2

(
n2 − 1+ n+ 1

)

=
1
2

n(n+ 1). (3.89)


�
Corollary 3.20. For all n ∈ N0, Pn(−1) = (−1)n.

By differentiating (3.83) k − 1 times, we get the following generalization of
Theorem 3.19 by induction.

Theorem 3.21. For every n, k ∈ N0 and every t ∈ [−1,1],

∣∣∣P(k)
n (t)

∣∣∣≤ P(k)
n (1) = O

(
n2k

)
as n → ∞. (3.90)

Note that the theorem is certainly trivial in the case k > n.

Proof. If |P(k−1)
n (t)| ≤ P(k−1)

n (1) for all n ∈ N0, then

∣∣∣P(k)
n (t)

∣∣∣ ≤ n−1

∑
j=k−1

2 j+ 1
2

[
1− (−1)n+ j] ∣∣∣P(k−1)

j (t)
∣∣∣

≤
n−1

∑
j=k−1

2 j+ 1
2

[
1− (−1)n+ j]P(k−1)

j (1)

= P(k)
n (1) (3.91)
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for all t ∈ [−1,1] and n ∈N0. Moreover, the definition of the Legendre polynomials

yields P(0)
n (1) = 1 for all n ∈ N0. Provided that there exists a constant C ∈ R such

that P(k−1)
n (1)≤C n2k−2 for all n ∈ N0 and a given k ∈ N0, we get

P(k)
n (1) =

n−1

∑
j=k−1

2 j+ 1
2

[
1− (−1)n+ j]P(k−1)

j (1)

≤
n−1

∑
j=k−1

n+ j odd

(2 j+ 1)C j2k−2

≤ n+ 1
2

(2n− 1)C n2k−2

= O
(

n2k
)

as n → ∞. (3.92)


�
Moreover, each Jacobi polynomial is a solution of a corresponding differential
equation (see, e.g., [26, p. 148], [180, p. 60]). In other words, these functions
are eigenfunctions of a particular differential operator. We will also find a way of
proving this property for the Legendre polynomials in the context of the spherical
analysis (see Theorem 5.29).

Theorem 3.22. For α,β >−1; w(x) :=(1−x)α(1+x)β , x∈ [−1,1]; λn :=−n(n+

α +β + 1), n ∈ N0; the Jacobi polynomial y = P(α ,β )
n is a solution of the ordinary

differential equation

d
dx

[(
1− x2)w(x)y′(x)

]−λnw(x)y(x) = 0, (3.93)

x ∈ [−1,1].

Note that (3.93) is equivalent to
(
1− x2)y′′(x)+ [β −α − (α +β + 2)x]y′(x)+ n(n+α+β + 1)y(x) = 0, (3.94)

x ∈ [−1,1].
There are more orthogonal basis systems in L2[a,b] than only the translates of

the Legendre polynomials (i.e., Qn(t) := Pn(2 t−a
b−a − 1), t ∈ [a,b], n ∈ N0, provides

an orthogonal basis of L2[a,b]).
For instance, instead of orthogonal algebraic polynomials, as we discussed up to

now, one can take orthogonal trigonometric polynomials. The details are explained
in the following theorem.

Theorem 3.23 (Trigonometric ONB of L2[0,2π ]). An orthonormal basis of the
Hilbert space L2[0,2π ] is given by the union of the following functions:
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F0,1(t) :=
1√
2π

, t ∈ [0,2π ],

Fn,1(t) :=
1√
π

cos(nt), t ∈ [0,2π ], n ∈ N,

Fn,2(t) :=
1√
π

sin(nt), t ∈ [0,2π ], n ∈ N. (3.95)

The proof of the orthonormality is an easy exercise in integration by parts. For a
proof of the completeness, see [27, pp. 36–43].

A decomposition of G ∈ L2[0,2π ] in terms of

G =

〈
G,

1√
2π

〉
L2[0,2π ]

1√
2π

+
∞

∑
n=1

2

∑
j=1

〈
G,Fn, j

〉
L2[0,2π ] Fn, j (3.96)

(with respect to L2[0,2π ]) corresponds to the representation of a signal as
a superposition of oscillations of different frequencies. The Fourier coefficients
〈G,Fn, j〉 represent the amplitudes where n is a kind of a frequency. Note that there
exist fast methods for calculating the Fourier coefficients with respect to this onb,
see, for example, [32], [153, Sect. 10.9.2], [195, Sect. 3.2.3].

As we have already discussed in the introduction, the problem of such a
representation is the complete loss of a temporal reference. The sequence of
amplitudes (which can be called here the Fourier transform of G) only represents
the mean contribution of each frequency over the whole time interval. We cannot
distinguish, for example, if the high-frequency parts equally occurred over the whole
observation period or if they dominated the initial or the final part only.

A helpful result in this context is the construction of localized analogues of the
trigonometric onb, which provide an onb of L2(R).

Theorem 3.24 (Localized Trigonometric ONB of L222(((R)))). Let ε > 0 and r ∈]0,ε]
be given numbers and let (a j) j∈Z be a sequence satisfying lim j→±∞ a j = ±∞ and
a j+1 − a j ≥ ε for all j ∈ Z. Moreover, let

β (t) := sin
[π

4

(
1+ sin

(π
2

t
))]

, t ∈ R, (3.97)

and the sequence of functions (b j) j∈Z with

b j(t) :=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

β
(

t−a j
r

)
, if a j − r ≤ t < a j + r

1, if a j + r ≤ t < a j+1 − r

β
(

a j+1−t
r

)
, if a j+1 − r ≤ t < a j+1 + r

0 else

(3.98)

be given. Then the system {Ψk, j}k∈N0, j∈Z defined by
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Fig. 3.3 Localized trigonometric basis functions Ψk, j: the functions concentrate on different
subintervals of R. This translation is controlled by the index j. Moreover, the index k provides
functions at different “frequencies.” In this example, the parameters a j := j−3 and r := 0.9 were
chosen. The images show (in reading direction) the functions Ψ5,1, Ψ5,2, Ψ5,3, Ψ5,4, Ψ0,2, Ψ2,2, Ψ4,2,
and Ψ6,2
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Ψk, j(t) := b j(t)

√
2

a j+1 − a j
cos

[
π

a j+1 − a j

(
k+

1
2

)
(t − a j)

]
, t ∈ R, (3.99)

is an orthonormal basis of L2(R).

Elaborated numerical methods such as a best-basis algorithm exist for the efficient
choice of a finite subsystem for practical purposes. For further details, we refer to
[30, 196, 197]. Figure 3.3 shows a selection of some basis functions.

3.2 A Brief Introduction to Cubic Splines

Polynomial interpolation has some drawbacks. One of them is connected to the fact
that the graphs of polynomials oscillate. Although there are polynomials such as
x2n+1, n ∈ N0, which are monotonically increasing, too many grid points or a few
extraordinary values can produce ugly, badly approximating polynomials.

Remember that the data {F(x j)} j=0,...,n and the ansatz

P(x) =
n

∑
k=0

akBk(x), (3.100)

where B0, . . . ,Bn are chosen basis functions, yield the linear equations

n

∑
k=0

akBk(x j) = F (x j) ∀ j = 0, . . . ,n. (3.101)

In the case of monomials Bk(x) = xk, the corresponding matrix is the Vandermonde
matrix, which is known to be regular but very ill-conditioned (see Fig. 3.4). Even
for moderate values of n, the matrix becomes numerically singular. On the other
hand, the analytical regularity of the Vandermonde matrix (for each n ≥ 1) implies
the uniqueness of a polynomial P ∈ Pol0...n(R) satisfying P(x j) = F(x j), j =
0, . . . ,n. Figure 3.5 shows these interpolating polynomials for different n, where
the Legendre polynomials were used as basis functions. As it was mentioned above,
the single “false value” causes heavy oscillations in this case.

Due to this undesired behavior, cubic splines were developed. Details on this
approach can be learned in every textbook on basic numerical analysis (such as [153,
Sect. 8.7], [195, Sect. 3.3]). We will only discuss some essentials of this method.

Definition 3.25. Let Gn := {x0, . . . ,xn} be a grid of n+ 1 points in [a,b], where
a = x0 < x1 < · · ·< xn−1 < xn = b. A function S : [a,b]→R is called a cubic spline
if it satisfies the following conditions:

(S1) For each j = 0, . . . ,n− 1, the restriction S
∣∣
[x j ,x j+1]

is a polynomial of degree 3

or lower.
(S2) S ∈ C(2)[a,b].
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Fig. 3.5 Different equidistant point grids x0, . . . ,xn on [−1,1] with x0 =−1 and xn = 1 were used

to generate data y j = e−x2
j , j = 0, . . . ,n, where one value was replaced by 0. In each plot, the unique

interpolating polynomial of degree ≤ n and the associated points (x j ,y j), j = 0, . . . ,n, are shown.

The dashed line corresponds to F(t) = e−t2
. The chosen values for n are: 5 (top left), 10 (top right),

15 (bottom left), and 20 (bottom right)
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Hence, a cubic spline can be represented as

S(x) =
n−1

∑
j=0

[
a j + b j (x− x j)+ c j (x− x j)

2 + d j (x− x j)
3
]

χ[x j ,x j+1[(x), (3.102)

where χD is the characteristic function (indicator function) of the set D with
χD(x) := 0 for x 	∈ D and χD(x) := 1 for x ∈ D. Note that the value at xn is
automatically given due to the continuity of S.

In the combination with the interpolation conditions S(x j) = y j, j = 0, . . . ,n
where (y0, . . . ,yn) is given, most of the coefficients of S are uniquely determined.
More precisely, S(x j) = y j, j = 0, . . . ,n− 1, yields in (3.102) immediately a j = y j

for all j = 0, . . . ,n−1. Furthermore, the C(2)[a,b]-requirement in combination with
S(xn) = yn implies that

y j + b j
(
x j+1 − x j

)
+ c j

(
x j+1 − x j

)2
+ d j

(
x j+1 − x j

)3
= y j+1 ∀ j = 0, . . . ,n− 1,

(3.103)

b j + 2c j
(
x j+1 − x j

)
+ 3d j

(
x j+1 − x j

)2
= b j+1 ∀ j = 0, . . . ,n− 2, (3.104)

2c j + 6d j
(
x j+1 − x j

)
= 2c j+1 ∀ j = 0, . . . ,n− 2. (3.105)

With the abbreviation h j := x j+1 − x j, (3.105) yields

d j =
c j+1 − c j

3h j
∀ j = 0, . . . ,n− 2. (3.106)

Inserting (3.106) in (3.103) gives

b j =
y j+1 − y j

h j
− c jh j − c j+1 − c j

3h j
h2

j

=
y j+1 − y j

h j
− 1

3

(
c j+1 + 2c j

)
h j ∀ j = 0, . . . ,n− 2. (3.107)

Finally, inserting (3.106) and (3.107) in (3.104) yields

y j+1 − y j

h j
− 1

3

(
c j+1 + 2c j

)
h j + 2c jh j +

(
c j+1 − c j

)
h j

=
y j+2 − y j+1

h j+1
− 1

3

(
c j+2 + 2c j+1

)
h j+1 ∀ j = 0, . . . ,n− 3, (3.108)

which is equivalent to

1
3

h jc j +
2
3

(
h j+1 + h j

)
c j+1 +

1
3

h j+1c j+2

=
y j+2 − y j+1

h j+1
− y j+1 − y j

h j
∀ j = 0, . . . ,n− 3. (3.109)
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Equation (3.109) is a linear system with a right-hand side which is given by the data
and the point grid. The corresponding unknown vector is (c0, . . . ,cn−1)

T, and the
associated matrix is

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
3 h0

2
3 (h1 +h0)

1
3 h1 0

0 1
3 h1

2
3 (h2 +h1)

1
3 h2 0

. . .
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

0 1
3 hn−4

2
3 (hn−3 +hn−4)

1
3 hn−3 0

0 1
3 hn−3

2
3 (hn−2 +hn−3)

1
3 hn−2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(3.110)

This is a (n− 2)× n-matrix which obviously has the maximal rank n− 2, since
h j 	= 0 for all j. Thus, two further conditions are needed to obtain (c0, . . . ,cn−1)

T

uniquely (and, automatically, also the other coefficients via (3.106) and (3.107)
for j = 0, . . . ,n− 2). Three possibilities of adding two independent conditions are
common, where we will study the first one in further detail.

(N) The natural cubic spline has to satisfy S′′(x0) = S′′(xn) = 0 which yields c0 =
0 (which cuts out the first column of the matrix above) and the additional last
equation

cn−1 + 3dn−1hn−1 = 0 (3.111)

which is equivalent to

dn−1 =− cn−1

3hn−1
. (3.112)

Inserting (3.112) in (3.103) for j = n− 1 yields

bn−1 =
yn − yn−1

hn−1
− cn−1hn−1 +

1
3

cn−1hn−1

=
yn − yn−1

hn−1
− 2

3
cn−1hn−1. (3.113)

We observe now that (3.107) is also valid for j = n− 1 if we define cn := 0.
Hence, (3.109) can analogously also be derived for j = n− 2. We get

1
3

hn−2cn−2 +
2
3
(hn−1 + hn−2)cn−1 =

yn − yn−1

hn−1
− yn−1 − yn−2

hn−2
. (3.114)

This adds the last line(
0, . . . ,0,

1
3

hn−2,
2
3
(hn−1 + hn−2)

)
(3.115)
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to the matrix above which is now tridiagonal (with size (n−1)× (n−1)). This
matrix is now, indeed, regular. It is even positive definite. This can be seen as
follows (see, e.g., [195, Lemma 3.6]): We first observe that the matrix (let us
call it A = (ai j)i, j=1,...,n−1) satisfies3

n−1

∑
j=1
j	=i

∣∣ai j
∣∣< aii ∀ i = 1, . . . ,n− 1, (3.116)

for the very trivial reason that 1
3 < 2

3 . Now let (λ ,x) be an arbitrary eigenvalue–
eigenvector pair, where we assume—without loss of generality—that ‖x‖∞ :=
max1≤ j≤n−1 |x j| = 1. We choose an index i ∈ {1, . . . ,n− 1} with |xi| = ‖x‖∞.
Then

λ xi =
n−1

∑
j=1

ai jx j = aiixi +
n−1

∑
j=1
j	=i

ai jx j (3.117)

and, consequently,

|λ − aii| |xi|︸︷︷︸
=1

=

∣∣∣∣∣
n−1

∑
j=1
j	=i

ai jx j

∣∣∣∣∣≤
n−1

∑
j=1
j	=i

∣∣ai j
∣∣ ∣∣x j

∣∣︸︷︷︸
≤‖x‖∞=1

< aii. (3.118)

Due to the absolute value on the left-hand side, we get

− aii < λ − aii < aii. (3.119)

Hence,

0 < λ < 2aii. (3.120)

Thus, λ is positive.
(H) The Hermitian cubic spline has given derivatives at the boundary: S′(x0) and

S′(xn) are given.
(P) The periodic cubic spline is periodic in the zeroth to second derivatives, that

is, y0 = yn, S′(x0) = S′(xn), and S′′(x0) = S′′(xn).

Cubic splines and, in particular, the natural cubic spline are much smoother than
an interpolating polynomial (see Fig. 3.6), where “smooth” refers here to a low
curvature of the graph. This property is demonstrated by the following theorem.

Theorem 3.26 (Holladay’s Theorem). Let a = x0 < x1 < · · ·< xn−1 < xn = b and
y= (y0, . . . ,yn)

T ∈R
n+1 be given. Then the natural cubic spline given by S(x j) = y j,

j = 0, . . . ,n, minimizes the functional

3This property is called the strict diagonal dominance.



3.2 A Brief Introduction to Cubic Splines 61

−1 −0.5 0 0.5 1
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

−1 −0.5 0 0.5 1
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

−1 −0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

−1 −0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Fig. 3.6 In comparison to Fig. 3.5, the same interpolation problems were solved by natural cubic
splines. The “false value” has a smaller effect on the curvature (and, in particular, only a local
effect!) in the case of the cubic spline

G �→
∫ b

a

(
G′′(x)

)2
dx

(
=
∥∥G′′∥∥2

L2[a,b]

)
(3.121)

among all functions G ∈ C(2)[a,b] which satisfy G(x j) = y j, j = 0, . . . ,n.

Note that ‖G′′‖L2[a,b] is the linearized curvature of the curve defined by the
graph of G.

Furthermore, splines react less sensitive to gaps in the point grid [remember the
data set (D1)] than polynomials, see Fig. 3.7.

Remark 3.27. Natural cubic splines can also be used for numerical integration
and differentiation. Following [84, 163, 167], one defines the linear functional
F : C(1)[a,b]→R by

FF :=
∫ b

a
a0(x)F(x)+ a1(x)F ′(x)dx+

1

∑
j=0

Nj

∑
i=1

bi j F ( j) (ξi j) , F ∈ C(1)[a,b],

(3.122)
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Fig. 3.7 A new point grid with a gap at ]0,0.5[ was used in the example of Figs. 3.5 and 3.6.
The first row shows the interpolating polynomial in the case of 14 (left) and 32 (right) grid points,
whereas the second row shows the corresponding natural cubic spline which behaves less extremely
at the gap

where each a j : [a,b] → R is piecewise continuous and all ξi j are points in [a,b].
This covers, in particular, the cases where F yields the integral over (subintervals
of) [a,b] or the value of F ′ at a given point in [a,b]. Since usually F is only given on
a point grid, one commonly tries to approximate F by a functional G of the form

G F :=
n

∑
j=0

c j F(x j), (3.123)

where a = x0 < · · · < xn = b. Often, one requires some polynomial exactness, that
is, we want that (F −G )P = 0 for all P ∈ Pol0...r(R) for a given r ∈N (we say that
G is exact for the degree r). Peano’s theorem says that, in this case of exactness for
the degree r, the approximation error can be represented as

(F −G ) F =

∫ b

a
K(t)F (r+1)(t)dt (3.124)
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for all F ∈ C(r+1)[a,b], where the function K can be represented by a particular
formula, which is not of further interest here. We only need to know that K depends
on F , G , and r only and is independent of F . According to Sard, a functional G
which is exact for the degree r is called a best approximation if

J (G ) :=
∫ b

a
(K(t))2 dt (3.125)

is minimized by G in comparison to all other functionals of the form (3.123) which
are exact for the degree r. Finally, Schoenberg’s theorem says the following: If S∗F
denotes the natural cubic spline given by S∗F(x j) = F(x j)∀ j = 0, . . . ,n, and F is
given by (3.122), then there is one and only one functional G of the form (3.123)
which satisfies G F =F S∗F for all F ∈ C(2)[a,b]. This functional G is also exact for
the degree 1 and is the best approximation to F , that is,

J (G )< J
(
G̃
)

(3.126)

for all G̃ 	= G of the form (3.123) which approximate F exactly for the degree 1.
What does this mean? We need not know what the functional G looks like. If G

is the best approximation to F , that is, G F =F S∗F for all F ∈ C(2)[a,b], we simply
have to interpolate F by the natural cubic spline S∗F and to apply F to S∗F . We can
expect F S∗F to be an appropriate approximation to F F .

3.3 An Approximate Identity for R

It might be worth reading the remarks on Principle 2 in the introduction once again.
We already discussed the (in-)famous Dirac delta function here. Let us prove its
nonexistence.

Remark 3.28. Let us denote again the set of all continuous functions F :R→R with
a compact support by C0(R). We will show now that there is no function δ : R→ R

such that

F(y) =
∫
R

δ (y− x) F(x)dx ∀y ∈R ∀F ∈ C0(R). (3.127)

The proof is as follows: Let us assume that there exists such a function δ , which
satisfies, say, the local absolute integrability,4 that is,

∫ b

a
|δ (x)|dx <+∞ (3.128)

4Otherwise, the integral itself in (3.127) would not make sense.
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for all a,b∈R with a< b. Then (3.127) must also be valid for the family of functions
{Fc}c>0 ⊂ C0(R) which is given by

Fc(x) :=

{
exp

(
c2

x2−c2

)
, |x|< c

0 else
. (3.129)

Note that Fc(x) = Fc(−x). Hence, we get

e−1 = Fc(0) (3.130)

=

∫ +∞

−∞
δ (−x)Fc(x)dx (3.131)

=

∫ +∞

−∞
δ (x)Fc(x)dx (3.132)

=

∫ c

−c
δ (x)Fc(x)dx (3.133)

≤
∫ c

−c
|δ (x)| |Fc(x)|︸ ︷︷ ︸

≤Fc(0)=e−1

dx (3.134)

≤ e−1
∫ c

−c
|δ (x)|dx (3.135)

for all c > 0. Consequently, ∫ c

−c
|δ (x)|dx ≥ 1 (3.136)

for all c > 0, in particular, for c → 0+, which is a contradiction. This completes the
proof.

Following Principle 2 of the introduction, we are seeking now a sequence of kernels
ΦJ : R×R→ R such that ∫

R

ΦJ(x,y)F(y)dy (3.137)

converges to F(x) for certain F . It turns out that, for example, the Gaussian functions

ΦJ(x,y) :=
J

2
√

π
e−(J(x−y))2/4, x,y ∈ R, J ∈R

+, (3.138)

can be chosen for this purpose. We, consequently, have a family (TJ)J of operators

TJ : F �→
∫
R

ΦJ(·,y)F(y)dy (3.139)
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which converges to the identity operator (but only in the sense that each function
TJF converges pointwise to F). This family of operators (TJ)J (or, alternatively, the
family of kernels (ΦJ)J) is, therefore, called an Approximate Identity.

Definition 3.29. The space C1(R) is defined to consist of all continuous functions
F : R→R satisfying ∫

R

|F(x)|dx <+∞. (3.140)

Theorem 3.30 (Approximate Identity). For each J ∈ R
+, the kernels ΦJ : R×

R→ R are defined by

ΦJ(x,y) :=
J

2
√

π
e−(J(x−y))2/4, x,y ∈ R. (3.141)

Then the following (so-called convolution identity5) holds true for all F ∈ C1(R):

lim
J→∞

∫
R

ΦJ(x,y)F(y)dy = F(x) for all x ∈ R. (3.142)

Proof. The proof is subdivided into several parts. First of all, we keep x ∈ R

arbitrary but fixed.

(1) Rewriting the integral:
A simple substitution y := x− ỹ yields

∫
R

ΦJ (x, ỹ)F (ỹ) dỹ =
J

2
√

π

∫
R

e−(J(x−ỹ))2/4F (ỹ) dỹ

=
J

2
√

π

∫
R

e−(Jy)2/4F(x− y)dy. (3.143)

We set

GJ(y) :=
J

2
√

π
e−(Jy)2/4, y ∈ R, J ∈ R

+, (3.144)

and observe that we have to show that

lim
J→∞

∫
R

GJ(y)F(x− y)dy = F(x) ∀x ∈R. (3.145)

(2) A partition of unity:
It is an easy exercise in analysis to calculate the following integral (z := Jy

2 ):

∫
R

e−(Jy)2/4 dy =
∫
R

e−z2
dz · 2

J
=
√

π · 2
J
. (3.146)

5See also Definition 3.31 below.
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Hence, ∫
R

GJ(y)dy = 1. (3.147)

Equation (3.147) is a partition of unity (in a more abstract sense, since the
integration is regarded here as a kind of a continuous summation in contrast to the
discrete summation, e.g., in (3.16)). In the proof of Theorem 3.3, we have already
observed how helpful such structures can be in Constructive Approximation. The
“trick” is similar here.

(3) The main step:
Due to our preliminary work, we have

∣∣∣∣
∫
R

GJ(y)F(x− y)dy−F(x)

∣∣∣∣=
∣∣∣∣
∫
R

GJ(y)F(x− y)dy−
∫
R

GJ(y)dyF(x)

∣∣∣∣
=

∣∣∣∣
∫
R

GJ(y)(F(x− y)−F(x))dy

∣∣∣∣
≤
∫
R

GJ(y) |F(x− y)−F(x)|dy. (3.148)

We haven’t used any property of F , yet. So, it’s time to do so, since the theorem
cannot be valid for every arbitrary function on R.
Let ε > 0 be given. Since F is continuous in x, there exists δ > 0 such that

|F(x− y)−F(x)| ≤ ε (3.149)

for every y ∈ R with |y| ≤ δ . Hence, the last integral in (3.148) can be estimated as
follows:

∫ δ

−δ
GJ(y) |F(x− y)−F(x)|dy+

∫
|y|>δ

GJ(y) |F(x− y)−F(x)|dy

≤ ε
∫ δ

−δ
GJ(y)dy+

∫
|y|>δ

GJ(y) |F(x− y)|dy+
∫
|y|>δ

GJ(y) |F(x)|dy

≤ ε
∫
R

GJ(y)dy+
∫
|y|>δ

[
sup
|η|>δ

GJ(η)

]

︸ ︷︷ ︸
=GJ(δ ) (=GJ(−δ ))

|F(x− y)|dy+ |F(x)|
∫
|y|>δ

GJ(y)dy

≤ ε +GJ(δ )‖F‖L1(R) + |F(x)|
(

1−
∫ δ

−δ
GJ(y)dy

)
. (3.150)
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(4) The final steps:
For the very ε > 0 chosen above and its associated δ > 0, we have
limJ→∞ GJ(δ ) = 0, that is, there exists J0 such that for all J ≥ J0, the inequality
(0 <) GJ(δ (ε)) ≤ ε

‖F‖L1(R)
is valid.6 Moreover, the substitution z := Jy

2 leads us to

∫ δ

−δ
GJ(y)dy =

J

2
√

π

∫ δ

−δ
e−(Jy)2/4 dy

=
1√
π

∫ Jδ/2

−Jδ/2
e−z2

dz
J→∞−→ 1√

π

∫
R

e−z2
dz = 1. (3.151)

Hence, there exists J1 such that for all J ≥ J1, we have

(0 <)1−
∫ δ (ε)

−δ (ε)
GJ(y)dy ≤ ε

|F(x)| (3.152)

(note that x is fixed) in the case of F(x)	= 0. Otherwise, set J1 := J0.
Finally, since ε > 0 was arbitrary, for every ε > 0, there exists J2 := max(J0,J1)

such that for all J ≥ J2, the inequality

∣∣∣∣
∫
R

GJ(y)F(x− y)dy−F(x)

∣∣∣∣≤ 3ε (3.153)

holds true. 
�
Note that

(GJ ∗F)(x) :=
∫
R

GJ(y)F(x− y)dy =
∫
R

GJ(x− y)F(y)dy, (3.154)

is commonly called the convolution of GJ and F in the case of functions on the
real axis. For further details, please consult, for example, [27]. However, for the
inclusion of other domains, the following generalized definition is more useful.

Definition 3.31. Let D ⊂ R
n be a measurable set and Φ ∈ L2(D×D), F ∈ L2(D).

Then

(Φ ∗F)(x) :=
∫

D
Φ(x,y)F(y)dy, x ∈ D, (3.155)

is called the convolution of Φ and F .

6If ‖F‖L1(R) = 0, that is, F = 0 in the sense of L1(R), then (3.142) is trivial, and nothing needs to
be proved.
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Fig. 3.8 Convolutions ΦJ ∗ f
(middle) as approximations to
f (top) and approximation
error ΦJ ∗ f − f (bottom)
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Due to the Cauchy–Schwarz inequality, the convolution is always defined in L2(D):

‖Φ ∗F‖2
L2(D) =

∫
D

(∫
D

Φ(x,y)F(y)dy

)2

dx

≤
∫

D

∫
D

Φ(x,y)2 dy
∫

D
F(y)2 dydx

= ‖Φ‖2
L2(D×D)‖F‖2

L2(D). (3.156)

Theorem 3.32. If Φ ∈ L2(D×D) and F ∈ L2(D), where D ⊂ R
n is measurable,

then Φ ∗F ∈ L2(D).

For a numerical test, we calculate the convolutions of the Gaussian kernels for
J = 1,10,100 with f (x) := sinx+ 1

1+x2 cos
(

15
1+x2

)
on [−10,10]. For this purpose, we

restrict the integration to [−20,20] and use a composite Simpson’s rule with 10,001
grid points. Note that every value (ΦJ ∗ f )(x), x ∈ [−10,10], of the plot requires
such an integration. The result is shown in Fig. 3.8. For larger J, the approximation
is obviously better, whereas for smaller J, the approximation is smoother.

3.4 The Haar Wavelet

The theory and practice of wavelets on the real line has grown immensely since
the first work [83]. There are many textbooks which cover some of the main topics
such as [13,20,27,28,40,112,114,143,189,201]. Since the focus of this book is on
methods on the sphere, we will only study the simplest wavelets: the Haar wavelets,
which go back to the paper [86], which was published in 1910, long before anybody
thought about wavelets. This study will allow us to get an idea of the principles of
the wavelet analysis.

Definition 3.33. The function H : R→ R is defined by

H(t) =

⎧⎨
⎩

1, 0 ≤ t < 1
2

−1, 1
2 ≤ t ≤ 1

0 else
, t ∈ R, (3.157)

and called the Haar mother wavelet. Moreover, the functions Hj,k :R→R, j,k ∈Z,
are defined by

Hj,k(t) := 2 j/2H
(
2 jt − k

)
, t ∈ R, (3.158)

and called the Haar wavelets.

Here is one principle of the wavelet analysis: We have one function H (which is
called the mother wavelet) and construct a whole family of functions by dilation
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Fig. 3.9 Haar (mother) wavelet H = H0,0 (top left hand) and translated and dilated versions of it:
H0,1 (top right hand), H0,−1 (middle left hand), H2,0 (middle right hand), H−2,0 (bottom left hand),
and H2,1 (bottom right hand)

(for which j stands) and translation (for which k stands); see Fig. 3.9. The mother
wavelet is a “hat function” (OK, it is a weird hat, but let us call it a hat).
It concentrates on a certain subset of the real line—in contrast to polynomials.
Translation means that this hat moves along the real axis and dilation changes the
size of the hat.
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Theorem 3.34. {Hj,k} j∈Z,k∈Z is an orthonormal basis of L2(R).

Note that the support of H is obviously [0,1]. Hence, the support of Hj,k is given by
0 ≤ 2 jt − k ≤ 1 which is equivalent to 2− jk ≤ t ≤ 2− j(k+ 1) such that

suppHj,k =
[
2− jk,2− j(k+ 1)

]
. (3.159)

Consequently, many inner products 〈Hj1,k1 ,Hj2,k2〉L2(R) simply vanish due to dis-
joint supports of the involved functions. For the other combinations, the calculation
of the inner product is an easy exercise of integration due to finite ranges. The proof
of the completeness needs a few more sophisticated arguments; see, for example,
[201] for further details.

As a consequence of Theorem 3.34, every F ∈ L2(R) is representable as

F =
+∞

∑
j=−∞

+∞

∑
k=−∞

〈
F,Hj,k

〉
L2(R)

Hj,k (3.160)

in the sense of L2(R). Moreover, if F has a compact support, for example, suppF ⊂
[−1,1], then only such Hj,k with suppHj,k ∩ [−1,1] 	= /0 are relevant, where even
those supports which end at −1 or start at 1 are irrelevant. This implies that only
parameter pairs ( j,k) with [see (3.159)]

2− j(k+ 1)>−1 and 2− jk < 1 (3.161)

are needed. These requirements are equivalent to

k+ 1 >−2 j and k < 2 j, (3.162)

that is,

− 2 j − 1 < k < 2 j. (3.163)

Hence,

F =
+∞

∑
j=−∞

�2 j�
∑

k=�−2 j−1�
〈
F,Hj,k

〉
L2[−1,1]Hj,k (3.164)

for all F ∈ L2[−1,1] in the sense of L2[−1,1], where

�x� := max{n ∈ Z |n ≤ x}, (3.165)

�x� := min{n ∈ Z |n ≥ x}
represents rounding down and up, respectively. Note that �·� is also called the
Gaussian bracket.7 Figure 3.10 shows the subdivision pattern of [−1,1] based on
the supports of the wavelets Hj,k for different scales j.

7There exists an alternative notation for the Gaussian bracket, which is [·]. However, we will use
�·� throughout this book.
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how fine the subdivision of
[−1,1] based on the supports
of the Haar wavelets is. In
this figure, every row
corresponds to the indicated
value of j. Within each row,
the changing style and color
of the line (between red-solid
and blue-dotted) corresponds
to changing basis functions

The representation of F ∈ L2(R) by

F =
+∞

∑
j=−∞

+∞

∑
k=−∞

〈
F,Hj,k

〉
L2(R)

Hj,k (3.166)

provides a multiscale analysis: The parameter k defines the subinterval of the real
axis we are looking at, and the parameter j corresponds to a decomposition of F
into parts of different localization. The more local an effect is, the higher is the
scale j at which this effect significantly contributes to the expansion coefficients
〈F,Hj,k〉L2(R), which are here called the wavelet coefficients of F .

Let us still focus on the interval [−1,1]. By definition, Hj,k(t) = 2 j/2 if and only
if 0 ≤ 2 jt − k < 1

2 and Hj,k(t) =−2 j/2 if and only if 1
2 ≤ 2 jt − k ≤ 1.

Hence, the Haar wavelet is constant and nonzero on each interval[
2− jk, 2− j

(
k+ 1

2

)[
and

[
2− j

(
k+ 1

2

)
, 2− j (k+ 1)

]
.

(3.167)

However, since we still look at [−1,1], we can easily derive that

[
2− jk, 2− j

(
k+

1
2

)[
∩ [−1,1[= [0,1[ for k = 0 and j ≤−1 (3.168)

and
[

2− j
(

k+
1
2

)
, 2− j(k+ 1)

]
∩ [−1,1] = [−1,0] for k =−1 and j ≤−1, (3.169)

where suppHj,k∩ ]− 1,1[= /0 for k 	∈ {−1,0} in the case of j ≤ 0 [see inequal-
ity (3.163)]. Thus, the part of the expansion (3.164) which belongs to j ≤ −1 can
be reduced as follows:
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−1

∑
j=−∞

0

∑
k=−1

〈
F,Hj,k

〉
L2[−1,1] Hj,k = a χ[−1,0[ + b χ[0,1[ (3.170)

in the sense of L2[−1,1] (note that the particular values at x = 0 and x = 1 are
irrelevant in L2[−1,1]). We can, for this purpose, introduce the function ϕ := χ[0,1[,
which can be dilated and translated as well:

ϕ j,k(t) := 2 j/2ϕ
(
2 jt − k

)
, t ∈ R, (3.171)

j,k ∈ Z (note that suppϕ j,k = [2− jk, 2− j(k + 1)]). For (3.170), we need the two
orthogonal functions ϕ0,0 and ϕ0,−1. Therefore, we can use a modified onb for
L2[−1,1] such that (3.164) is now, in the sense of L2[−1,1],

F =
0

∑
k=−1

〈
F,ϕ0,k

〉
L2[−1,1] ϕ0,k +

∞

∑
j=0

�2 j�
∑

k=�−2 j−1�
〈
F,Hj,k

〉
L2[−1,1] Hj,k. (3.172)

What have we done here? We observed that it suffices to start at an initial scale j,
since all smaller scales are so coarse such that nothing new is gained. This initial
step at minimal resolution can be represented by the function ϕ , which is called the
Haar scaling function. This Haar scaling function has some other nice properties.
It can, for example, generate the Haar mother wavelet:

H =
1√
2

ϕ1,0 − 1√
2

ϕ1,1. (3.173)

We change now our point of view and start with the Haar scaling function, but we go
back to L2(R). Presume that we truncate (3.166) at a (small) scale J1. The obtained
coarse approximation

J1

∑
j=−∞

+∞

∑
k=−∞

〈
F,Hj,k

〉
L2(R)

Hj,k (3.174)

is a simple function, which is constant on all subintervals ]2−J1k,2−J1(k+ 1
2)[ and

]2−J1(k+ 1
2 ),2

−J1(k+1)[, that is, all subintervals ]2−(J1+1)k̃,2−(J1+1)(k̃+1)[, k ∈ Z

(k̃ = 2k or k̃ = 2k+ 1), since the sections of constant, nonzero values of each Hj,k

with j < J1 are unions of these sets [see (3.167)].
These constant values can be represented via the scaling function such that

J1

∑
j=−∞

+∞

∑
k=−∞

〈
F,Hj,k

〉
L2(R)

Hj,k =
+∞

∑
k=−∞

〈
F,ϕJ1+1,k

〉
ϕJ1+1,k. (3.175)

Hence, (3.166) and (3.175) yield for all F ∈ L2(R),



74 3 Approximation of Functions on the Real Line

F =
+∞

∑
k=−∞

〈
F,ϕJ1+1,k

〉
ϕJ1+1,k +

+∞

∑
j=J1+1

+∞

∑
k=−∞

〈
F,Hj,k

〉
L2(R)

Hj,k (3.176)

in the sense of L2(R) for all J1 ∈ Z. We will simplify this (including a little index
shift) to

F =
+∞

∑
k=−∞

cJ1,kϕJ1,k +
+∞

∑
j=J1

+∞

∑
k=−∞

d j,kHj,k for all J1 ∈ Z. (3.177)

Note that the involved functions are orthonormal, since ϕJ1,k is constant on its whole
support and each Hj,k has the values 2 j/2 and −2 j/2 on subintervals of equal lengths
on this support of ϕJ1,k or vanishes on the interior of this support.

Now look at the coefficients of the scaling functions:

c j,k = 2 j/2
∫ 2− j(k+1)

2− jk
F(t) ·1dt = 2 j/2

(∫ 2− j(k+ 1
2 )

2− jk
F(t)dt +

∫ 2− j(k+1)

2− j(k+ 1
2 )

F(t)dt

)

=
1√
2

2( j+1)/2

(∫ 2−( j+1)(2k+1)

2−( j+1)2k
F(t)dt +

∫ 2−( j+1)(2k+2)

2−( j+1)(2k+1)
F(t)dt

)

=
1√
2

(
c j+1,2k + c j+1,2k+1

)
. (3.178)

Since (3.177) holds for all J1 ∈ Z, we can determine the difference between the
realizations for J1 = J+ 1 and J1 = J:

+∞

∑
k=−∞

cJ+1,kϕJ+1,k −
+∞

∑
k=−∞

cJ,kϕJ,k =
+∞

∑
k=−∞

dJ,kHJ,k. (3.179)

We can interpret ∑+∞
k=−∞ cJ,kϕJ,k as a coarse representation of F—an approxi-

mation by averages over intervals of the length 2−J. The next approximation
∑+∞

k=−∞ cJ+1,kϕJ+1,k is expected to be finer because the intervals have the half length

2−(J+1). The differences between these two approximations—that is, the details that
have to be added—are represented by wavelets as we can see in (3.179). This is
a characteristic feature of the wavelet analysis: Scaling functions provide us with
a coarse approximation (they are sometimes called low-pass filters), and wavelets
represent details (wavelets are associated to band-pass filters).

Due to our previous work, we get the following result.

Theorem 3.35. The scale spaces

VJ := span
{

ϕJ,k
}

k∈Z
‖.‖L2(R) , J ∈ Z, (3.180)
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constitute a multiresolution analysis (MRA), that is,

(i) VJ ⊂VJ+1 ⊂ L2(R) for all J ∈ Z,

(ii)
⋃

J∈ZVJ
‖.‖L2(R) = L2(R).

Moreover, the detail spaces

WJ := span
{

HJ,k
}

k∈Z
‖.‖L2(R) , J ∈ Z, (3.181)

have the scale-step property

VJ2 = VJ1 ⊕
J2−1⊕
j=J1

Wj,

+∞

∑
k=−∞

cJ2,kϕJ2,k =
+∞

∑
k=−∞

cJ1,kϕJ1,k +
J2−1

∑
j=J1

+∞

∑
k=−∞

d j,kHj,k,

F =
+∞

∑
k=−∞

cJ1,kϕJ1,k +
∞

∑
j=J1

+∞

∑
k=−∞

d j,kHj,k (3.182)

(in the sense of L2(R)) for all F ∈ L2(R) and all J1,J2 ∈ Z with J1 < J2, where

c j,k :=
〈
F,ϕ j,k

〉
L2(R)

, d j,k :=
〈
F,Hj,k

〉
L2(R)

. (3.183)

It would not be reasonable to calculate the coefficients c j,k and d j,k via the
inner product in practice, because there is a much faster way: Look at (3.179).
The value cJ,k occurs on [2−Jk,2−J(k + 1)]. Only the following functions in the
representation (3.179) are relevant for this value [see (3.167) and (3.178)]: ϕJ+1,2k

and ϕJ+1,2k+1 as well as HJ,k. In view of (3.179) and the graph of HJ,k (see Fig. 3.11),
we get

cJ+1,2k 2(J+1)/2 − cJ,k2J/2 = dJ,k ·2J/2 (3.184)

cJ+1,2k+1 2(J+1)/2 − cJ,k2J/2 = dJ,k ·
(
−2J/2

)
(3.185)

and, consequently, by subtracting these two equations:

2−1/2(cJ+1,2k − cJ+1,2k+1
)
= dJ,k. (3.186)

In combination with (3.178),

2−1/2 (cJ+1,2k + cJ+1,2k+1
)
= cJ,k (3.187)
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Fig. 3.11 This figure shows the graphs of ϕJ+1,2k (blue line, top left hand), ϕJ+1,2k+1 (red line,
top left hand), ϕJ,k (top right hand), and HJ,k (bottom left hand) for J = k = 0

Fig. 3.12 Decomposition scheme of the fast Haar wavelet transform based on (3.186) and (3.187)
with an initial (large) scale J2

we now have a fast algorithm which allows us to start with (cJ2,k)k∈Z at a sufficiently
large (i.e., sufficiently fine) scale J2 ∈ Z. Step by step, the coefficients at the lower
scales can be computed via (3.186) and (3.187). To obtain (cJ2,k)k∈Z, one can, for
example, assume that the interval [2−J2k,2−J2(k+1)] is so small such that the mean
value of the samples in this interval can be used as an approximation of cJ2,kϕJ2,k.
The scheme of a Haar transform (more precisely, the fast Haar wavelet transform)
is shown in Fig. 3.12.

An example is illustrated in Figs. 3.13–3.16. In Figs. 3.13–3.15, the sum of the
two functions in one row yields the function on the left-hand side in the row above
[see (3.179)]. Note that the details have different amplitudes at different scales.
Moreover, the approximations in the left-hand columns yield higher and lower
resolutions of the function under investigation.
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Fig. 3.13 Haar wavelet analysis of the function f (x) := exp(−x2)sin(20x)+2exp(−4x2)cos(3x)
for x ≥ 0: The left-hand column shows the approximations ∑k c j,kϕ j,k ∈ Vj , and the right-hand
column shows the details ∑k d j,kHj,k ∈Wj . Each row corresponds to a scale from j = 8 (first row)
to j = 6 (last row). The samples themselves were used as initial values c8,kϕ8,k, k = 0,1, . . .
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Fig. 3.14 Haar wavelet analysis of the function f (x) := exp(−x2)sin(20x)+2exp(−4x2)cos(3x)
for x ≥ 0: The left-hand column shows the approximations ∑k c j,kϕ j,k ∈ Vj , and the right-hand
column shows the details ∑k d j,kHj,k ∈Wj . Each row corresponds to a scale from j = 5 (first row)
to j = 3 (last row)
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Fig. 3.15 Haar wavelet analysis of the function f (x) := exp(−x2)sin(20x)+2exp(−4x2)cos(3x)
for x ≥ 0: The left-hand column shows the approximations ∑k c j,kϕ j,k ∈ Vj , and the right-hand
column shows the details ∑k d j,kHj,k ∈Wj . Each row corresponds to a scale from j = 2 (first row)
to j = 0 (last row)
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Fig. 3.16 Haar wavelet analysis of the function f (x) := exp(−x2)sin(20x)+2exp(−4x2)cos(3x)
for x ≥ 0: approximation ∑k c0,kϕ0,k +∑7

j=0 ∑k d j,kHj,k (left-hand side) and difference to f (right-
hand side)

3.5 A Remark on Higher Dimensions: The Tensor
Product Ansatz

For functions which are given on an n-dimensional cuboid or on R
n, most of the

previous results can be transferred by using the so-called tensor product ansatz.
The idea of this principle gives the following theorem (L2

w(C) is defined for C ⊂ R
n

in analogy to the case n = 1).

Theorem 3.36. Let C := ∏n
j=1[a j,b j] be a cuboid in R

n (a j < b j for all j =

1, . . . ,n). Then the following holds true: If {Fj,k}k∈N0 is an onb of L2
w j
[a j,b j] for

each j = 1, . . . ,n, then the functions

C � x �→ Gk1,...,kn(x) :=
n

∏
j=1

Fj,k j (x j) , (3.188)

k1, . . . ,kn ∈ N0, provide an onb of L2
w(C), where

w(x) :=
n

∏
j=1

wj (x j) , x ∈C. (3.189)

Proof. Fubini’s theorem yields

〈
Gk1,...,kn ,Gl1,...,ln

〉
L2

w(C)
=

n

∏
j=1

∫ b j

a j

w j (x j)Fj,k j (x j)Fj,l j (x j) dx j

=
n

∏
j=1

δk j l j . (3.190)
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Moreover, if f ∈ L2
w(C) with 〈 f ,Gk1 ,...,kn〉L2

w(C)
= 0 for all k1, . . . ,kn ∈ N0, then we

get (again by using Fubini’s theorem)
∫ b1

a1

w1(x1)

[∫ b2

a2

w2(x2) . . .

∫ bn

an

wn (xn) f (x1, . . . ,xn)Fn,kn (xn) dxn . . .F2,k2 (x2) dx2

]
F1,k1 (x1) dx1 = 0.

(3.191)

We conclude, due to the completeness of {F1,k1}k1∈N0 in L2
w1
[a1,b1], that

∫ b2

a2

w2(x2) . . .

∫ bn

an

wn (xn) f (x1, . . . ,xn)Fn,kn (xn) dxn . . .F2,k2 (x2) dx2 = 0 (3.192)

for almost all x1 ∈ [a1,b1] and, by induction, that f = 0 in L2(C). 
�
Correspondingly, trial functions such as orthogonal polynomials and Haar wavelets
can be used to analyze functions on cuboids. However, the tensor product ansatz is
not appropriate for domains whose geometry significantly differs from a cuboid such
as a sphere or a ball. Therefore, we have to investigate these domains separately.

3.6 Questions for Understanding

• What is L2
w[a,b]? What kind of a space (in the language of functional analysis)

is it?
• What are orthonormal polynomials? Do they always exist and (if yes) are they

unique? Why?
• What are orthogonal polynomials? Do they always exist and (if yes) are they

unique? Why?
• Which examples of orthogonal polynomials do you know?
• Which ways do you know for the calculation of particular orthogonal polynomi-

als? Which one would you prefer in practice? Why?
• Remember the title of the course: How can you construct an approximation by

means of orthonormal/orthogonal polynomials?
• Let us assume that you calculated the Fourier coefficients of a particular F ∈

L2
w[a,b] (by the way, how would you do this?), what would you have to calculate

to plot an approximation of F based on these coefficients? What would be an
efficient way of calculating this?

• Which other orthonormal bases for L2[a,b] or L2(R) do you know?
• Is a polynomial approximation or a trigonometric approximation something you

can recommend in general? Which alternatives do you know?
• What is a cubic spline?
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• Given arbitrary interpolation conditions, does there always exist an interpolating
cubic spline? If yes, is it unique? Why? If it is not unique, how can uniqueness
be obtained?

• Why can we expect a natural cubic spline to yield satisfactory results?
• What is, in general, an Approximate Identity?
• What is an example of an Approximate Identity on the real line?
• What can you say about the keyword “partition of unity” in the context of this

section?
• In the numerical example for the Gaussian kernel, actually integrals over R

would have to be calculated. However, only [−20,20] was used as the domain
of integration. Although [−20,20] is nothing in comparison to R, why can we
nevertheless expect to get sufficiently good approximations to the integral?

• What are Haar wavelets?
• What is the relation between the Haar wavelets and the Haar mother wavelet?

How can it be interpreted graphically?
• What is a Haar scaling function?
• What is a multiresolution analysis?
• What are scale spaces and detail spaces?
• What is the scale-step property?
• How can you construct an approximation to a given function by means of a Haar

wavelet analysis?
• What is the tensor product ansatz?



Chapter 4
Basic Aspects

The focus of Part II is on classical and modern approximation methods on the unit
sphere in R

3. We will first learn how orthogonal polynomials on the unit sphere
are constructed. These polynomials—the spherical harmonics—have particular
properties which are also essential for the construction of localized trial functions,
such as splines, wavelets, and Slepian functions, on the sphere. We will also see that
the spherical splines and wavelets have analogous properties in comparison to their
1D counterparts.

Before we can discuss the really interesting stuff, we need some definitions,
notations, and basic propositions of spherical analysis.

4.1 Some Fundamental Tools

Definition 4.1. The unit sphere in R
3 is denoted1 by

Ω :=
{

ξ ∈ R
3
∣
∣ |ξ |= 1

}
. (4.1)

Note that every x ∈ R
3 can be represented as x = rξ , (|x| =)r ∈ R

+
0 , ξ ∈ Ω , where

this representation is unique, if x �= 0.

Definition 4.2. The canonical orthonormal basis in R
3 is abbreviated2 by

ε1 :=

⎛

⎝
1
0
0

⎞

⎠ , ε2 :=

⎛

⎝
0
1
0

⎞

⎠ , ε3 :=

⎛

⎝
0
0
1

⎞

⎠ . (4.2)

1Note that (in particular, in non-geomathematical literature) the notation S
2 is also common for the

unit sphere in R
3.

2In the literature, one also finds the notation e1,e2, and e3 for this basis.

V. Michel, Lectures on Constructive Approximation, Applied and Numerical
Harmonic Analysis, DOI 10.1007/978-0-8176-8403-7 4,
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Fig. 4.1 Illustration of the local orthonormal basis system εr , εϕ , ε t on the sphere: εr represents
an outer normal vector (left hand), whereas εϕ (middle) and ε t (right hand) span the corresponding
tangential plane with εϕ pointing eastwards and ε t pointing northwards. For a better visibility, the
lengths of the arrows are not to scale

Definition 4.3. The polar coordinate representation of x ∈ R
3 is

x(r,ϕ , t) =

⎛

⎝
r
√

1− t2 cosϕ
r
√

1− t2 sinϕ
rt

⎞

⎠ , (4.3)

where r ∈ R
+
0 is the distance to the origin, ϕ ∈ [0,2π [ is the longitude, and t ∈

[−1,1] is the polar distance.
Furthermore, we define

εr(ϕ , t) :=

⎛

⎝

√
1− t2 cosϕ√
1− t2 sinϕ

t

⎞

⎠ ,

εϕ(ϕ) :=

⎛

⎝
−sinϕ
cosϕ

0

⎞

⎠ ,

εt (ϕ , t) := εr(ϕ , t)∧ εϕ(ϕ) =

⎛

⎝
−t cosϕ
−t sinϕ√

1− t2

⎞

⎠ . (4.4)

Note that the vectors εr, εϕ , and εt are orthonormal. Moreover, the vectors εr(ϕ , t),
εϕ(ϕ), and εt (ϕ , t) represent a local tripod which is installed at the point of Ω which
corresponds to the polar coordinates (ϕ , t); see Fig. 4.1. εr is always the outer unit
normal, whereas εϕ and εt span the tangential plane in this point. More precisely,
εϕ is directed eastwards, and εt is directed northwards.

Remark 4.4. The use of the polar distance t as a parameter hides the arbitrariness
behind the choice of the latitude. Mathematicians commonly prefer t = cosϑ
with the latitude ϑ ∈ [0,π ], whereas geoscientists usually choose t = sinθ with
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θ ∈ [− π
2 ,

π
2 ]. This corresponds to the latitude θ = 0 representing the equator—

as we all know from our geography lessons at school. The transfer between both
systems is represented by θ = π

2 − ϑ . Moreover, some geoscientists also prefer
the range ϕ ∈ [−π ,π ] for the longitude (which requires no change of the formulae
due to the periodicity). Negative longitudes are western longitudes, and positive
longitudes represent eastern longitudes—this corresponds again to the maps in our
school atlas. Furthermore, sinϕ and cosϕ are often interchanged in this context.
Many mathematicians have faced weird jigsaw puzzles with misplaced continents
after using a data set from a geoscientist. If you ever get such figures, too, or if you
are, for example, desperately searching South America in a data set but cannot find
it, remember the remark you have just read to solve your problem.

Theorem 4.5. The gradient ∇ in R
3 can be decomposed into a radial and an

angular part:

∇ = εr ∂
∂ r

+
1
r

∇∗, (4.5)

where

∇∗ = εϕ 1√
1− t2

∂
∂ϕ

+ εt
√

1− t2 ∂
∂ t

(4.6)

is the surface gradient.
The surface curl gradient L∗ is defined by

L∗
ξ F(ξ ) := ξ ∧∇∗

ξ F(ξ ), ξ ∈ Ω , F ∈ C(1)(Ω). (4.7)

Its local coordinate expression is

L∗ =−εϕ
√

1− t2 ∂
∂ t

+ εt 1√
1− t2

∂
∂ϕ

. (4.8)

Moreover, the Laplace operator

Δx =

(
∂

∂x1

)2

+

(
∂

∂x2

)2

+

(
∂

∂x3

)2

(4.9)

can be decomposed such that

Δ =

(
∂
∂ r

)2

+
2
r

∂
∂ r

+
1
r2 Δ∗, (4.10)

where

Δ∗ =
∂
∂ t

(
1− t2) ∂

∂ t
+

1
1− t2

(
∂

∂ϕ

)2

(4.11)

is the Beltrami operator, which is also sometimes called the Laplace–Beltrami
operator.
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Proof. We start by using the chain rule. Let F ∈ C(1)(R3). Then

⎛

⎜
⎜⎜
⎝

∂F
∂ r

∂F
∂ϕ
∂F
∂ t

⎞

⎟
⎟⎟
⎠

=

⎛

⎜
⎜⎜
⎝

∂x1
∂ r

∂x2
∂ r

∂x3
∂ r

∂x1
∂ϕ

∂x2
∂ϕ

∂x3
∂ϕ

∂x1
∂ t

∂x2
∂ t

∂x3
∂ t

⎞

⎟
⎟⎟
⎠

⎛

⎜
⎜⎜
⎝

∂F
∂x1

∂F
∂x2

∂F
∂x3

⎞

⎟
⎟⎟
⎠

=

⎛

⎜
⎝

(εr)T

r
√

1− t2 (εϕ )T

r√
1−t2

(εt)T

⎞

⎟
⎠

︸ ︷︷ ︸
=:M

⎛

⎜
⎜
⎜
⎝

∂F
∂x1

∂F
∂x2

∂F
∂x3

⎞

⎟
⎟
⎟
⎠

︸ ︷︷ ︸
=∇xF

. (4.12)

Due to the orthonormality of εr, εϕ , and εt , the matrix M is easy to invert:

M−1 =

(

εr,
1

r
√

1− t2
εϕ ,

√
1− t2

r
εt

)

. (4.13)

Hence,

∇xF =

(

εr,
1

r
√

1− t2
εϕ ,

√
1− t2

r
εt

)
⎛

⎜
⎜
⎜
⎝

∂F
∂ r

∂F
∂ϕ
∂F
∂ t

⎞

⎟
⎟
⎟
⎠

= εr ∂F
∂ r

+ εϕ 1

r
√

1− t2

∂F
∂ϕ

+ εt

√
1− t2

r
∂F
∂ t

. (4.14)

This proves (4.5) and (4.6). Keeping in mind that ξ = εr, that is, the position vectors
of Ω are also the corresponding outer unit normal vectors, we can use (4.5) and (4.4)
to prove (4.8) as follows:

L∗
ξ F(ξ ) = εr ∧

(
εϕ 1√

1− t2

∂
∂ϕ

F + εt
√

1− t2 ∂
∂ t

F

)

= εt 1√
1− t2

∂
∂ϕ

F + εr ∧ εt
︸ ︷︷ ︸
=−εϕ

√
1− t2 ∂

∂ t
F. (4.15)

Finally, let F ∈ C(2)(R3). Note that ΔF is the same as the divergence of the gradient
of F , that is,
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ΔF = ∇ · (∇F)

=

(
εr ∂

∂ r
+ εϕ 1

r
√

1− t2

∂
∂ϕ

+ εt 1
r

√
1− t2 ∂

∂ t

)

·
(

εr ∂
∂ r

+ εϕ 1

r
√

1− t2

∂
∂ϕ

+ εt 1
r

√
1− t2 ∂

∂ t

)
F. (4.16)

For the further proceeding, we have to be aware of the fact that εr, εϕ , and εt are
not constant but depend on ϕ and t (more precisely, εϕ only depends on ϕ). This
essentially complicates the application of the differentiation operators.

ΔF = εr · εr
︸ ︷︷ ︸
=1

∂ 2

∂ r2 F+εr · εϕ
︸ ︷︷ ︸

=0

∂
∂ r

(
1

r
√

1−t2

∂
∂ϕ

F

)
+εr · εt
︸ ︷︷ ︸
=0

∂
∂ r

(
1
r

√
1−t2 ∂

∂ t
F

)

+ εϕ ·
(

∂
∂ϕ

εr
)

1

r
√

1− t2

∂
∂ r

F + εϕ · εr
︸ ︷︷ ︸

=0

1

r
√

1− t2

∂ 2

∂ϕ∂ r
F

+ εϕ ·
(

∂
∂ϕ

εϕ
)

1
r2 (1− t2)

∂
∂ϕ

F + εϕ · εϕ
︸ ︷︷ ︸

=1

1
r2 (1− t2)

∂ 2

∂ϕ2 F

+ εϕ ·
(

∂
∂ϕ

εt
)

1
r2

∂
∂ t

F + εϕ · εt
︸ ︷︷ ︸

=0

1
r2

∂ 2

∂ϕ∂ t
F

+ εt ·
(

∂
∂ t

εr
)

1
r

√
1− t2 ∂

∂ r
F + εt · εr

︸ ︷︷ ︸
=0

1
r

√
1− t2 ∂ 2

∂ t∂ r
F

+ εt · εϕ
︸ ︷︷ ︸

=0

1
r2

√
1− t2 ∂

∂ t

(
1√

1− t2

∂
∂ϕ

F

)
+ εt ·

(
∂
∂ t

εt
)

1− t2

r2

∂
∂ t

F

+ εt · εt
︸ ︷︷ ︸
=1

1
r2

√
1− t2

(
− t√

1− t2

∂
∂ t

F +
√

1− t2 ∂ 2

∂ t2 F

)
. (4.17)

A small auxiliary calculation yields

∂
∂ϕ

εr =

⎛

⎝
−√

1− t2 sinϕ√
1− t2 cosϕ

0

⎞

⎠=
√

1− t2 εϕ ,

∂
∂ t

εr =

⎛

⎜
⎜
⎝

− t√
1−t2

cosϕ

− t√
1−t2

sinϕ

1

⎞

⎟
⎟
⎠=

1√
1− t2

εt ,
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∂
∂ϕ

εϕ =

⎛

⎝
−cosϕ
−sinϕ

0

⎞

⎠ ,

∂
∂ϕ

εt =

⎛

⎝
t sin ϕ
−t cosϕ

0

⎞

⎠=−tεϕ ,

∂
∂ t

εt =

⎛

⎜
⎝

−cosϕ
−sinϕ

−t√
1−t2

⎞

⎟
⎠ . (4.18)

Inserting these results in (4.17), we get

ΔF =
∂ 2

∂ r2 F +
1
r

∂
∂ r

F +
1

r2 (1− t2)

∂ 2

∂ϕ2 F − t
r2

∂
∂ t

F

+
1
r

∂
∂ r

F − t
r2

∂
∂ t

F +
1− t2

r2

∂ 2

∂ t2 F

=
∂ 2

∂ r2 F +
2
r

∂
∂ r

F +
1
r2

(
1

1− t2

∂ 2

∂ϕ2 F − 2t
∂
∂ t

F +
(
1− t2) ∂ 2

∂ t2 F

)

=
∂ 2

∂ r2 F +
2
r

∂
∂ r

F +
1
r2

[
1

1− t2

∂ 2

∂ϕ2 F +
∂
∂ t

(
(
1− t2) ∂

∂ t
F

)]
. (4.19)

This proves (4.10) and (4.11). ��
Equation (4.19) shows how to read ∂

∂ t (1− t2) ∂
∂ t in (4.11), namely, as a shorthand

notation for the differential operator:

F 	→−2t
∂F
∂ t

+
(
1− t2) ∂ 2F

∂ t2 . (4.20)

Definition 4.6. The differential operator L : C(2)[−1,1]→ C[−1,1] defined by

L F :=−2t
∂F
∂ t

+
(
1− t2) ∂ 2F

∂ t2 , F ∈ C(2)[−1,1], (4.21)

is called the Legendre operator.

Note that the operators ∇∗, L∗, and Δ∗ become singular at the poles (t2 = 1).
A singularity-free coordinate system for the sphere cannot be constructed
(see [140, p. 256]). Therefore, coordinate-free representations should always
be preferred.
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Theorem 4.7. The differentiation operators satisfy

∇∗ ·∇∗ = L∗ ·L∗ = Δ∗. (4.22)

The proof is left as an exercise. Note that the proof of the identity ∇∗ ·∇∗ = Δ∗ is a
part of the proof of the decomposition of Δ in Theorem 4.5.

Theorem 4.8. For every F ∈ C(1)(Ω), the following identities hold true:

(ξ F(ξ )) ·
(

∇∗
ξ F(ξ )

)
= (ξ F(ξ )) ·

(
L∗

ξ F(ξ )
)
=
(

∇∗
ξ F(ξ )

)
·
(

L∗
ξ F(ξ )

)
= 0.

Proof. Since ∇∗ and L∗ only contain components with respect to εϕ and εt , the
orthogonality to εr, that is, the identity

(ξ F(ξ )) ·
(

∇∗
ξ F(ξ )

)
= 0 = (ξ F(ξ )) ·

(
L∗

ξ F(ξ )
)
, (4.23)

is trivial. Furthermore, (4.6) and (4.8) yield

(
∇∗

ξ F(ξ )
)
·
(

L∗
ξ F(ξ )

)
=−

√
1− t2

√
1− t2

∂F
∂ϕ

∂F
∂ t

+

√
1− t2

√
1− t2

∂F
∂ t

∂F
∂ϕ

= 0. (4.24)

��
The following important properties are well known.

Theorem 4.9. Let 1 ≤ q ≤ p <+∞. Then

Lp(Ω)⊂ Lq(Ω). (4.25)

Theorem 4.9 is a particular case of Theorem 2.6 on p. 17.

Theorem 4.10. For every F ∈ C(Ω), the inequality

‖F‖Lp(Ω) ≤ (4π)1/p‖F‖C(Ω) (4.26)

holds for all p ∈ [1,∞[.

Proof. The theorem is a result of the following considerations:

∫

Ω
|F(ξ )|p dω(ξ ) ≤

∫

Ω
max
η∈Ω

|F(η)|p dω(ξ )

= ‖F‖p
C(Ω)

∫

Ω
1dω(ξ )

= ‖F‖p
C(Ω)

·4π . (4.27)

��
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Note that Theorem 4.10 can be regarded as a particular case of Theorem 2.14 on
p. 20, more precisely (2.28).

Theorem 4.11.

C(Ω)
‖·‖L2(Ω) = L2(Ω). (4.28)

For a proof, see, for example, [119, p. 229].
The following theorem is also well known. The proof is omitted (see also

[7, pp. 459–461], [66, p. 16]).

Theorem 4.12. Let F,G ∈ C(2)(Γ ), and Γ ⊂Ω be a subset with sufficiently smooth
boundary ∂ Γ . Moreover, let the vector ν denote the outward unit normal vector
field to ∂ Γ . Then the following identities are valid.

(a) Green’s first surface identity

∫

Γ
∇∗

ξ G(ξ ) ·∇∗
ξ F(ξ )dω(ξ )+

∫

Γ
F(ξ )Δ∗

ξ G(ξ )dω(ξ )

=

∫

∂Γ
F(ξ )

∂
∂ν(ξ )

G(ξ )dσ(ξ ). (4.29)

(b) Green’s second surface identity

∫

Γ

(
F(ξ )Δ∗

ξ G(ξ )−G(ξ )Δ∗
ξ F(ξ )

)
dω(ξ )

=

∫

∂Γ

(
F(ξ )

∂
∂ν(ξ )

G(ξ )−G(ξ )
∂

∂ν(ξ )
F(ξ )

)
dσ(ξ ). (4.30)

A consequence of the substitution rule for volume integrals is the following theorem.

Theorem 4.13. Let 0 ≤ α < β ≤+∞ and D := {x ∈R
3 |α ≤ |x| ≤ β}. Then

∫

D
F(x)dx =

∫ β

α
r2
∫

Ω
F(rξ )dω(ξ )dr (4.31)

for all F ∈ C(D), provided that the integrals exist (if β = ∞).

The spline basis functions and the scaling functions as well as the wavelets on the
sphere are zonal functions. We will study such functions for this reason.

Definition 4.14. Let ξ ∈ Ω . A function of the form

Gξ : Ω →R,

η 	→ Gξ (η) = G(ξ ·η), (4.32)
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where G : [−1,1]→R, is called a ξ -zonal function on Ω .

For zonal functions, the following differentiation formulae are often useful.

Theorem 4.15. Let F ∈ C(1)[−1,1] and ξ , η ∈ Ω . Then

∇∗
ξ F (ξ ·η) = F ′ (ξ ·η) [η − (ξ ·η)ξ ] ,

L∗
ξ F (ξ ·η) = F ′ (ξ ·η)ξ ∧η . (4.33)

Proof. Using the chain rule, we obtain

∇∗
ξ F (ξ ·η) = F ′ (ξ ·η) ∇∗

ξ (ξ ·η) . (4.34)

If we write x = rξ , r > 0, then we get

∇x (x ·η) = η , (4.35)

where Theorem 4.5 yields

∇x (x ·η) =
(

ξ
∂
∂ r

+
1
r

∇∗
ξ

)
(rξ ·η)

= ξ (ξ ·η)+∇∗
ξ (ξ ·η) . (4.36)

Hence,

∇∗
ξ (ξ ·η) = η − (ξ ·η)ξ . (4.37)

The definition of L∗, finally, yields

L∗
ξ F (ξ ·η) = ξ ∧∇∗

ξ F (ξ ·η)
= F ′ (ξ ·η)ξ ∧ [η − (ξ ·η)ξ ]

= F ′ (ξ ·η)ξ ∧η . (4.38)

��
Moreover, there is also a valuable formula for integrals of zonal functions.

Theorem 4.16. Let G : [−1,1]→R be integrable. Then

∫

Ω
G(ξ ·η)dω(η) = 2π

∫ 1

−1
G(t)dt (4.39)

for all ξ ∈ Ω .
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Proof. Since G is a zonal function, we can write
∫

Ω
Gξ (η)dω(η) =

∫

Ω
G(ξ ·η)dω(η). (4.40)

We first consider the case ξ = ε3:
∫

Ω
Gε3(η)dω(η) =

∫

Ω
G
(
ε3 ·η) dω(η). (4.41)

By using the polar coordinate representation

η = tε3 +
√

1− t2
(
cosϕε1 + sinϕε2) , (4.42)

where −1 ≤ t ≤ 1, 0 ≤ ϕ ≤ 2π , we obtain

∫

Ω
G
(
ε3 ·η) dω(η) =

∫ 1

−1

∫ 2π

0
G(t)

∣
∣
∣
∣
∂η
∂ t

∧ ∂η
∂ϕ

∣
∣
∣
∣ dϕ dt (4.43)

with (see (4.18), note that the formulae for η and εr are identical here)

∂η
∂ϕ

=
√

1− t2 εϕ ,
∂η
∂ t

=
1√

1− t2
εt , (4.44)

∂η
∂ t

∧ ∂η
∂ϕ

=−εr, (4.45)

∣
∣
∣
∣
∂η
∂ t

∧ ∂η
∂ϕ

∣
∣
∣
∣= 1. (4.46)

Consequently,
∫

Ω
Gε3(η)dω(η) = 2π

∫ 1

−1
G(t)dt. (4.47)

Now let A ∈ SO(3), that is, A is a real 3× 3 matrix with ATA = I and detA = 1, be
chosen such that A−1ε3 = ξ . Then
∫

Ω
G(ξ ·η)dω(η) =

∫

Ω
G
(
A−1ε3 ·η) dω(η) =

∫

Ω
G
(

ε3 ·
((

AT)−1 η
)

︸ ︷︷ ︸
=Aη

)
dω(η).

(4.48)
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We now substitute η = A−1ζ and get3

∫

Ω
G(ξ ·η)dω(η) =

∫

AΩ
G
(
ε3 ·ζ) dω(ζ )

=

∫

Ω
G
(
ε3 ·ζ) dω(ζ )

= 2π
∫ 1

−1
G(t)dt. (4.54)

��

3If η = Φ(u,v) is a parametrization of Ω , we have η = A−1Ψ(u,v), where Ψ is a corresponding
transformed parametrization of AΩ = Ω . Since the set is Ω again, we can use the same parameter
range again. In view of (2.66), we calculate

∣∣
∣∣
∂ Φ
∂ u

∧ ∂ Φ
∂ v

∣∣
∣∣ =

∣∣
∣∣∣
∂
(
A−1Ψ

)

∂ u
∧ ∂

(
A−1Ψ

)

∂ v

∣∣
∣∣∣

=

∣∣∣
∣∣
∂
(
A−1Ψ

)

∂ u

∣∣∣
∣∣

∣∣∣
∣∣
∂
(
A−1Ψ

)

∂ v

∣∣∣
∣∣
sin�

(
∂
(
A−1Ψ

)

∂ u
,

∂
(
A−1Ψ

)

∂ v

)

=

∣∣∣
∣A

−1 ∂Ψ
∂ u

∣∣∣
∣

∣∣∣
∣A

−1 ∂Ψ
∂ v

∣∣∣
∣sin�

(
A−1 ∂Ψ

∂ u
,A−1 ∂Ψ

∂ v

)
. (4.49)

Since A is orthogonal, we get

∣∣
∣∣A

−1 ∂Ψ
∂ u

∣∣
∣∣

2

=

〈
AT ∂Ψ

∂ u
,AT ∂Ψ

∂ u

〉
=

〈
∂Ψ
∂ u

,AAT ∂Ψ
∂ u

〉
=

∣∣
∣∣
∂Ψ
∂ u

∣∣
∣∣

2

(4.50)

and, analogously, ∣
∣∣∣A

−1 ∂Ψ
∂ v

∣
∣∣∣=
∣
∣∣∣
∂Ψ
∂ v

∣
∣∣∣ (4.51)

as well as

�
(

A−1 ∂Ψ
∂ u

,A−1 ∂Ψ
∂ v

)
= arccos

〈
AT ∂Ψ

∂u ,AT ∂Ψ
∂v

〉

∣∣
∣AT ∂Ψ

∂u

∣∣
∣
∣∣
∣AT ∂Ψ

∂v

∣∣
∣

= arccos

〈
∂Ψ
∂u , ∂Ψ

∂v

〉

∣∣
∣ ∂Ψ

∂u

∣∣
∣
∣∣
∣ ∂Ψ

∂v

∣∣
∣

= �
(

∂Ψ
∂ u

,
∂Ψ
∂ v

)
. (4.52)

Hence,
∣∣∣
∣
∂ Φ
∂ u

∧ ∂ Φ
∂ v

∣∣∣
∣ =
∣∣∣
∣
∂Ψ
∂ u

∧ ∂Ψ
∂ v

∣∣∣
∣ . (4.53)
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Zonal functions play an important role throughout the constructive approximation
on the sphere as you will see. Note that a ξ -zonal function actually only depends on
the distance to ξ , since

|ξ −η |2 = |ξ |2 + |η |2 − 2ξ ·η = 2(1− ξ ·η) . (4.55)

4.2 Questions for Understanding

• What is the use of the vectors εr, εϕ , and εt?
• What are ∇∗, L∗, and Δ∗?
• What is the Legendre operator?
• What do you know about L2(Ω)?
• What are the Green’s surface identities?
• What are zonal functions?
• Which nice properties of zonal functions do you know? How are they proved?



Chapter 5
Fourier Analysis

5.1 Spherical Harmonics

In this section, we will study the spherical harmonics as an example for a complete
orthonormal system in L2(Ω). This system and its theory are well established; see,
for example, [66, 75, 91, 94, 139].

Definition 5.1. Let D ⊂ R
3 be open and connected. A function F ∈ C(2)(D) is

called harmonic, if ΔxF(x) = 0 for all x ∈ D, when Δ is the Laplace operator
[see (2.77)]. The set of all harmonic functions in C(2)(D) is denoted by Harm(D).

Definition 5.2. A polynomial P on R
n, n ∈ N, is called homogeneous of degree

m ∈ N0, if there exist real numbers Cα , which do not all vanish, such that

P(x) = ∑
|α |=m

Cα xα ∀x ∈ R
n, (5.1)

where α = (α1, . . . ,αn) ∈ N
n
0 is a multi-index with |α| := ∑n

i=1 αi, and xα :=
∏n

i=1 xαi
i , x ∈R

n. The set of all homogeneous polynomials of degree m on R
n united

with the zero polynomial is denoted by Homm(R
n). The set of their restrictions to a

domain D ⊂ R
n is defined as follows:

Homm(D) := {P|D : P ∈ Homm (Rn)} . (5.2)

Note that P(x) = x2
1+x2

2+x2
3 ∈Hom2(R

3), and therefore, P|Ω ∈ Hom2(Ω) although
P|Ω ≡ 1, that is, degP|Ω = 0. In other words, the index m of Homm(Ω) refers to
the degree of the (original) polynomial on R

3 and not to the degree of the restricted
polynomial.

V. Michel, Lectures on Constructive Approximation, Applied and Numerical
Harmonic Analysis, DOI 10.1007/978-0-8176-8403-7 5,
© Springer Science+Business Media New York 2013
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Theorem 5.3. Let n ∈ N0 be given. Then

dim
(
Homn

(
R

3))=
(n+ 1)(n+ 2)

2
(5.3)

and the functions

{x �→ xα}α∈N3
0,α1+α2+α3=n (5.4)

form a basis of Homn(R
3).

Proof. A function P ∈ Homn(R
3) can be represented by

P(x) = ∑
|α |=n

Cα xα (5.5)

[see (5.1)]. At first, we will prove that the functions in (5.4) are linearly independent
and, consequently, form a basis for Homn(R

3). Let

∑
|α |=n

Cα xα = 0 (5.6)

for all x ∈R
3. We get using the multi-indices

n

∑
α1=0

(
n−α1

∑
α2=0

Cα1,α2,n−α1−α2xα2
2 xn−α1−α2

3

)

xα1
1 = 0. (5.7)

If we keep x2 and x3 arbitrary but fixed for the moment, then we get in (5.7)
a polynomial in x1. As this polynomial has to vanish for all x1 and nontrivial
polynomials of degree ≤ n can only have at most n roots, we conclude

n−α1

∑
α2=0

Cα1,α2,n−α1−α2xα2
2 xn−α1−α2

3 = 0 (5.8)

for all α1 ∈ {0, . . . ,n} and all x2,x3 ∈R. If we now keep x3 fixed, then we get in (5.8)
a polynomial in x2 which vanishes for all x2. This means that

Cα1,α2,n−α1−α2xn−α1−α2
3 = 0 (5.9)

for all α1 ∈ {0, . . . ,n}, α2 ∈ {0, . . . ,n−α1} and all x3 ∈ R. However, this implies
immediately that

Cα1,α2,n−α1−α2 = 0 (5.10)

for all α1 ∈ {0, . . . ,n} and all α2 ∈ {0, . . . ,n−α1}. Consequently, Cα = 0 for all
α ∈N

3
0 with |α|= n in (5.6). Hence, the functions form a basis.
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Let us calculate the dimension. For α1, we have n+ 1 possible values, namely,
0, . . . ,n. If α1 is given, then we have n+ 1−α1 possible values for α2, namely,
0, . . . ,n−α1. Finally, if α1 and α2 are given, no choice is left for α3 : α3 = n−α1−
α2. Hence, there are

n

∑
α1=0

(n+ 1−α1) =
n+1

∑
ν=1

ν =
(n+ 1)(n+ 2)

2
(5.11)

linearly independent functions {x �→ xα}α∈N3
0,|α |=n. 	


In analogy to the 3D case, every P ∈ Homn(R
2) can be represented as

P(x) = ∑
α1+α2=n

Cα xα =
n

∑
α1=0

Cα1,n−α1xα1
1 xn−α1

2 . (5.12)

This yields the following result.

Theorem 5.4. For every n ∈ N0,

dim
(
Homn

(
R

2))= n+ 1. (5.13)

Definition 5.5. The set of all homogeneous harmonic polynomials on R
3 with

degree m ∈ N0 is denoted by Harmm(R
3), that is,

Harmm
(
R

3) :=
{

P ∈ Homm
(
R

3)∣∣ΔP = 0
}
. (5.14)

Furthermore, we define

Harm0...m
(
R

3) :=
m⊕

i=0

Harmi
(
R

3) , m ∈ N0,

Harm0...∞
(
R

3) :=
∞⋃

i=0

Harm0...i
(
R

3) , (5.15)

and for D ⊂ R
3,

Harmn(D) :=
{

P|D : P ∈ Harmn
(
R

3)} , n ∈ N0,

Harm0...n(D) :=
{

P|D : P ∈ Harm0...n
(
R

3)} , n ∈N0,

Harm0...∞(D) :=
{

P|D : P ∈ Harm0...∞
(
R

3)} . (5.16)

The elements of the spaces Harmn(Ω), n ∈ N0, are called the (scalar) spherical
harmonics.
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Note the remark after Definition 5.2. The homogeneity and the corresponding
degree are verified before the function is restricted. Moreover, the harmonicity also
has to be checked before the restriction, since the differential quotient requires an
open domain.

Theorem 5.6. For every n ∈ N0,

dim Harmn
(
R

3)= dim Harmn (Ω) = 2n+ 1. (5.17)

Proof. Any homogeneous polynomial Hn of degree n on R
3 can be represented by

Hn(x) =
n

∑
j=0

x j
3 An− j (x1,x2) , (5.18)

where An− j is a homogeneous polynomial of degree n− j onR2. If Hn is additionally
harmonic, then

0 = Δx Hn(x) =
n

∑
j=0

(
∂ 2

∂x2
1

+
∂ 2

∂x2
2

+
∂ 2

∂x2
3

)(
x j

3 An− j (x1,x2)
)

=
n

∑
j=2

j( j− 1)x j−2
3 An− j (x1,x2)+

n

∑
j=0

x j
3

(
∂ 2

∂x2
1

+
∂ 2

∂x2
2

)
An− j (x1,x2)

︸ ︷︷ ︸
=0 for j∈{n−1,n}

=
n−2

∑
j=0

( j+ 2)( j+ 1)x j
3 An− j−2 (x1,x2)+

n−2

∑
j=0

x j
3

(
∂ 2

∂x2
1

+
∂ 2

∂x2
2

)
An− j (x1,x2) .

(5.19)

Since the functions {x3 �→ x j
3} j=0,...,n−2 are linearly independent, we obtain by

comparison of the coefficients:

ΔHn = 0 ⇔ 0 = ( j+ 2)( j+ 1)An− j−2 (x1,x2)

+

(
∂ 2

∂x2
1

+
∂ 2

∂x2
2

)
An− j (x1,x2) ; j = 0, . . . ,n− 2. (5.20)

Thus, if we know An and An−1, then A0, . . . ,An−2 are uniquely determined and,
consequently, also Hn. The dimension of Harmn(R

3) is, therefore, equal to the
total number of coefficients of An and An−1. Since dim Homn(R

2) = n + 1 (see
Theorem 5.4), we get

dim Harmn
(
R

3)= n+ 1︸︷︷︸
# coeff. of An

+ n︸︷︷︸
# coeff. of An−1

. (5.21)
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Obviously, dim Harmn(Ω) ≤ dim Harmn(R
3). Let us assume that there exist

linearly independent functions {Yn, j} j=1,...,2n+1 ∈ Harmn(R
3) such that their

restrictions {Yn, j|Ω} j=1,...,2n+1 are linearly dependent. Then there exists one
function, without loss of generality (wlog) Yn,1|Ω , such that Yn,1|Ω =∑2n+1

j=2 α jYn, j|Ω .
From the theory of elliptic partial differential equations, it is known that there exists
one and only one C(2)-function Fj on B1(0), which is harmonic in Ωint := B1(0),
with Fj|Ω = Yn, j|Ω . Hence, Fj|Ωint

= Yn, j|Ωint
. If we additionally require that Fj

is a polynomial on R
3, we get Fj = Yn, j. Moreover, this elliptic boundary-value

problem is linear in the boundary values. Consequently, F1 = ∑2n+1
j=2 α jFj and

Yn,1 = ∑2n+1
j=2 α jYn, j in R

3, which is a contradiction to the linear independence. 	


Corollary 5.7. For every n ∈ N0,

dim Harm0...n
(
R

3)= dim Harm0...n(Ω) = (n+ 1)2. (5.22)

Proof. From Theorem 5.6, we know that

dim Harm j(Ω) = dim Harm j
(
R

3)= 2 j+ 1. (5.23)

Hence, the required dimension can be obtained as follows:

n

∑
j=0

(2 j+ 1) = 2
n(n+ 1)

2
+(n+ 1) = n(n+ 1)+ (n+ 1)= (n+ 1)(n+ 1). (5.24)

	


Lemma 5.8. Any spherical harmonic Yn ∈ Harmn(Ω), n ∈ N0, is an infinitely
often differentiable eigenfunction of the Beltrami operator Δ∗ corresponding to the
eigenvalue −n(n+ 1) =: (Δ∗)∧(n):

Δ∗
ξYn(ξ ) = (Δ∗)∧ (n)Yn(ξ ) ∀ξ ∈ Ω . (5.25)

The sequence ((Δ∗)∧(n))n∈N0 is called the spherical symbol of the Beltrami
operator.

Proof. Every Yn ∈ Harmn(Ω) is a restriction of a polynomial Hn ∈ Harmn(R
3) to

Ω , that is, (see Theorem 4.5)

ΔxHn(x) = 0∀x ∈R
3

⇒
((

∂
∂ r

)2

+
2
r

∂
∂ r

+
1
r2 Δ∗

ξ

)

Hn(rξ ) = 0 ∀r ∈ R
+∀ξ ∈ Ω . (5.26)

We know that the homogeneity of Hn means (x = rξ , r = |x|)
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Hn(x) = ∑
|α|=n

α∈N3
0

Cα xα = ∑
|α|=n

α∈N3
0

Cα (rξ )α = ∑
|α|=n

α∈N3
0

Cα (rξ1)
α1 (rξ2)

α2 (rξ3)
α3

= ∑
|α|=n

α∈N3
0

Cα r|α |ξ α = rnYn(ξ ). (5.27)

This implies (r > 0):

0 = ΔxHn(x) = n(n− 1)rn−2Yn(ξ )+
2
r

nrn−1Yn(ξ )+ rn−2Δ∗
ξYn(ξ )

= rn−2
(

n2 − n+ 2n+Δ∗
ξ

)
Yn(ξ ). (5.28)

Consequently,

0 = Δ∗
ξYn(ξ )+

(
n2 + n

)
Yn(ξ ) ∀ξ ∈ Ω . (5.29)

Hence, we obtain the desired result:

Δ∗
ξYn(ξ ) =−n(n+ 1)Yn(ξ ) ∀ξ ∈ Ω . (5.30)

	

Theorem 5.9. If Yn ∈ Harmn(Ω) and Ym ∈ Harmm(Ω), n,m ∈N0, n �= m, then

〈Yn,Ym〉L2(Ω) = 0. (5.31)

Proof. Yn and Ym are restrictions of homogeneous harmonic polynomials Hn ∈
Harmn(R

3) and Hm ∈ Harmm(R
3) to Ω ; see Definition 5.5. If we apply the second

Green’s identity (the volume version, Theorem 2.33 on p. 29) to Hn and Hm on the
unit ball U := B1(0), we get

∫

U
Hn(x)ΔHm(x)︸ ︷︷ ︸

=0

−Hm(x)ΔHn(x)︸ ︷︷ ︸
=0

dx

=

∫

Ω
Yn(ξ )

∂Hm

∂ν
(ξ )−Ym(ξ )

∂Hn

∂ν
(ξ )dω(ξ ), (5.32)

where ν is the outer unit normal to Ω . Using Theorems 4.5 and 4.8 as well as the
fact that ν(ξ ) = ξ on Ω , we obtain

∂Hp

∂ν
(ξ ) =

(
ξ ·
(

ξ
∂
∂ r

+
1
r

∇∗
ξ

)
Hp(rξ )

)∣∣
∣
r=1

=

(
∂
∂ r

Hp(rξ )
)∣
∣
∣
r=1

=

(
∂
∂ r

rpYp(ξ )
)∣
∣
∣
r=1

= pYp(ξ ) ∀ξ ∈ Ω (5.33)
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for all Hp ∈ Harmp(Ω) (for Hp(rξ ) = rpYp(ξ ), Yp ∈ Harmp(Ω), see the proof of
Lemma 5.8) and all p ∈ N0. Hence,

0 =

∫

Ω
Yn(ξ )Ym(ξ )dω(ξ )(m− n). (5.34)

	

Definition 5.10. For every fixed n ∈ N0, {Yn, j} j=1,...,2n+1 shall always denote an
orthonormal system in (Harmn(Ω),〈· , ·〉L2(Ω)).

Note that Theorem 5.6 implies that this system is also complete in Harmn(Ω).
Hence, this definition yields a system with the following properties:

1. 〈Yn, j,Yn,k〉L2(Ω) = δ jk ∀ j,k ∈ {1, . . . ,2n+ 1}.
2. If 〈F,Yn, j〉L2(Ω) = 0 ∀ j = 1, . . . ,2n+1 is satisfied by F ∈ Harmn(Ω), then F = 0.

The function system obtained by taking such an ons for each n, that is, the set
{Yn, j}n∈N0, j=1,...,2n+1, consequently forms an L2(Ω)-orthonormal system in the
space Harm0...∞(Ω) due to Theorem 5.9:

〈
Yn, j,Ym,k

〉
L2(Ω)

= δnmδ jk. (5.35)

We call n the degree of Yn, j and j the order of Yn, j. An alternative enumeration is
{Yn, j} j=−n,...,n. Note that the convention introduced in Definition 5.10 is only valid
for Y with a double index.

Another important property of spherical harmonics is the following identity.

Theorem 5.11 (Addition Theorem for Spherical Harmonics). If {Yn, j} j=1,...,2n+1

is an orthonormal system in (Harmn(Ω),〈·, ·〉L2(Ω)), n ∈ N0, then

2n+1

∑
j=1

Yn, j(ξ )Yn, j(η) =
2n+ 1

4π
Pn(ξ ·η) (5.36)

for all (ξ ,η) ∈ Ω 2, where Pn is the Legendre polynomial of degree n.

Proof.

(1) Invariance with respect to orthogonal transformations:
Let

F(ξ ,η) :=
2n+1

∑
j=1

Yn, j(ξ )Yn, j(η); ξ ,η ∈ Ω ; (5.37)

be the expression of interest and A ∈R
3×3 be an arbitrary orthogonal matrix, that is,

AT = A−1. Moreover, let Hn, j ∈ Harmn(R
3), j = 1, . . . ,2n+1, with Hn, j

∣
∣
Ω =Yn, j for

all j = 1, . . . ,2n+ 1. Then the functions R3 � x �→ Hn, j(Ax) are also homogeneous
harmonic polynomials for the following reasons: Note that a polynomial P is
homogeneous of degree n if and only if P(λ x) = λ nP(x) for all λ ∈R and all x∈R

3.
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Since Hn, j(A(λ x)) = Hn, j(λ Ax) = λ nHn, j(Ax) for all λ ∈ R and all x ∈ R
3, the

homogeneity is not influenced by the transformation. For the harmonicity, consider

∂
∂xk

Hn, j(Ax) =
(
∇Hn, j(Ax)

) · ∂
∂xk

(Ax)

=
3

∑
i=1

(
∂

∂yi
Hn, j(y)

∣
∣
∣
y=Ax

∂
∂xk

3

∑
l=1

ailxl

)

=
3

∑
i=1

∂
∂yi

Hn, j(y)
∣
∣
∣
y=Ax

aik (5.38)

and

∂ 2

∂x2
k

Hn, j(Ax) =
3

∑
l=1

3

∑
i=1

∂ 2

∂yl∂yi
Hn, j(y)

∣
∣∣
y=Ax

alkaik. (5.39)

Hence,

Δx Hn, j(Ax) =
3

∑
l=1

3

∑
i=1

∂ 2

∂yl∂yi
Hn, j(y)

∣∣
∣
y=Ax

3

∑
k=1

alkaik

︸ ︷︷ ︸
=(AAT)l,i

=δli

= ΔyHn, j(y)
∣
∣
y=Ax

= 0. (5.40)

Consequently, each Ω � ξ �→ Yn, j(Aξ ), j = 1, . . . ,2n+ 1, is a spherical harmonic
of degree n. Thus, these functions can be represented in the orthonormal basis

of Harmn(Ω): There exist constants {b( j)
k }k=1,...,2n+1 for each j = 1, . . . ,2n + 1

such that

Yn, j(Aξ ) =
2n+1

∑
k=1

b( j)
k Yn,k(ξ ) ∀ξ ∈ Ω . (5.41)

We now consider the integral

∫

Ω
Yn, j(Aξ )Yn,l(Aξ )dω(ξ ) =

2n+1

∑
k,m=1

b( j)
k b(l)m

∫

Ω
Yn,k(ξ )Yn,m(ξ )dω(ξ )

︸ ︷︷ ︸
=δkm

. (5.42)

With the substitution Aξ =: η on the left-hand side (see also the considerations in
the proof of Theorem 4.16), we get

∫

Ω
Yn, j(η)Yn,l(η)dω(η)

︸ ︷︷ ︸
=δ jl

=
2n+1

∑
k=1

b( j)
k b(l)k (5.43)
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for all j, l ∈ {1, . . . ,2n+ 1}. As a consequence, the matrix B := (b( j)
k ) j,k=1,...,2n+1 is

orthogonal. For this reason, we also get

2n+1

∑
j=1

b( j)
k b( j)

l = δkl ∀k, l = 1, . . . ,2n+ 1. (5.44)

For our function F , this means that

F (Aξ ,Aη) =
2n+1

∑
j=1

Yn, j(Aξ )Yn, j(Aη)

=
2n+1

∑
j=1

2n+1

∑
k,l=1

b( j)
k b( j)

l Yn,k(ξ )Yn,l(η)

=
2n+1

∑
k,l=1

δklYn,k(ξ )Yn,l(η)

=
2n+1

∑
k=1

Yn,k(ξ )Yn,k(η)

= F(ξ ,η) (5.45)

for all ξ ,η ∈ Ω . Hence, F is invariant with respect to orthogonal transformations.

(2) FFF is a 1D-function:
Let ξ ,η ∈ Ω be arbitrary but fixed. We consider the set

Cξ ,η := {ζ ∈ Ω |ξ ·ζ = ξ ·η } . (5.46)

Since |ξ −ζ |2 = 2−2ξ ·ζ , the set Cξ ,η is the circle which is obtained by intersecting

Ω and the sphere with center ξ and radius
√

2− 2ξ ·η (see Fig. 5.1). Hence, every
element ζ ∈ Cξ ,η is representable as ζ = Aη where A is an orthogonal matrix with
Aξ = ξ (i.e., we rotate Ω around the axis ξ ). Due to part (1) of this proof, we,
consequently, have

F(ξ ,η) = F(ξ ,ζ ) ∀ζ ∈Cξ ,η . (5.47)

Hence, F depends on the inner product of its two arguments only.

(3) A particular spherical harmonic:
We set

Y (η) := F
(
ε3,η

)
, η ∈ Ω . (5.48)

Obviously, the definition of F yields that Y ∈ Harmn(Ω). Let H ∈ Harmn(R
3) with

H|Ω = Y . In analogy to the proof of Theorem 5.6, we can represent H as
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Fig. 5.1 Illustration of the
circle Cξ ,η (red) on the unit
sphere Ω

H(x) =
n

∑
j=0

x j
3 An− j (x1,x2) ∀x = (x1,x2,x3)

T ∈ R
3, (5.49)

where A0, . . . ,An−2 are uniquely determined by An−1 and An. Since our particular
Y actually depends on ε3 ·η = tη only, where tη is the polar distance as one of the
spherical coordinates of η , we conclude that

Y (η) =
n

∑
j=0

x j
3 An− j (x1,x2)

∣
∣
∣
x2

1+x2
2+x2

3=1,x3=tη
. (5.50)

Hence, each An− j is constant for all (x1,x2)
T with x2

1 + x2
2 = 1− t2

η . Thus, every
An− j depends on x2

1+x2
2 only. In particular, this means that An− j ≡ 0, if n− j is odd.

We get

An (x1,x2) =

{
c
(
x2

1 + x2
2

)k
= c
(
1− t2

η
)k
, if n = 2k, k ∈N0

0 else
,

An−1 (x1,x2) =

{
c
(
x2

1 + x2
2

)k
= c
(
1− t2

η
)k
, if n = 2k+ 1, k ∈ N0

0 else
, (5.51)

where c ∈ R is a constant. Hence, Y is already uniquely determined up to the
constant c due to these considerations. Moreover, Y is representable as a 1D-
polynomial of t with degree n. Thus, F(ξ ,η) is a 1D-polynomial of ξ · η with
degree n. Note that we can rotate the sphere by an orthogonal matrix A such that
Aξ = ε3.
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(4) We recognize the Legendre polynomial:
For every n ∈ N0, we get such a function F . Let us now introduce the notation

Gp(ξ ·η) :=
2p+1

∑
j=1

Yp, j(ξ )Yp, j(η); ξ ,η ∈ Ω (⇒ ξ ·η ∈ [−1,1]), p ∈ N0.

(5.52)
We get

2π
∫ 1

−1
Gp(t)Gq(t)dt =

∫

Ω
Gp
(
ε3 ·η)Gq

(
ε3 ·η) dω(η) = 0 (5.53)

for p �= q due to Theorems 4.16 and 5.9. Moreover,

Gn(1) = Gn(η ·η) =
2n+1

∑
j=1

Yn, j(η)Yn, j(η) (5.54)

for all η ∈ Ω and all n ∈ N0 such that an integration over Ω yields

4πGn(1) =
2n+1

∑
j=1

∫

Ω
Yn, j(η)Yn, j(η)dω(η)

= 2n+ 1. (5.55)

We summarize our results: The sequence {Gn}n∈N0 is a sequence of polynomials
which is orthogonal in L2[−1,1] and satisfies degGn = n and Gn(1) = 2n+1

4π for all
n ∈ N0. Due to Theorem 3.9 and Definition 3.10 (see p. 40), we conclude

Gn(t) =
2n+ 1

4π
Pn(t) ∀t ∈ [−1,1] ∀n ∈ N0. (5.56)

	

Remark 5.12. The name “addition theorem” probably reminds you of a property
of trigonometric functions. This is not a coincidence. The reason is the fact that
the theory of spherical harmonics can be established for a general (n− 1)-sphere
S

n−1 := {x ∈R
n | |x|= 1} in R

n, n ≥ 2 (see, e.g., [139]). In the simplest case, the 1-
sphere, we have a unit circle with one polar coordinate: ϕ ∈ [0,2π ]. A corresponding
orthonormal basis of spherical harmonics is

Y0,1 :=
1√
2π

,

Yn,1 (ζ (ϕ)) :=
1√
π

cos(nϕ),

Yn,2 (ζ (ϕ)) :=
1√
π

sin(nϕ), (5.57)
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η

ξ

Δϕ

ϕ1 − ϕ2

Fig. 5.2 Illustration
corresponding to
Remark 5.12: instead of
ϕ1 −ϕ2, the angle
Δϕ = 2π − (ϕ1 −ϕ2) can be
chosen, since cos[(nΔϕ)] =
cos[2nπ −n(ϕ1 −ϕ2)] =
cos[−n(ϕ1 −ϕ2)] =
cos[n(ϕ1 −ϕ2)] for all n ∈ N0

n ∈ N, where ζ (ϕ) refers to the representation of ζ ∈ S
1 in terms of the polar

coordinate ϕ . This is the orthonormal basis for L2 [0,2π ] which we already know
from Theorem 3.23 on p. 53. For a corresponding addition theorem (which is one
of the common addition theorems for trigonometric functions), we have to consider
the term (for n ≥ 1)

1√
π

cos (nϕ1)
1√
π

cos (nϕ2)+
1√
π

sin (nϕ1)
1√
π

sin(nϕ2) =
1
π

cos [n(ϕ1 −ϕ2)]

(5.58)

with ϕ1,ϕ2 ∈ [0,2π ]. If ξ = ζ (ϕ1) and η = ζ (ϕ2), the inner product is, conse-
quently,

ξ ·η =

(
cos ϕ1

sin ϕ1

)
·
(

cos ϕ2

sin ϕ2

)
= cos(ϕ1 −ϕ2) . (5.59)

Note that the right-hand side depends on |ϕ1 − ϕ2| only, where |ϕ1 − ϕ2| can
be assumed to be in [0,π ] (see Fig. 5.2). Hence, there is a one-to-one relation
between ξ · η and |ϕ1 − ϕ2| such that the right-hand side of (5.58), namely,
1
π cos [n(ϕ1−ϕ2)] =

1
π cos(n|ϕ1−ϕ2|), is a function of ξ ·η . Therefore, the Cheby-

shev polynomials (see Theorem 3.11) on p. 43 are the corresponding analogues of
the Legendre polynomials:

2

∑
j=1

Yn, j (ζ (ϕ1))Yn, j (ζ (ϕ2)) =
1
π

Tn (ζ (ϕ1) ·ζ (ϕ2)) ∀n ∈ N. (5.60)

For the trivial case n = 0, one gets

Y0,1 (ζ (ϕ1))Y0,1 (ζ (ϕ2)) =
1

2π
=

1
2π

T0 (cos(ϕ1 −ϕ2)) . (5.61)
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Note that the coefficient in front of Tn is the quotient of the number of basis functions
for the degree n (i.e., 2− δn0) and the length of S1 (i.e.,

∫
S1 1dl = 2π) in analogy to

the addition theorem on S
2 = Ω .

The addition theorem for spherical harmonics has many advantages. One of them is
connected to the calculation of splines and wavelets on the sphere. In both cases, we
will have to calculate kernels on Ω ×Ω which have the form

K (ξ ,η) =
∞

∑
n=0

2n+1

∑
j=1

kn Yn, j(ξ )Yn, j(η), ξ ,η ∈ Ω . (5.62)

Due to the addition theorem, this 4D-function on Ω ×Ω can be simplified to a
1D-function on [−1,1]:

K (ξ ,η) =
∞

∑
n=0

kn
2n+ 1

4π
Pn (ξ ·η) ; ξ ,η ∈ Ω . (5.63)

Moreover, the addition theorem is also a helpful tool in many proofs as we will see
on the next pages. One of these consequences of the addition theorem is connected
to the theory of reproducing kernels (see also [43]).

Definition 5.13. Let (H,〈·, ·〉) be a (real) Hilbert space of functions which are
defined on the domain D ⊂ R

n, n ∈ N. A function KH : D ×D → R is called a
reproducing kernel of H, if it satisfies the following properties:

(i) KH(x, ·) ∈ H for all x ∈ D.
(ii) 〈KH(x, ·),F〉= F(x) for all F ∈ H and all x ∈ D.

In this case, H is called a reproducing kernel Hilbert space.

The second property, which is called the “reproducing property,” is the reason for the
name “reproducing kernel” because the value of F is reproduced at an arbitrary point
x by means of the kernel. The first property is only technical. It merely guarantees
that the inner product in the reproducing property can be calculated.

An equivalent definition of a reproducing kernel would require:

1. KH(·,x) ∈ H for all x ∈ D,
2. 〈KH(·,x),F〉= F(x) for all F ∈ H and all x ∈ D,

as the following theorem shows.

Theorem 5.14 (Symmetry of Reproducing Kernels). Let H be a Hilbert space of
functions on D ⊂ R

n with the reproducing kernel KH. Then

KH(x,y) = KH(y,x) (5.64)

for all x,y ∈ D.

Proof. We know that KH(y, ·), KH(x, ·) ∈ H for all x,y ∈ D. In the reproducing
property
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〈KH(y, ·),F〉 = F(y) ∀F ∈ H ∀y ∈ D

〈KH(x, ·),G〉 = G(x) ∀G ∈ H ∀x ∈ D, (5.65)

we can insert, consequently, F = KH(x, ·) and G = KH(y, ·). This yields, in
combination with the symmetry of the inner product,

F(y) = KH(x,y)

= 〈KH(y, ·), KH(x, ·)〉
= 〈KH(x, ·), KH(y, ·)〉
= KH(y,x)

= G(x), (5.66)

where x,y ∈ D are arbitrary. 	

Theorem 5.15. The reproducing kernel of a reproducing kernel Hilbert space is
always unique.

The proof is very easy and is, therefore, a good exercise.
Let us go back to the addition theorem for spherical harmonics:

2n+ 1
4π

Pn(ξ ·η) =
2n+1

∑
j=1

Yn, j(ξ )Yn, j(η) ∀ξ ,η ∈ Ω . (5.67)

We multiply both sides by an arbitrary spherical harmonic1 Yn ∈ Harmn(Ω) and get

2n+ 1
4π

Pn(ξ ·η)Yn(η) =
2n+1

∑
j=1

Yn, j(ξ )Yn(η)Yn, j(η) ∀ξ ,η ∈ Ω . (5.68)

Now, we integrate with respect to η ∈ Ω :

∫

Ω

2n+ 1
4π

Pn(ξ ·η)Yn(η)dω(η) =
2n+1

∑
j=1

Yn, j(ξ )
∫

Ω
Yn(η)Yn, j(η)dω(η) ∀ξ ∈ Ω .

(5.69)

Note that the right-hand side is the Fourier series for Yn ∈ Harmn(Ω), since the
system {Yn, j} j=1,...,2n+1 is an orthonormal basis for Harmn(Ω). Hence,

∫

Ω

2n+ 1
4π

Pn(ξ ·η)Yn(η)dω(η) = Yn(ξ ) ∀ξ ∈ Ω . (5.70)

This proves the following theorem.

1Note that we do not require that Yn is an element of the onb because we only have one index.
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Theorem 5.16. The kernel

Ω ×Ω � (ξ ,η)�→ 2n+ 1
4π

Pn(ξ ·η) (5.71)

is the reproducing kernel of (Harmn(Ω),〈·, ·〉L2(Ω)).

Reproducing kernels play a more important role in the development of the spherical
spline method, as we will see later.

Two further theorems which are based on the addition theorem yield estimates
for the maxima of spherical harmonics and of the Legendre polynomials.

Theorem 5.17. Every Yn ∈ Harmn(Ω), n ∈ N0, satisfies

‖Yn‖C(Ω) ≤
√

2n+ 1
4π

‖Yn‖L2(Ω) . (5.72)

In particular,

∥∥Yn, j
∥∥

C(Ω)
≤
√

2n+ 1
4π

. (5.73)

Proof. We use again the completeness of the orthonormal system {Yn, j} j=1,...,2n+1

in Harmn(Ω). For every ξ ∈ Ω , we get using the Cauchy–Schwarz inequality in
R

2n+1 the result:

|Yn(ξ )| =
∣
∣
∣∣
∣

2n+1

∑
j=1

〈
Yn,Yn, j

〉
L2(Ω)

Yn, j(ξ )

∣
∣
∣∣
∣

≤
(

2n+1

∑
j=1

〈
Yn,Yn, j

〉2
L2(Ω)

)1/2(2n+1

∑
j=1

(Yn, j(ξ ))2

)1/2

. (5.74)

The use of the addition theorem was already announced above. Can you see where
we can do this? The last factor is one-hand side of the addition theorem. We get

2n+1

∑
j=1

(Yn, j(ξ ))2 =
2n+ 1

4π
Pn(ξ ·ξ ) = 2n+ 1

4π
Pn(1) =

2n+ 1
4π

(5.75)

due to the definition of the Legendre polynomials (see Definition 3.10 on p. 41).
Moreover, the penultimate factor in (5.74) is simply the Parseval identity for

‖Yn‖L2(Ω). Hence, we get

|Yn(ξ )| ≤ ‖Yn‖L2(Ω)

√
2n+ 1

4π
∀ξ ∈ Ω . (5.76)

	

We now prove Theorem 3.18 on p. 49 for the particular case α = β = 0.
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Theorem 5.18. For every n ∈N0, the Legendre polynomial Pn satisfies

‖Pn‖C[−1,1] = 1 = Pn(1). (5.77)

Proof. We start with the addition theorem (with absolute values on both sides):

2n+ 1
4π

|Pn(ξ ·η)|=
∣
∣
∣
∣
∣

2n+1

∑
j=1

Yn, j(ξ )Yn, j(η)

∣
∣
∣
∣
∣

∀ξ ,η ∈ Ω . (5.78)

We apply again the Cauchy–Schwarz inequality in R
2n+1:

2n+ 1
4π

|Pn(ξ ·η)| ≤
(

2n+1

∑
j=1

(Yn, j(ξ ))2

)1/2(2n+1

∑
j=1

(Yn, j(η))2

)1/2

=

(
2n+ 1

4π

)1/2

·
(

2n+ 1
4π

)1/2

=
2n+ 1

4π
∀ξ ,η ∈ Ω . (5.79)

Since every t ∈ [−1,1] can be represented as t = ξ ·η for an appropriate choice of
ξ ,η ∈ Ω , our work is done. 	

Let us not forget what the purpose of this section is. We are looking for a Fourier
analysis tool on Ω . For this purpose, we need a complete orthonormal system. We
already have a system which is 〈·, ·〉L2(Ω)-orthonormal. Moreover, we know that
it is complete in Harm0...∞(Ω), which is, however, not a practicable space. The
good news is we will see that the system {Yn, j}n∈N0; j=1,...,2n+1 is also complete in
L2(Ω)—this will be the main result of this section. The bad news is the way to get
there is not easy. The next essential milestone on our way is the Poisson integral
formula.

Theorem 5.19 (Poisson Integral Formula). Let F ∈ C(Ω), then

lim
h→1−

sup
ξ∈Ω

∣
∣∣
∣
∣

1
4π

∫

Ω

(
1− h2

)
F(η)

(1+ h2− 2h(ξ ·η))3/2
dω(η)−F(ξ )

∣
∣∣
∣
∣
= 0. (5.80)

Proof.

(1) The case F ≡ 1F ≡ 1F ≡ 1:
In this case, we get the integral of a zonal function (see Theorem 4.16):

1
4π

∫

Ω

1− h2

(1+ h2− 2h(ξ ·η))3/2
dω(η) =

1
2

∫ 1

−1

1− h2

(1+ h2− 2ht)3/2
dt. (5.81)
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For the integrand of the right-hand side, we already know an expansion in Legendre
polynomials from Theorem 3.16. Moreover, we find that

1− h2

(1+ h2− 2ht)3/2
=

∞

∑
n=0

(2n+ 1)hnPn(t) (5.82)

is uniformly convergent with respect to t ∈ [−1,1] for every fixed h ∈ [0,1[ since

|(2n+ 1)hnPn(t)| ≤ (2n+ 1)hn ∀n ∈ N0 (5.83)

and
∞

∑
n=0

(2n+ 1)hn <+∞. (5.84)

Hence, we are allowed to interchange the integration with the series, and we get
from (5.81) and Theorem 3.14

1
4π

∫

Ω

1− h2

(1+ h2− 2h(ξ ·η))3/2
dω(η) =

∞

∑
n=0

2n+ 1
2

hn
∫ 1

−1
Pn(t)dt

=
∞

∑
n=0

2n+ 1
2

hn
∫ 1

−1
Pn(t)

≡1
︷︸︸︷
P0(t) dt

︸ ︷︷ ︸
=δn0

2
2n+1

= 1. (5.85)

The partition of unity (5.85) is helpful to prove the formula for other F .

(2) Subdivision of ΩΩΩ :
We keep ξ ∈ Ω and h ∈ [ 1

2 ,1[ fixed (smaller values of h are irrelevant for the limit).
We divide the sphere now into two parts:

D1 :=
{

η ∈ Ω
∣
∣
∣(−1 ≤)ξ ·η ≤ 1− 3

√
1− h

}
,

D2 :=
{

η ∈ Ω
∣
∣∣1− 3

√
1− h < ξ ·η(≤ 1)

}
= Ω \D1 (5.86)

(see Fig. 5.3). We will now show that the following expression tends to zero as
h → 1− (i.e., as h approaches 1 with values h < 1):

1
4π

∫

Ω

(
1− h2

)
F(η)

(1+ h2− 2h(ξ ·η))3/2
dω(η)−F(ξ )

(5.85)
=

1
4π

∫

Ω

(
1− h2

)
(F(η)−F(ξ ))

(1+ h2− 2h(ξ ·η))3/2
dω(η)
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Fig. 5.3 Illustration of the sets D1 (green) and D2 (yellow) with respect to a fixed point ξ (black
dot, here: Vienna) for h = 0.9 (left hand), h = 0.999 (middle), and h = 0.99999 (right hand)

=
1

4π

∫

D1

(
1− h2

)
(F(η)−F(ξ ))

(1+ h2− 2h(ξ ·η))3/2
dω(η)

+
1

4π

∫

D2

(
1− h2

)
(F(η)−F(ξ ))

(1+ h2− 2h(ξ ·η))3/2
dω(η). (5.87)

(3) The integral over D1D1D1:
For t ∈ [−1,1− 3

√
1− h], we find

1+ h2− 2ht = (1− h)2

︸ ︷︷ ︸
≥0

+2h (1− t)
︸ ︷︷ ︸

≥1−(1− 3√1−h)

≥ 2h 3
√

1− h. (5.88)

Consequently, the integrand (without F) can be estimated by

1− h2

(1+ h2− 2ht)3/2
≤ 1− h2

(
2h 3

√
1− h

)3/2
=

≤2
︷︸︸︷
1+ h

(2h)3/2

︸ ︷︷ ︸
≥1

· 1− h√
1− h

≤ 2
√

1− h. (5.89)

This estimate is now inserted in the integral over D1 in (5.87) after the application
of the triangle inequality and Theorem 4.16:

∣∣
∣
∣
∣

∫

D1

(
1− h2

)
(F(η)−F(ξ ))

(1+ h2− 2h(ξ ·η))3/2
dω(η)

∣∣
∣
∣
∣

≤
∫

D1

(
1− h2

)(‖F‖C(Ω) + ‖F‖C(Ω)

)

(1+ h2− 2h(ξ ·η))3/2
dω(η)

= 2‖F‖C(Ω)2π
∫ 1− 3√1−h

−1

1− h2

(1+ h2− 2ht)3/2
dt
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≤ 4π‖F‖C(Ω)

∫ 1− 3√1−h

−1
2
√

1− hdt

= 8π‖F‖C(Ω)

√
1− h

(
2− 3

√
1− h

)

≤ 16π‖F‖C(Ω)

√
1− h −→

h→1−
0. (5.90)

(4) The integral over D2D2D2:
F is a continuous function on the compact domain Ω . Therefore, it is uniformly
continuous. This means, first of all, the following:

∀ε > 0 ∃δ = δ (ε)> 0 : (|ξ −η |< δ ; ξ , η ∈ Ω ⇒ |F(ξ )−F(η)| ≤ ε) . (5.91)

This implies the existence of a function h �→ μ(h) with limh→1− μ(h) = 0 and

|F(ξ )−F(η)| ≤ μ(h) for all η ∈ D2 (more precisely: D2(h)). (5.92)

Since

η ∈ D2 ⇔ 1− 3
√

1− h < ξ ·η
⇔ 3

√
1− h > 1− ξ ·η

⇔ 3
√

1− h >
1
2
|ξ −η |2

⇔ 6
√

8(1− h)> |ξ −η |, (5.93)

such a function can be obtained by choosing ε �→ δ (ε) in (5.91) as a monotonically
increasing function (which is obviously possible) and setting

μ(h) :=

{
inf
({

ε > 0
∣
∣∣δ (ε)≥ 6

√
8(1− h)

})
, if supε>0 δ (ε)> 6

√
8(1− h)

2‖F‖C(Ω) else
.

(5.94)

Since limh→1− 6
√

8(1− h)= 0, only the first case in (5.94) occurs, if h has exceeded
a certain threshold. Property (5.91) implies that limh→1− μ(h) = 0. Finally, for an
arbitrary h (without loss of generality 6

√
8(1− h) < supε>0 δ (ε)), we have, due

to (5.93),

η ∈ D2 ⇔ |ξ −η |< 6
√

8(1− h)

⇒ ∃ε > 0 : |ξ −η |< δ (ε). (5.95)



116 5 Fourier Analysis

By taking the infimum over all such ε > 0, we get

|F(ξ )−F(η)| ≤ μ(h) ∀η ∈ D2. (5.96)

Thus, the function μ(h) really exists.2 We use it to estimate the integral over D2:

∣
∣
∣∣
∣

∫

D2

(
1− h2

)
(F(η)−F(ξ ))

(1+ h2− 2h(ξ ·η))3/2
dω(η)

∣
∣
∣∣
∣

≤
∫

D2

(
1− h2

) |F(η)−F(ξ )|
(1+ h2− 2h(ξ ·η))3/2

dω(η)

≤
∫

D2

(
1− h2

)
μ(h)

(1+ h2− 2h(ξ ·η))3/2
dω(η)

≤
∫

Ω

(
1− h2

)
μ(h)

(1+ h2− 2h(ξ ·η))3/2
dω(η)

(5.85)
= μ(h) ·4π . (5.97)

(5) Recombining ΩΩΩ :
Finally, we get, due to (5.87), (5.90), and (5.97),

∣
∣
∣∣
∣

1
4π

∫

Ω

(
1− h2

)
(F(η)−F(ξ ))

(1+ h2− 2h(ξ ·η))3/2
dω(η)

∣
∣
∣∣
∣
≤ 4‖F‖C(Ω)

√
1− h+ μ(h). (5.98)

The right-hand side of (5.98) converges uniformly to 0 as h → 1− since it is
independent of ξ ∈ Ω . 	

Remark 5.20. Two comments might be interesting here:

(a) The kernel

Ω ×Ω � (ξ ,η)�→ 1
4π

1− h2

(1+ h2− 2h(ξ ·η))3/2
, (5.99)

which was used in the Poisson integral formula, is called the Abel–Poisson
kernel. If one keeps ξ ∈Ω fixed, one will observe that the graph of the resulting
function of η ∈Ω is a kind of a “hat” around ξ which gets thinner and thinner as
h tends to 1 (see Fig. 5.4). We say the kernel is a localized function. Moreover,
the Poisson integral formula is our first encounter with a spherical Approximate
Identity. The integral represents a spherical convolution of the Abel–Poisson
kernel and F , and we saw that this convolution uniformly converges to F , if F
is continuous.

2Note that μ is independent of ξ . This is the characteristic property of the uniform continuity.
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Fig. 5.4 The pictures show the graphs of the Abel–Poisson kernel as a function of η ∈ Ω with a
fixed unit vector ξ (here again Vienna) for h = 0.7 (top left hand), h = 0.8 (top right hand), and
h = 0.9 (bottom). With increasing h, the kernel gets more and more localized

(b) You might know the name “Poisson integral formula” from the potential theory
or the theory of elliptic partial differential equations (see, e.g., [101, p. 240],
[136, p. 263], [155, p. 112], [190, p. 43]). In this context, the formula for solving
the Dirichlet boundary-value problem for the Laplace equation in the case of a
spherical boundary3 is called the Poisson integral formula or Poisson’s formula.
Indeed, both formulae are quasi the same. Equation (5.80) is obtained from
the formula in the potential theory by calculating the solution of the (inner)

3The problem is as follows: Given a continuous function F on a sphere, find a harmonic function U
inside the sphere which equals F on the spherical boundary. The Poisson integral formula is then
a formula which represents U by a spherical integral, which involves F in the integrand.
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boundary-value problem (with the boundary Ω ) at a sphere with the radius h <
1. In the limit h → 1−, one gets the boundary value, that is, the function F ,
again. That’s what the Poisson integral formula (5.80) claims.

We will meet the Abel–Poisson kernel again—in the spline theory as well as in the
wavelet theory.

Remember again what we are looking for: an orthonormal basis of L2(Ω). The
Poisson integral formula really helps us to reach this goal. The next intermediate
step is to identify the system {Yn, j}n∈N0, j=1,...,2n+1 as a closed system in the Banach
space (C(Ω),‖ · ‖C(Ω)). Remember Definition 3.4 and Theorem 3.5 in this context.

Lemma 5.21. Let F ∈ C(Ω). Then the series

∞

∑
n=0

hn
2n+1

∑
j=1

〈
F,Yn, j

〉
L2(Ω)

Yn, j(ξ ) (5.100)

converges uniformly with respect to all ξ ∈ Ω for each fixed h ∈]0,1[. Moreover,

lim
h→1−

∞

∑
n=0

hn
2n+1

∑
j=1

〈
F,Yn, j

〉
L2(Ω)

Yn, j(ξ ) = F(ξ ), (5.101)

where this convergence is also uniform with respect to all ξ ∈ Ω .

Proof.

(1) The uniform convergence of the series:
Since {Yn, j}n∈N0, j=1,...,2n+1 is an orthonormal system with respect to 〈·, ·〉L2(Ω) and

F ∈ C(Ω)⊂ L2(Ω), the Bessel inequality (see Lemma 2.17 on p. 21) yields

∞

∑
n=0

2n+1

∑
j=1

〈
F,Yn, j

〉2
L2(Ω)

≤ ‖F‖2
L2(Ω) <+∞. (5.102)

This implies, in particular, the existence of the maximum

max
m∈N0 ,

k∈{1,...,2m+1}

∣
∣
∣
〈
F,Ym,k

〉
L2(Ω)

∣
∣
∣<+∞. (5.103)

This result in combination with the triangle inequality and Theorem 5.17 yields
∣
∣∣
∣
∣

∞

∑
n=0

hn
2n+1

∑
j=1

〈
F,Yn, j

〉
L2(Ω)

Yn, j(ξ )−
N

∑
n=0

hn
2n+1

∑
j=1

〈
F,Yn, j

〉
L2(Ω)

Yn, j(ξ )

∣
∣∣
∣
∣

=

∣
∣∣
∣
∣

∞

∑
n=N+1

hn
2n+1

∑
j=1

〈
F,Yn, j

〉
L2(Ω)

Yn, j(ξ )

∣
∣∣
∣
∣

≤
∞

∑
n=N+1

hn
2n+1

∑
j=1

∣∣
∣
〈
F,Yn, j

〉
L2(Ω)

∣∣
∣
∣∣Yn, j(ξ )

∣∣
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≤
∞

∑
n=N+1

hn
2n+1

∑
j=1

max
m∈N0,

k∈{1,...,2m+1}

∣∣
∣
〈
F,Ym,k

〉
L2(Ω)

∣∣
∣

√
2n+ 1

4π

= max
m∈N0,

k∈{1,...,2m+1}

∣
∣
∣
〈
F,Ym,k

〉
L2(Ω)

∣
∣
∣

∞

∑
n=N+1

hn
2n+1

∑
j=1

√
2n+ 1

4π
︸ ︷︷ ︸

=
(2n+1)3/2√

4π

−→ 0 as N → ∞, (5.104)

since |h|< 1. Since the last term in (5.104) is independent of ξ , the convergence is
uniform.

(2) The convergence for h → 1−h → 1−h → 1−:
Let us have a closer look at the series. The definition of the inner product and the
addition theorem (Theorem 5.11) yield

∞

∑
n=0

hn
2n+1

∑
j=1

〈
F,Yn, j

〉
L2(Ω)

Yn, j(ξ )

=
∞

∑
n=0

hn
2n+1

∑
j=1

∫

Ω
F(η)Yn, j(η)dω(η)Yn, j(ξ )

=
∞

∑
n=0

hn
∫

Ω
F(η)

2n+1

∑
j=1

Yn, j(η)Yn, j(ξ )dω(η)

=
∞

∑
n=0

hn
∫

Ω
F(η)

2n+ 1
4π

Pn(η ·ξ )dω(η). (5.105)

From Theorem 3.16 (see p. 46) and the proof of the Poisson integral formula
(Theorem 5.19), we know that the series

∞

∑
n=0

hn 2n+ 1
4π

Pn(t) (5.106)

converges uniformly with respect to all t ∈ [−1,1], if h∈]−1,1[ is kept fixed (which
is still the case here). Therefore, we may interchange the series and the integration
in (5.105). We obtain

∞

∑
n=0

hn
2n+1

∑
j=1

〈
F,Yn, j

〉
L2(Ω)

Yn, j(ξ ) =
∫

Ω
F(η)

∞

∑
n=0

hn 2n+ 1
4π

Pn(ξ ·η)dω(η) (5.107)

=
1

4π

∫

Ω
F(η)

1− h2

(1+ h2− 2h(ξ ·η))3/2
dω(η).
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The Poisson integral formula (Theorem 5.19) says that the latter expression
uniformly converges to F(ξ ), ξ ∈ Ω , as h → 1−, and we are done. 	

Theorem 5.22. The system {Yn, j}n∈N0, j=1,...,2n+1 is closed in (C(Ω),‖ · ‖C(Ω)) (in
the sense of the approximation theory).

Proof. We have to show the following property (see also Definition 3.4 on p. 38):
For every F ∈ C(Ω) and every ε > 0, there exists a finite linear combination:

N

∑
n=0

2n+1

∑
j=1

dn, jYn, j (5.108)

such that
∥
∥∥
∥
∥

F −
N

∑
n=0

2n+1

∑
j=1

dn, j Yn, j

∥
∥∥
∥
∥

C(Ω)

≤ ε. (5.109)

Now, let F ∈ C(Ω) and ε > 0 be arbitrary. From Lemma 5.21, we know that there
exists a real number h = h(ε)< 1 such that

∥
∥
∥
∥∥

F −
∞

∑
n=0

hn
2n+1

∑
j=1

〈
F,Yn, j

〉
L2(Ω)

Yn, j

∥
∥
∥
∥∥

C(Ω)

≤ ε
2
. (5.110)

Consulting again Lemma 5.21, we observe that there exists an upper limit N =
N(ε) ∈ N0 for the summation such that

∥
∥
∥∥
∥

∞

∑
n=0

hn
2n+1

∑
j=1

〈
F,Yn, j

〉
L2(Ω)

Yn, j −
N

∑
n=0

hn
2n+1

∑
j=1

〈
F,Yn, j

〉
L2(Ω)

Yn, j

∥
∥
∥∥
∥

C(Ω)

≤ ε
2
. (5.111)

The rest is a simple application of the triangle inequality:

∥
∥
∥
∥∥

F −
N

∑
n=0

2n+1

∑
j=1

=dn, j
︷ ︸︸ ︷
hn 〈F,Yn, j

〉
L2(Ω)

Yn, j

∥
∥
∥
∥∥

C(Ω)

≤
∥
∥∥
∥
∥

F −
∞

∑
n=0

2n+1

∑
j=1

hn 〈F,Yn, j
〉

L2(Ω)
Yn, j

∥
∥∥
∥
∥

C(Ω)

+

∥
∥
∥
∥
∥

∞

∑
n=0

2n+1

∑
j=1

hn 〈F,Yn, j
〉

L2(Ω)
Yn, j −

N

∑
n=0

2n+1

∑
j=1

hn 〈F,Yn, j
〉

L2(Ω)
Yn, j

∥
∥
∥
∥
∥

C(Ω)

≤ ε
2
+

ε
2
= ε. (5.112)

	

We will now switch over to L2(Ω) in two steps.
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Corollary 5.23. The system {Yn, j}n∈N0; j=1,...,2n+1 is closed (in the sense of the
approximation theory) in the normed space (C(Ω),‖ · ‖L2(Ω)).

Proof. Let F ∈ C(Ω) and ε > 0 be arbitrary but fixed. Note that we now have to
show that there exists a finite linear combination ∑N

n=0 ∑2n+1
j=1 bn, j Yn, j such that

∥
∥
∥
∥
∥

F −
N

∑
n=0

2n+1

∑
j=1

bn, j Yn, j

∥
∥
∥
∥
∥

L2(Ω)L2(Ω)L2(Ω)

≤ ε, (5.113)

that is, the chosen norm is the only difference. From Theorem 5.22, we already
know that there exists a finite linear combination ∑N

n=0 ∑2n+1
j=1 bn, j Yn, j such that

∥
∥
∥
∥
∥

F −
N

∑
n=0

2n+1

∑
j=1

bn, j Yn, j

∥
∥
∥
∥
∥

C(Ω)C(Ω)C(Ω)

≤ ε√
4π

. (5.114)

Using Theorem 4.10 on p. 91, we can immediately conclude that
∥
∥∥
∥
∥

F −
N

∑
n=0

2n+1

∑
j=1

bn, j Yn, j

∥
∥∥
∥
∥

L2(Ω)L2(Ω)L2(Ω)

≤
√

4π

∥
∥∥
∥
∥

F −
N

∑
n=0

2n+1

∑
j=1

bn, j Yn, j

∥
∥∥
∥
∥

C(Ω)C(Ω)C(Ω)

≤ ε. (5.115)

	

Corollary 5.24. The system {Yn, j}n∈N0; j=1,...,2n+1 is closed in (L2(Ω),‖ · ‖L2(Ω))
(in the sense of the approximation theory).

Proof. Let F ∈ L2(Ω) and ε > 0 be arbitrary but fixed. Due to Theorem 4.11 (see
p. 92), there exists G ∈ C(Ω) such that

‖F −G‖L2(Ω) ≤
ε
2
. (5.116)

Moreover, Corollary 5.23 guarantees the existence of ∑N
n=0 ∑2n+1

j=1 cn, j Yn, j, corre-
sponding to G, with

∥
∥∥
∥
∥

G−
N

∑
n=0

2n+1

∑
j=1

cn, j Yn, j

∥
∥∥
∥
∥

L2(Ω)

≤ ε
2
. (5.117)

The rest is again a simple application of the triangle inequality:
∥
∥
∥
∥∥

F −
N

∑
n=0

2n+1

∑
j=1

cn, j Yn, j

∥
∥
∥
∥∥

L2(Ω)

≤ ‖F −G‖L2(Ω) +

∥
∥
∥
∥∥

G−
N

∑
n=0

2n+1

∑
j=1

cn, j Yn, j

∥
∥
∥
∥∥

L2(Ω)

≤ ε
2
+

ε
2
= ε. (5.118)
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That’s it. Due to Theorem 3.5 (see p. 38), {Yn, j}n∈N0; j=1,...,2n+1 is complete in the
Hilbert space (L2(Ω), 〈·, ·〉L2(Ω))! So, according to Theorem 2.18 on p. 21, we can

expand every F ∈ L2(Ω) in a Fourier series, and we have the Parseval identities—
the basic tools of Fourier analysis. Let us summarize this.

Theorem 5.25. The functions {Yn, j}n∈N0; j=1,...,2n+1 represent a complete orthonor-
mal system in the Hilbert space (L2(Ω), 〈·, ·〉L2(Ω)), that is,

(1) Every F ∈ L2(Ω) can be expanded in a Fourier series:

lim
N→∞

∥∥
∥
∥
∥

F −
N

∑
n=0

2n+1

∑
j=1

〈
F,Yn, j

〉
L2(Ω)

Yn, j

∥∥
∥
∥
∥

L2(Ω)

= 0; (5.119)

often, we will briefly write

“F =
∞

∑
n=0

2n+1

∑
j=1

〈
F,Yn, j

〉
L2(Ω)

Yn, j in the sense of L2(Ω)”. (5.120)

(2) For every F, G ∈ L2(Ω), the Parseval identities are valid:

‖F‖2
L2(Ω) =

∞

∑
n=0

2n+1

∑
j=1

〈
F,Yn, j

〉2
L2(Ω)

,

〈F,G〉L2(Ω) =
∞

∑
n=0

2n+1

∑
j=1

〈
F,Yn, j

〉
L2(Ω)

〈
G,Yn, j

〉
L2(Ω)

. (5.121)

(3) The following density property holds true:

span
{

Yn, j
∣
∣ n ∈ N0, j = 1, . . . ,2n+ 1

}‖·‖L2(Ω) = L2(Ω). (5.122)

Note that the convergence of the Fourier series (5.119) is valid in the L2(Ω)-sense.
This is less than a pointwise convergence. Therefore, never ever write a spherical
Fourier series by inserting points in F and Yn, j. Fortunately, Gronwall [85] proved
that a uniform convergence is given at least for Lipschitz continuous functions.

Theorem 5.26. Let the function F : Ω → R be Lipschitz continuous. Then its
Fourier series is uniformly convergent:

lim
N→∞

∥∥
∥
∥
∥

F −
N

∑
n=0

2n+1

∑
j=1

〈
F,Yn, j

〉
L2(Ω)

Yn, j

∥∥
∥
∥
∥

C(Ω)

= 0. (5.123)
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Definition 5.27. The spherical Fourier transform is defined by the mapping

SFT : L2(Ω) � F �→
(〈

F,Yn, j
〉

L2(Ω)

)

n∈N0, j=1,...,2n+1
. (5.124)

Moreover, the following abbreviation for the (spherical) Fourier transform is
common:

F∧(n, j) :=
〈
F,Yn, j

〉
L2(Ω)

, n ∈N0, j ∈ {1, . . . ,2n+ 1}. (5.125)

The corresponding inverse spherical Fourier transform is defined by

(SFT)−1 : (an, j)n∈N0, j=1,...,2n+1 �→
∞

∑
n=0

2n+1

∑
j=1

an, j Yn, j (5.126)

for all sequences (an, j) with

∞

∑
n=0

2n+1

∑
j=1

a2
n, j <+∞. (5.127)

Obviously,

(SFT)−1(SFT)(F) = F (5.128)

for all F ∈ L2(Ω) and

(SFT)(SFT)−1 (an, j) = (an, j) (5.129)

for all sequences (an, j) satisfying (5.127).
In Lemma 5.8, we saw that every spherical harmonic Yn ∈ Harmn(Ω) is

an eigenfunction of the Beltrami operator Δ∗ corresponding to the eigenvalue
−n(n+ 1), that is,

Δ∗
ξYn(ξ ) =−n(n+ 1)Yn(ξ ) ∀ξ ∈ Ω . (5.130)

Now, as we have an orthonormal L2(Ω)-basis of spherical harmonics, we are able
to prove that there are no other eigenvalues and no other eigenfunctions.

Theorem 5.28 (Eigenfunctions of the Beltrami Operator). The eigenvalues of
the Beltrami operator Δ∗ : C(2)(Ω) → C(Ω) are given by {−n(n+ 1) |n ∈ N0}.
Moreover, the eigenspace of Δ∗ corresponding to the eigenvalue −n(n+1), n ∈N0,
is Harmn(Ω).

Proof.

(1) Determination of the eigenvalues:
Let us assume that there exists a function F ∈ C(2)(Ω) and a value λ ∈ R such that
Δ∗F = λ F and λ �=−n(n+1) for all n ∈N0. We have to show that F = 0. For this
purpose, we apply Green’s second surface identity (see Theorem 4.12 on p. 92) to
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the functions Yn, j (for arbitrary indices n ∈ N0 and j ∈ {1, . . . ,2n+ 1}) and F . This
yields

∫

Ω
Yn, j(ξ )Δ∗

ξ F(ξ )−F(ξ )Δ∗
ξYn, j(ξ )dω(ξ ) = 0. (5.131)

The right-hand side vanishes for the following reason: In Theorem 4.12, the more
general case of an integral over a subsurface Γ ⊂ Ω is considered, where the right-
hand side consists of an integral over ∂Γ . Imagine a sequence of subsurfaces Γk ⊂Ω
which in some sense tends to Ω as k → ∞. Then ∂Γk tends to the empty set /0.
Therefore, the right-hand side of (5.131) vanishes.

We proceed by using Lemma 5.8, which gives Δ∗Yn, j =−n(n+ 1)Yn, j. Hence,
∫

Ω
Yn, j(ξ )λ F(ξ )−F(ξ )[−n(n+ 1)]Yn, j(ξ )dω(ξ ) = 0 (5.132)

and, consequently,

[λ + n(n+ 1)]
∫

Ω
Yn, j(ξ )F(ξ )dω(ξ )

︸ ︷︷ ︸
=F∧(n, j)

= 0 (5.133)

for all n ∈ N0 and all j ∈ {1, . . . ,2n+ 1}. Since the left-hand factor never (i.e., not
for any n ∈ N0) vanishes due to our assumption at the beginning of the proof, the
right-hand factor must vanish for all n ∈ N0 and all j ∈ {1, . . . ,2n+ 1}. However,
since the ons {Yn, j}n∈N0; j=1,...,2n+1 is complete (here is the argument that we could
not use before), this implies that F = 0 (in the sense of L2(Ω)).

(2) Determination of the eigenspace:
Let λ be an eigenvalue of Δ∗, that is, there exists an integer k ∈ N0 such that λ =
−k(k+ 1). Starting with F ∈ C(2)(Ω) satisfying Δ∗F = λ F in the same way as we
started the first part of this proof, we again end up with (5.133) in the sense that

[−k(k+ 1)+ n(n+ 1)]F∧(n, j) = 0 ∀n ∈ N0 ∀ j ∈ {1, . . . ,2n+ 1}. (5.134)

Hence, all Fourier coefficients of F corresponding to degrees n �= k vanish. This
essentially shortens the Fourier series of F (note that we use here again the
completeness):

F =
∞

∑
n=0

2n+1

∑
j=1

F∧(n, j)Yn, j =
2k+1

∑
j=1

F∧(k, j)Yk, j ∈ Harmk(Ω). (5.135)

	

A similar result can be proved for the Legendre operator (see Definition 4.6).

Theorem 5.29 (Eigenfunctions of the Legendre Operator). The eigenvalues of
the Legendre operator L : C(2)[−1,1] → C[−1,1] are given by {−n(n+ 1) |n ∈
N0}. Moreover, the eigenspace of L corresponding to the eigenvalue −n(n+ 1),
n ∈N0, is given by {λ Pn | λ ∈R}, where Pn is the Legendre polynomial of degree n.
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Proof.

(1) LLL is self-adjoint:
Let F,G ∈ C(2)[−1,1]. Then, integrating by parts twice, we obtain

〈L F,G〉L2[−1,1] =

∫ 1

−1

d
dt

[(
1− t2) d

dt
F(t)

]
G(t)dt

=
(
1− t2)

(
d
dt

F(t)

)
G(t)

∣
∣
∣∣

1

−1︸ ︷︷ ︸
=0

−
∫ 1

−1

(
1− t2)

(
d
dt

F(t)

)
d
dt

G(t)dt

= −(1−t2)
(

d
dt

G(t)

)
F(t)

∣
∣∣
∣

1

−1︸ ︷︷ ︸
=0

+

∫ 1

−1

d
dt

[
(
1−t2) d

dt
G(t)

]
F(t)dt

= 〈L G,F〉L2[−1,1] . (5.136)

(2) The Legendre polynomials are eigenfunctions of LLL :
We apply the Beltrami operator to the addition theorem (Theorem 5.11) with η = ε3:

Δ∗
ξ

(
2n+1

∑
j=1

Yn, j(ξ )Yn, j
(
ε3)
)

=
2n+ 1

4π
Δ∗

ξ Pn
(
ξ · ε3) ∀ξ ∈ Ω . (5.137)

On the left-hand side, we will now use the linearity of Δ∗ and Theorem 5.28. On the
right-hand side, we will use Theorem 4.5 on p. 87 and the fact that simply ξ · ε3 = t
in polar coordinates. We get

2n+1

∑
j=1

Δ∗
ξYn, j(ξ )
︸ ︷︷ ︸

=−n(n+1)Yn, j(ξ )

Yn, j
(
ε3)=

2n+ 1
4π

⎛

⎜
⎜
⎝

∂
∂ t

(
1− t2) ∂

∂ t︸ ︷︷ ︸
=Lt

+
1

1− t2

∂ 2

∂ϕ2

⎞

⎟
⎟
⎠Pn(t).

(5.138)
Finally, the addition theorem yields

− n(n+ 1)
2n+ 1

4π
Pn

(
ξ · ε3

︸ ︷︷ ︸
=t

)
=

2n+ 1
4π

LtPn(t) ∀ t ∈ [−1,1], (5.139)

which can be simplified to

− n(n+ 1)Pn = L Pn on [−1,1]. (5.140)

Due to the linearity of Δ∗, every λ Pn, λ ∈ R \ {0}, also is an eigenfunction
corresponding to the eigenvalue −n(n+ 1).
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(3) The spectrum of LLL :
Let F ∈C(2)[−1,1] be an eigenfunction of L , that is, there exists λ ∈R with L F =
λ F and F �= 0. Then we get, due to part 1 of this proof, for each n ∈ N0,

〈L F,Pn〉L2[−1,1] = 〈F,L Pn〉L2[−1,1] . (5.141)

Consequently, part 2 yields

〈λ F,Pn〉L2[−1,1] = 〈F,−n(n+ 1)Pn〉L2[−1,1] ∀n ∈ N0 (5.142)

such that (see Definition 3.15 on p. 45)

λ
2π

F∧(n) =
−n(n+ 1)

2π
F∧(n) ∀n ∈ N0. (5.143)

Due to Theorem 3.9 (i.e., the property of the Legendre polynomials as an orthogonal
basis in L2[−1,1]), this implies that there exists k ∈N0 with λ =−k(k+1) or F = 0
in the sense of L2[−1,1].

(4) There are no other eigenfunctions corresponding to these eigenvalues:
We follow part 3 again until (5.143). If λ = −k(k + 1) for an arbitrary but fixed
k ∈N0, then

F∧(n) = 0 ∀n ∈ N0 \ {k}. (5.144)

Inserting this conclusion in (3.60), we, eventually, obtain

F =
∞

∑
n=0

F∧(n)
2n+ 1

4π
Pn = F∧(k)

2k+ 1
4π

Pk ∈ {λ Pk| λ ∈ R} . (5.145)

	

Theorems 5.28 and 5.29 provide us with alternative ways of defining the spherical
harmonics and the Legendre polynomials. For instance, Pn can be defined as the
C(2)[−1,1]-eigenfunction of L corresponding to the eigenvalue −n(n+ 1), where
Pn(1) = 1.

5.2 Fully Normalized Spherical Harmonics

In Definition 5.10, we required that, for each n ∈ N0, Yn, j is an element of an
orthonormal basis of Harmn(Ω). This does not provide us with unique basis
functions. In practice, the common system of the fully normalized spherical
harmonics is used (see, e.g., [35, Appendix B], [91, Sect. 1–14]). For this system,
the index range j = −n, . . . ,n instead of j = 1, . . . ,2n+ 1 is common. We will see
here how they can be constructed.
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We use a separation ansatz

Yn, j (ξ (ϕ , t)) = Fn, j(ϕ)Gn, j(t), (5.146)

where ξ (ϕ , t) stands for the representation of ξ in terms of the polar coordinates
ϕ and t (see Definition 4.3 on p. 86). As we have seen, an alternative way of
defining spherical harmonics is the use of their property as eigenfunctions of the
Beltrami operator Δ∗ (see Theorem 5.28). For applying Δ∗ to (5.146), we need the
representation of the differential operator in polar coordinates (see Theorem 4.5):

(
∂
∂ t

(
1− t2) ∂

∂ t
+

1
1− t2

∂ 2

∂ϕ2

)
(Fn, j(ϕ)Gn, j(t)) =−n(n+ 1)Fn, j(ϕ)Gn, j(t).

(5.147)
This yields

[(
d
dt

(
1− t2) d

dt

)
Gn, j(t)

]
Fn, j(ϕ)+

1
1− t2

(
d2

dϕ2 Fn, j(ϕ)
)

Gn, j(t)

=−n(n+ 1)Fn, j(ϕ)Gn, j(t). (5.148)

Dividing the last equation by Fn, j Gn, j (outside the roots of this product) and
multiplying by 1− t2, we obtain

(
1− t2)

(
d
dt

(
1− t2

)
d
dt

)
Gn, j(t)

Gn, j(t)
+

d2

dϕ2 Fn, j(ϕ)

Fn, j(ϕ)
=−n(n+ 1)

(
1− t2) , (5.149)

which is equivalent to

(
1− t2)

[( d
dt

(
1− t2

) d
dt

)
Gn, j(t)

Gn, j(t)
+ n(n+ 1)

]

=−
d2

dϕ2 Fn, j(ϕ)

Fn, j(ϕ)
. (5.150)

Since the left-hand side only depends on t and the right-hand side only depends on
ϕ , both sides must be constant. Let λ ∈ R be this constant. For the right-hand side,
we obtain

F ′′
n, j(ϕ) =−λ Fn, j(ϕ) ∀ϕ ∈ [0,2π ] (5.151)

(for roots ϕ of Fn, j, which had to be omitted above, we can use here a continuity
argument to show the validity of (5.151) for all ϕ ∈ [0,2π ]). Since ϕ is the longitude,

the obtained result has to be periodic in the sense that F (k)
n, j (0) = F (k)

n, j (2π) for all

k ∈N0. Hence, only constants λ ≥ 0 with
√

λ ∈N0 yield solutions of the differential
equation with this boundary-value condition. Since we only need 2n+ 1 functions
per degree n ∈ N0, we choose

Fn, j(ϕ) :=

{
sin( jϕ), j = 1, . . . ,n
cos( jϕ), j =−n, . . . ,0

. (5.152)
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For Gn, j(t), we, consequently, obtain the ordinary differential equation

(
1− t2)

[
d
dt

(
1− t2) d

dt
Gn, j(t)+ n(n+ 1)Gn, j(t)

]
= j2Gn, j(t). (5.153)

For j = 0, we already know the solutions (see Theorem 5.29):

Gn,0 = μPn (5.154)

for arbitrary constants μ ∈R. The more general equation in (5.153) is solved by the
associated Legendre functions Pn,| j| (and their multiples); see, for example, [1, p.
332], [35, p. 847], [91, p. 21], and [113, p. 198]. We set Gn, j = γn, jPn,| j|, where γn, j

is a constant. Note that there exists an alternative system with the same name but

the (commonly different4) notation P| j|
n . The relation is

P| j|
n = (−1)| j|Pn,| j|. (5.155)

Up to now, we only used that Yn, j ∈ Harmn(Ω). However, a further requirement is
the orthonormality. Whereas Theorem 5.9 guarantees that 〈Yn, j,Ym,k〉L2(Ω) = 0 for
n �= m, we have to make sure that

〈
Yn, j,Yn,k

〉
L2(Ω)

= 0 for j �= k (5.156)

and ∥∥Yn, j
∥∥

L2(Ω)
= 1. (5.157)

Equation (5.156) is already fulfilled, since
∫

Ω
Yn, j(ξ )Yn,k(ξ )dω(ξ ) =

∫ 1

−1

∫ 2π

0
Gn, j(t)Gn,k(t)Fn, j(ϕ)Fn,k(ϕ)dϕ dt

=

∫ 1

−1
Gn, j(t)Gn,k(t)dt

∫ 2π

0
Fn, j(ϕ)Fn,k(ϕ)dϕ

︸ ︷︷ ︸
=0, if j�=k

(5.158)

due to Theorem 3.23 (see p. 53). Hence, only (5.157) requires further care. We get
(see again Theorem 3.23)

∫

Ω
Yn, j(ξ )2 dω(ξ ) = γ2

n, j

∫ 1

−1
Pn,| j|(t)2 dt

∫ 2π

0
Fn, j(ϕ)2 dϕ

︸ ︷︷ ︸
= 2π

2−δ j 0

. (5.159)

4However, do not rely on the location of the index. Better check in each case how an author defined
his associated Legendre functions.
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From [113, p. 198], we get

∫ 1

−1
Pn,| j|(t)2 dt =

(n+ | j|)!
(
n+ 1

2

)
(n−| j|)! =

2(n+ | j|)!
(2n+ 1)(n−| j|)!. (5.160)

This allows us now to give a formula for the fully normalized spherical harmonics5:

Yn, j(ξ (ϕ , t))=

√
(2n+ 1)(n−| j|)!(2− δ j 0)

4π(n+ | j|)! Pn,| j|(t)
{

sin( jϕ), j = 1, . . . ,n
cos( jϕ), j =−n, . . . ,0

.

(5.161)

Note that in some geoscientific works, the functions are normalized such that
‖Yn, j‖L2(Ω) =

√
4π. This corresponds to the omission of 4π in the denominator of

the square root in (5.161).
Figure 5.5 shows some fully normalized spherical harmonics.
Several ways of calculating the associated Legendre functions, which can be

defined by

Pn,m(t) :=
(
1− t2)m/2 dm

dtm Pn(t), t ∈ [−1,1], (5.162)

for n ∈ N0, m ∈ {0, . . . ,n}, are known. In particular, there also exist recurrence
relations. For further details, see the references listed above. There are also efficient
numerical algorithms for computing spherical harmonics; see, for example, [116]
and the recurrence relations in [144, p. 81] and [193, p. 245].

Moreover, there exist fast algorithms for computing the spherical Fourier trans-
form and its inverse; see, for example, [104, 137, 187].

5.3 Point Grids

We now have a complete orthonormal system for the Hilbert space L2(Ω).
Following Principle 1 described in Chap. 1, we can now determine an approximate
expansion ∑N

n=0 ∑2n+1
j=1 an, jYn, j for a function F ∈ L2(Ω) based on given values

{F(ηk)}k=1,...,M . We “only” have to solve the system of linear equations:

N

∑
n=0

2n+1

∑
j=1

an, jYn, j (ηk) = F (ηk) ∀k = 1, . . . ,M (5.163)

for the (N + 1)2 unknowns a0,1, . . . ,aN,2N+1. Behind this “only,” several theoretical
and practical problems are hidden.

5Though one encounters the name “fully normalized” in the literature, it is not really a good choice,
since all Yn, j have an L2(Ω)-norm which is 1, no matter if this particular system is used or not.
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Problem 1: Is (5.163) (uniquely) solvable?
For the sake of simplicity, we assume that the matrix A := (Yn, j(ηk))k,(n, j) is
quadratic, that is, (N + 1)2 = M. In this case, the problem above can be stated
as follows: Is A a regular matrix? This question is connected to the concept of
unisolvence (see also [43, p. 31]).

Definition 5.30. Let S ⊂R
n, n∈N, be a given domain, and let F1, . . . ,Fk with k ∈N

be a given finite sequence of functions on S. Then the system {F1, . . . ,Fk} is called
unisolvent, if, for every point system Xk := {x1, . . . ,xk} ⊂ S of pairwise distinct
points, the matrix

matrXk (F1, . . . ,Fk) := (Fi (x j))i, j=1,...,k (5.164)

is regular.

The matrix in (5.163) is the transpose of such a matrix. Thus, unisolvence means
that interpolation problems on the space span{Fj} j=1,...,k can be uniquely solved, no
matter which k pairwise distinct points one chooses on S.

In the 1D case, the monomials have such a nice property.

Example 5.31. Let k ∈ N0. Then the monomials x0, . . . ,xk are unisolvent on every
interval [a,b], a < b, because the matrix

(
xi

j

)
i, j=0,...,k

(5.165)

is the so-called Vandermonde matrix, whose regularity is well known.

Nevertheless, there are also 1D systems which are not unisolvent. Furthermore, the
same system can be unisolvent for one domain and non-unisolvent for another one.

Example 5.32. Let F0 :≡ 1 and F1(x) := x2. On the domain [0,1], this system is
unisolvent, since

det

(
1 1
x2

1 x2
2

)
= x2

2 − x2
1 = 0 ⇔ x1 = x2. (5.166)

However, on [−1,1], the system is non-unisolvent since

det

(
1 1
x2

1 x2
2

)
= x2

2 − x2
1 (5.167)

can also vanish, if x2 =−x1.

There is some bad news in the case of higher dimensions.

Theorem 5.33 (Haar’s Theorem). Let S ⊂ R
n with n ≥ 2n ≥ 2n ≥ 2 be a given domain

which contains at least one inner point p. Furthermore, let F1, . . . ,Fk with k ∈
N \ {1} be given functions on S which are continuous at least in a neighborhood
of p. Then this system of functions on S is not unisolvent.
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p1

p2

p3

p4

p5

c1

c2

Fig. 5.6 Illustration of the
curves c1 and c2 in the proof
of Haar’s theorem

Proof. Due to the assumptions of the theorem, there exists a neighborhood U of p
such that every Fj, j = 1, . . . ,k, is continuous at U and U ⊂ S. Now, let us choose k
arbitrary pairwise distinct points p1, . . . , pk ∈U . If it turns out that

det
(
matr{p1,...,pk} (F1, . . . ,Fk)

)
= 0, (5.168)

we are done. Otherwise, we proceed as follows: We construct two continuous curves
c1,c2 : [0,1]→U with

c1(0) = p1, (5.169a)

c1(1) = p2, (5.169b)

c2(0) = p2, (5.169c)

c2(1) = p1, (5.169d)

c1(t) �= c2(t) ∀t ∈ [0,1] (5.169e)

c j(t) �∈ {p3, . . . , pk} ∀ t ∈ [0,1] ∀ j ∈ {1,2}. (5.169f)

In other words, the points p1 and p2 change their places, where they meet
neither each other nor any of the other points p3, . . . , pk. Moreover, the curves are
continuous, that is, Scotty may not beam any of the points. Figure 5.6 shows an
example of such curves. The other points p3, . . . , pk are kept fixed.

Now we define the function G : [0,1]→R by

G(t) = det

⎛

⎜
⎝

F1 (c1(t)) F1 (c2(t)) F1 (p3) . . . F1 (pk)
...

...
...

...
Fk (c1(t)) Fk (c2(t)) Fk (p3) . . . Fk (pk)

⎞

⎟
⎠ , t ∈ [0,1]. (5.170)

Since the construction of c1 and c2 corresponds to an interchanging of the first and
the second column, if we compare t = 0 with t = 1, we have

G(0) =−G(1) �= 0. (5.171)
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p

σ2

σ1

σ3

Fig. 5.7 Illustration of the
ramification point in the
extended Haar’s theorem

Moreover, since F1, . . . ,Fk,c1,c2 are continuous, G is continuous. Hence, we have
a continuous function which changes its sign on the interval [0,1]. Due to the
intermediate value theorem, there must, consequently, be a zero somewhere on ]0,1[.
In other words, there exists τ ∈]0,1[ such that

matr{c1(τ),c2(τ),p3,...,pk} (F1, . . . ,Fk) (5.172)

is singular. Due to the construction of c1 and c2, the points c1(τ), c2(τ), p3, . . . , pk

are pairwise distinct. Therefore, {F1, . . . ,Fk} is not unisolvent. 	

Note that the construction of the intersection-free curves c1 and c2 requires that the
domain is at least two dimensional.

At the moment, we could still believe that we are safe because the sphere Ω does
not have any inner point. However, here is the really bad news.

Theorem 5.34 (Extended Haar’s Theorem). Let S ⊂ R
n with n ≥ 2n ≥ 2n ≥ 2 be a given

domain such that there exists a point p ∈ S and three arcs σ1, σ2, and σ3 in S which
only intersect at p (see Fig. 5.7).6 Moreover, let F1, . . . ,Fk with k ∈ N\{1} be given
functions on S which are continuous on σ1 ∪σ2 ∪σ3. Then this system of functions
on S is not unisolvent.

Proof. The idea of the proof of the extended theorem is the same as for the original
theorem. We have to find again two curves c1 and c2 which satisfy (5.169). Now
they have to remain on σ1 ∪σ2 ∪σ3. Without loss of generality, we put p1 and p2

both on the same curve, for example, σ1, and p3, . . . , pk on the other curves (see
Fig. 5.8). The question is now as follows: How can p1 and p2 change places without
meeting each other (and without meeting p3, . . . , pk)? The answer is train switching!
Figure 5.9 shows how it works. The rest is analogous to the proof of Haar’s theorem.

	

Every point on Ω can be considered as a ramification point. Hence, any (finite)
subsystem of {Yn, j}n∈N0, j=1,...,2n+1 (with more than one element) is non-unisolvent.

6Such a point is called a ramification point.
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σ3

Fig. 5.8 Illustration of the
ramification point and the
points p1, . . ., pk (here: k = 4)
in the proof of the Extended
Haar’s theorem
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Fig. 5.9 Illustration of the “train switching” in the proof of the Extended Haar’s theorem

Though the sphere has no inner point, the way the points are interchanged
can nevertheless also be realized in analogy to the proof of Haar’s theorem
(Theorem 5.33). This is demonstrated in Fig. 5.10, where we take four points
p1, . . . , p4 ∈ Ω and two corresponding curves c1, c2 : [0,1] → Ω . The associated
function G representing the determinant (where the fully normalized spherical
harmonics of degree 0 and 1 were chosen as functions) is shown in Fig. 5.11. The
four points corresponding to the zero of G are plotted in Fig. 5.12. Figure 5.11 also
shows that it is rather a case of bad luck to catch a singular matrix since G has one
zero only in this example.

Nevertheless, there is no reason for being satisfied at this point since a matrix can
be theoretically regular but numerically singular.

Problem 2: Can (5.163) be solved in a numerically stable way?
The best way to analyze the stability of the inversion is to have a look at the
condition number cond(A) := ‖A‖‖A−1‖ of the regular matrix A, where ‖ · ‖ is a
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Fig. 5.10 Four points (Vienna, San Francisco, Rio de Janeiro, and Sydney) and two corresponding
curves for the verification of the non-unisolvence of the fully normalized spherical harmonics of
degree ≤ 1
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Fig. 5.11 The function G
obviously has a zero on ]0,1[
as a consequence of the
intermediate value theorem

chosen matrix norm (see, e.g., [102, p. 80], [147, p. 85], [153, p. 36] for further
details). It is an indicator for the numerical instability of the inversion of A. Before
we continue investigating this matter, we need examples of point grids (see also [66,
pp. 171–177]).

Example 5.35 (Driscoll–Healy Grid). A simple grid is an equiangular grid which
is given by the polar coordinates

ϕi :=
2π
N

i, i = 0, . . . ,N,

ϑ j :=
π
N

j, j = 0, . . . ,N. (5.173)
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Fig. 5.12 These four points produce a singular matrix, if they are inserted in
matr{p1 ,p2,p3,p4}(Y0,1 ,Y1,−1,Y1,0,Y1,1) in the case of the fully normalized spherical harmonics. The
red point and the blue point are located on the two curves in Fig. 5.10
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Fig. 5.13 Driscoll–Healy grid for N = 20

The associated points

ξi j :=

⎛

⎝
xi j

yi j

zi j

⎞

⎠ :=

⎛

⎝
sinϑ j cosϕi

sinϑ j sinϕi

cosϑ j

⎞

⎠ , i, j = 0, . . . ,N, (5.174)

are shown in Fig. 5.13. Note that the points appear equidistributed in the (ϕ ,ϑ)-
plane (besides the higher density in the ϑ -direction) but not on the sphere. Moreover,
it should be noted that the points ξi j are not pairwise distinct. More precisely, ϕ0

produces the same points as ϕN for periodicity reasons, such that we only need to
consider N values for ϕ . Furthermore, ξi10 = ξi20 and ξi1N = ξi2N for all i1, i2 =
0, . . . ,N. As a consequence, the actual number of pairwise distinct points is

N(N − 1)+ 2= N2 −N + 2. (5.175)

The naming of the grid is based on a numerical integration method on the sphere
which is due to Driscoll and Healy (see [46] and Theorem 7.33 on p. 230).
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Fig. 5.14 Reuter grid in the case of the parameter 20

Example 5.36 (Reuter Grid). The following point grid, which depends on a
parameter N ∈ N, obviously shows a better equidistribution; see Fig. 5.14:

ϑi :=
π
N

i, i = 0, . . . ,N,

γ0 := 1,

γi :=

⌊
2π

arccos
((

cos π
N − cos2 ϑi

)
/sin2 ϑi

)

⌋

, i = 1, . . . ,N − 1,

γN := 1,

ϕ01 := 0,

ϕi j :=

(
j− 1

2

)
2π
γi

, i = 1, . . . ,N − 1, j = 1, . . . ,γi,

ϕN1 := 0, (5.176)

where �·� represents the Gaussian bracket [see (3.165)]. As usual, the points are
computed as

ξi j :=

⎛

⎝
xi j

yi j

zi j

⎞

⎠ :=

⎛

⎝
sinϑi cosϕi j

sinϑi sinϕi j

cosϑi

⎞

⎠ , i = 0, . . . ,N, j = 1, . . . ,γi. (5.177)

The name of the grid refers to the author of the PhD thesis [157]. There appears
to be no explicit formula for the number of points depending on the parameter N.
However, [66, Lemma 7.1.10] at least gives an estimate from above: The number of
points does not exceed 2+ 4

π N2.

Let us now investigate the following example: We want to expand F(x1,x2,x3) :=
x1x2x3 in a truncated Fourier series of degree ≤ 20. This degree is certainly higher
than necessary for that particular F . However, in practice, we would not know F
and, from this point of view, 20 is a rather low degree.
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We now have to solve (5.163), which contains the matrix7

A := (Yn, j (ηk)) k=1,...,M
n=0,...,N, j=−n,...,n

(5.178)

for N := 20 and the right-hand side

b := (F (ηk))k=1,...,M . (5.179)

The unknown vector a := (an, j)n=0,...,N, j=−n,...,n can (theoretically) be obtained by
solving the normal equation

ATAa = ATb. (5.180)

We choose a Reuter grid with parameter 20 (see Fig. 5.14), which provides us with
502 points, where we have 212 = 441 unknown coefficients. The condition number
of ATA (with respect to the 2-norm, i.e., the condition number is the ratio of the
largest and the smallest singular value of ATA) turns out to be approximately 8.4×
1017. The result is accordingly bad (see Fig. 5.15).
A typical way of treating this problem is to add a constant to the diagonal of the
matrix. In other words, we now solve

(
ATA+λ I(N+1)2

)
a = ATb, (5.181)

where I(N+1)2 is the (N+1)2×(N+1)2-identity matrix. The idea behind this “trick”
is as follows (see, e.g., [102, pp. 86–90]).

Theorem 5.37 (Tykhonov Regularization). Let A ∈ R
m×n, λ ∈ R

+, and b ∈ R
m

be given. Then a∗ ∈ R
n is a solution of (ATA+λ In)a = ATb if and only if a∗ is a

minimizer of
F (a) := ‖Aa− b‖2

Rm +λ ‖a‖2
Rn , a ∈ R

n. (5.182)

Proof. A necessary condition for a minimum of (5.182) is obtained by assuming
that the gradient vanishes. This yields

2ATAa− 2ATb+ 2λ a = 0, (5.183)

which is equivalent to
(
ATA+λ In

)
a = ATb. (5.184)

For a sufficient condition, we check the Hessian of F in (5.182):

HessF (a) = 2ATA+ 2λ In. (5.185)

This matrix is positive definite for λ > 0, since

7Note that we use here the fully normalized spherical harmonics and, therefore, change the range
for the order to j =−n, . . . ,n.
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Fig. 5.15 Original function F(x) := x1x2x3 (top), spherical harmonics expansion of degree ≤ 20
obtained by solving ATAa=ATb (middle), and corresponding absolute error (bottom); the obtained
result is bad due to an ill-conditioned matrix

〈(
ATA+λ In

)
x,x
〉
= 〈Ax,Ax〉+λ 〈x,x〉
= ‖Ax‖2 +λ ‖x‖2

≥ λ ‖x‖2 ∀x ∈ R
n. (5.186)

Hence, the solutions of (5.184) are the minimizers of F . 	

The function F shows that a balance between solving the equation Aa = b and

getting a “smooth” approximation by keeping ‖a‖Rn small shall be achieved (note
that the bad approximation in Fig. 5.15 had too large extrema). Figure 5.16 shows a
logarithmic plot of ‖Aa− b‖ against ‖a‖ for our example of an expansion problem.
The obtained curve looks (with a bit of fantasy) like an “L.” The so-called L-curve
method (see, for instance, [49, 87, 88]), which is not a mathematically rigorous
method but in acceptably many cases a practicable tool, looks for the knickpoint
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Fig. 5.16 Logarithmic plot of the residual ‖Aa−b‖ against the norm ‖a‖ of the solution of (ATA+
λ I(N+1)2 )a = b for different values of λ . An approximate “L-form” is obtained

of the “L.” The idea is that, at the knickpoint, the residual and the norm of the
solution are both small. In our example, the knickpoint is obtained by choosing
2.3714× 10−16maxi, j |(ATA)i, j| as the regularization parameter λ , where (ATA)i, j

is the (i, j)-th component of ATA. The result is shown in Fig. 5.17. This looks much
better, doesn’t it? Note that the effect would be even more evident, if noisy data were
taken due to the instability of the inversion of ATA. To illustrate the effect of the
regularization, Fig. 5.18 shows the results for different regularization parameters.
The smaller value for λ produces a more oscillatory solution, whereas the larger
parameter generates a very smooth solution with smaller extrema and a higher
approximation error.

In the case of the 1D-polynomial approximation, we saw that irregular point
grids cause trouble. Similar problems occur on the sphere. For the purpose of
a demonstration, we try to approximate our previous function F by a spherical
harmonics expansion of degree ≤ 40. In one test, we use a Reuter grid with N = 40.
This is a grid with 2,013 points, where the number of unknowns is 412 = 1681. In
the second test, we select 1,872 points only out of a Reuter grid with N = 80, which
produces a grid with big gaps. In the third test, we add a Reuter grid with N = 10 to
the grid of the second test, which yields in total 1,995 points. The results are shown
in Fig. 5.19. In the case of the uniform grid, we see that the higher degree of the
ansatz causes a more serious instability with a worse approximation. For the grid
with gaps, we certainly cannot expect to approximate F properly in regions where
we do not know anything about F . However, the method produces artefacts. There
are oscillatory effects in these areas. It would be more preferable to have a smooth
function, something with a “low frequency,” in such uncertain areas.
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Fig. 5.17 Regularized
version of Fig. 5.15 with λ
determined via the L-curve
method. The maximum of the
absolute approximation error
function is approximately
0.0186

Fig. 5.18 Regularized version of Fig. 5.15, where the left-hand images show the approximations
and the right-hand images show the absolute error. The top row corresponds to λ = 7.499 ×
10−17 maxi, j |(ATA)i, j|, and the bottom row corresponds to λ = 0.866maxi, j |(ATA)i, j|
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Fig. 5.19 In each row, the left-hand image shows the point grid used for the given data F(ηk),
the middle image shows the regularized spherical harmonics expansion of degree ≤ 40, and the
right-hand image shows the absolute approximation error

Fig. 5.20 Errors for a spherical harmonics approximation (left hand) and a spherical spline
approximation (right hand) in the case of locally perturbed data: in the case of the global functions
(i.e., the spherical harmonics), the error does not remain local

Another problem of global basis functions is that an error does not remain local.
In Fig. 5.20, approximately one fourth of the data on a Reuter grid with N = 80
is disturbed by random noise, and the approximation error is plotted. The left-
hand image shows the result of a regularized spherical harmonics approximation
of degree ≤ 60. In comparison to the right-hand image, the noise also has influence
on the non-disturbed region. The right-hand image is the result of a spherical spline
interpolation. We will learn in the next section how this can be done.

5.4 Questions for Understanding

• How did we define spherical harmonics?
• Which alternatives exist for defining spherical harmonics?
• How did we define the functions Yn, j?
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• The system {Yn, j}n∈N0; j=1,...,2n+1 is orthonormal with respect to 〈·, ·〉L2(Ω). In
particular,

〈
Yn, j,Ym,k

〉
L2(Ω)

= 0, if n �= m (5.187)

and
〈
Yn, j,Ym,k

〉
L2(Ω)

= 0, if j �= k. (5.188)

What is the difference between (5.187) and (5.188)?
• Formulate the addition theorem for spherical harmonics!
• We had three simple proofs using the addition theorem. Recapitulate them and

the corresponding theorems!
• What is a reproducing kernel?
• Which properties do reproducing kernels have in general?
• Which reproducing kernels do you know (so far)?
• For a Fourier analysis on the sphere, we need a complete orthonormal system in

L2(Ω). How can such a system be constructed in general and in particular?
• What were the milestones to show the completeness of the spherical orthonormal

basis?
• The Poisson integral formula is (from an abstract point of view) a kind of an

analogue of a theorem in Chap. 3. Which theorem is meant?
• In this chapter, we proved further properties of the Legendre polynomials. Name

all of them!
• Now, let us have our complete orthonormal system on Ω (more precisely, a finite

subset of it). We want to measure a function F on Ω and expand it in this system.
What do we have to do? Which problems might occur?

• Are we done? Or are there reasons why spherical harmonics expansions might
not always be the first choice?

• Was there a partition of unity again anywhere?
• What is the Abel–Poisson kernel? Which properties does it have?
• What does unisolvence mean?
• Name examples of unisolvent and non-unisolvent systems!
• What are the fundamental theorems concerning (non-)unisolvence? How did we

prove them? Which theorem from your undergraduate course in analysis plays
an important role in these proofs?

• What is a Tykhonov regularization?
• What is an L-curve?



Chapter 6
Spherical Splines

There are several possibilities of establishing splines on the sphere. Certainly, one
can also construct cubic (or other polynomial) splines based on a triangulation of
the sphere as a kind of a continuation of the 1D cubic spline concept to the sphere,
see, for example, [6, 50, 105, 156, 192].

We will follow here a different way which was established by W. Freeden in
[61,62,66] and uses reproducing kernel Hilbert spaces on the sphere. For this reason,
we first study reproducing kernels in further details (see also [43, Sect. 12.6]). Note
that we only consider scalar real functions here.

6.1 Reproducing Kernel Hilbert Spaces

We have already encountered such spaces in Definition 5.13 and Theorems 5.14,
5.15, and 5.16 (see pp. 109–111). Let us briefly recapitulate what we need to know
here: A reproducing kernel Hilbert space H is a Hilbert space of functions on a
domain D ⊂ R

n with a kernel KH : D×D →R that satisfies

KH(x, ·) ∈ H ∀x ∈ D, (6.1)

〈KH(x, ·),F〉 = F(x) ∀x ∈ D ∀F ∈ H . (6.2)

A reproducing kernel is uniquely determined by (6.1) and (6.2) and is symmetric:

KH(x,y) = KH(y,x) ∀x,y ∈ D . (6.3)

Fortunately, there is an equivalent criterion for the existence of reproducing kernels.

Theorem 6.1 (Aronszajn’s theorem). Let (H,〈·, ·〉) be a Hilbert space of func-
tions on D ⊂ R

n. Then H is a reproducing kernel Hilbert space (RKHS) if and only
if, for each fixed x ∈ D, the evaluation functional

Lx : H →R

F �→ F(x) (6.4)
is continuous.

V. Michel, Lectures on Constructive Approximation, Applied and Numerical
Harmonic Analysis, DOI 10.1007/978-0-8176-8403-7 6,
© Springer Science+Business Media New York 2013
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Proof.

(1) “⇐⇐⇐”:
The evaluation functionals are obviously linear. Hence, each Lx is in the dual space
H∗. Due to the Riesz representation theorem (Theorem 2.26 on p. 26), there exists
gx ∈ H such that

(F(x) =)LxF = 〈F,gx〉 ∀F ∈ H . (6.5)

Note that the index x refers to the fact that different points x ∈ D yield different
functionals Lx, to which different functions gx belong.
We set KH(x, ·) := gx for each x ∈ D. Then the properties of gx immediately yield
(6.1) and (6.2).

(2) “⇒⇒⇒”:
Let x ∈ D be arbitrary. Since Lx is linear, it suffices to show that Lx is bounded (see
Theorem 2.25). We get, using (6.2) and the Cauchy–Schwarz inequality,

|LxF | = |F(x)|
= |〈F,KH(x, ·)〉|
≤ ‖F‖‖KH(x, ·)‖ (6.6)

for all F ∈ H, where

‖KH(x, ·)‖2 = 〈KH(x, ·),KH(x, ·)〉
(6.2)
= KH(x,x) (6.7)

is a finite constant. ��
Obviously, L2(Ω) is not a RKHS. The fact alone that we do not know what “F(ξ )”
means for a concrete ξ ∈ Ω shows the problem (remember the definition of the
L2-spaces, see Example 2.4 on p. 15). Moreover, we could define a sequence of
functions

Fn(η) :=

{
0, η ∈ Ω \An

1, η ∈ An
, n ∈ N0, η ∈ Ω , (6.8)

where (An)n∈N0 is a sequence of subsets of Ω with

An :=

{
η ∈ Ω

∣∣∣∣ |ξ −η |< 1
n+ 1

}
, n ∈ N0 , (6.9)

for a fixed point ξ ∈ Ω . Then we get

‖Fn‖L2(Ω) =

(∫
An

1dω
)1/2

−→
n→∞

0 , (6.10)

that is, Fn converges to the zero function in the sense of L2(Ω), although
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Lξ Fn = Fn(ξ ) = 1−→
n→∞

1 . (6.11)

Hence, Lξ is not continuous.
We do not only have a criterion for the existence of a reproducing kernel, but

there is also a way of giving a formula for the reproducing kernel (see also [132]).

Theorem 6.2. Let (H,〈·, ·〉) be a reproducing kernel Hilbert space of functions on
D ⊂ R

n. If {Uk}k∈N0 is a complete orthonormal system in H that satisfies

∞

∑
k=0

Uk(x)
2 <+∞ ∀x ∈ D , (6.12)

then the reproducing kernel of H is represented by

KH(x,y) =
∞

∑
k=0

Uk(x)Uk(y) ∀x,y ∈ D . (6.13)

Proof. We will prove that the kernel KH in (6.13) satisfies (6.1) and (6.2). For (6.1),
we observe that, for each fixed x ∈ D, the function

KH(x, ·) =
∞

∑
k=0

Uk(x)Uk(·) (6.14)

is already expanded in the orthonormal basis of H. Hence, the Parseval identity
yields

‖KH(x, ·)‖2 =
∞

∑
k=0

Uk(x)
2 , (6.15)

which is finite due to (6.12). Thus, KH(x, ·)∈ H. For (6.2), we use again the Parseval
identity: For all x ∈ D and all F ∈ H, we get [due to (6.14)]

〈KH(x, ·),F〉 =
∞

∑
k=0

〈KH(x, ·),Uk〉 〈F,Uk〉

=
∞

∑
k=0

Uk(x)〈F,Uk〉 . (6.16)

This is the Fourier series of F , but we are not done, yet, because we need to
know that this Fourier series is pointwise convergent. However, since H is a RKHS,
Aronszajn’s theorem yields that∥∥∥∥∥

∞

∑
k=0

〈F,Uk〉Uk −
N

∑
k=0

〈F,Uk〉Uk

∥∥∥∥∥−→
N→∞

0 (6.17)

implies
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∣∣∣∣∣Lx

(
∞

∑
k=0

〈F,Uk〉Uk

)
−Lx

(
N

∑
k=0

〈F,Uk〉Uk

)∣∣∣∣∣−→N→∞
0 . (6.18)

Hence,

〈KH(x, ·),F〉 =
∞

∑
k=0

〈F,Uk〉Uk(x)

= F(x) (6.19)

for all x ∈ D and all F ∈ H. ��
Remark 6.3. We already know the reproducing kernel of (Harmn(Ω),〈·, ·〉L2(Ω))
(see Theorem 5.16). Since this space is finite dimensional, the continuity of the
evaluation functionals is trivial, and (6.12) is automatically satisfied. Hence, the
reproducing kernel of this space is given by

KHarmn(Ω) (ξ ,η) =
2n+1

∑
j=1

Yn, j(ξ )Yn, j(η)

=
2n+ 1

4π
Pn(ξ ·η) ∀ξ ,η ∈ Ω . (6.20)

In the spherical case, we will only study data of the type {F(ηk)}k=1,...,N . More
general data of the form {F kF}k=1,...,N , where each F k is a linear and continuous
functional,1 could be considered, see, for example, [63] and Sect. 6.4.1 for the
generalization of spherical splines to such data. We will only study such data in
the case of the ball since, in practice, functions on the ball are usually solutions of
tomographic problems. To make a long story short, for the more general data, we
need the following theorem.

Theorem 6.4. Let (H,〈·, ·〉) be a Hilbert space of functions on D ⊂ R
n with the

reproducing kernel KH . If F : H → R is a linear and continuous functional, then
the function

D � y �→ FxKH(x,y) (6.21)

is an element of H and

FF = 〈F,FxKH(x, ·)〉 ∀F ∈ H . (6.22)

The notation FxKH(x,y) means that y is kept fixed and the function x �→ KH(x,y),
which is an element of H, is first considered. We then apply F to this function and
obtain a real number. Since this can be done for each y ∈ D, we, eventually, get a
function D � y �→ FxKH(x,y) ∈ R.

1Note that this is a generalization in the case of a RKHS due to Aronszajn’s theorem.
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Proof. Due to the Riesz representation theorem (Theorem 2.26 on p. 26), there
exists G ∈ H such that

FF = 〈F,G〉 ∀F ∈ H . (6.23)

In particular,

FxKH(x,y) = 〈KH(·,y),G〉
= G(y) (6.24)

for all y ∈ D. Since G ∈ H and

FF = 〈F,G〉= 〈F,FxKH(x, ·)〉 ∀F ∈ H , (6.25)

the theorem is proved. ��
Note that the particular case F kF := F(xk) corresponds to property (6.2) of a
reproducing kernel:

F (xk) = F kF =
〈

F,F k
x KH(x, ·)

〉
= 〈F,KH (xk, ·)〉 . (6.26)

6.2 Spherical Sobolev Spaces

The reproducing kernel Hilbert spaces we need are called Sobolev spaces. There is a
“classical” concept of Sobolev spaces, which you need not know to understand what
is done here. However, if you know these spaces, you will hopefully be satisfied by
an analogy which is explained later.

Definition 6.5. Let (An)n∈N0 be a given sequence with An �= 0 for all n ∈N0. Then
E := E ((An) ;Ω) represents the subspace of C(∞)(Ω) which consists of all F ∈
C(∞)(Ω) with

∞

∑
n=0

2n+1

∑
j=1

A2
n

〈
F,Yn, j

〉2
L2(Ω)

<+∞ . (6.27)

This space is equipped with the inner product

〈F,G〉H ((An);Ω) :=
∞

∑
n=0

2n+1

∑
j=1

A2
n

〈
F,Yn, j

〉
L2(Ω)

〈
G,Yn, j

〉
L2(Ω)

; F,G ∈ E . (6.28)

Moreover, the completion of E ((An) ;Ω) with respect to 〈·, ·〉H ((An);Ω) is denoted
by H ((An) ;Ω) and is called a Sobolev space. If no confusion is likely to arise, we
simply write

H := H ((An) ;Ω) and 〈·, ·〉H := 〈·, ·〉H ((An);Ω) . (6.29)
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Remark 6.6.

(a) The induced norm of H is, consequently,

‖F‖H :=

(
∞

∑
n=0

2n+1

∑
j=1

A2
n

〈
F,Yn, j

〉2
L2(Ω)

)1/2

, F ∈ H . (6.30)

(b) Due to the Cauchy–Schwarz inequality, the inner product in (6.28) is always
finite: For all F , G ∈ H , we get

∞

∑
n=0

2n+1

∑
j=1

A2
n

〈
F,Yn, j

〉
L2(Ω)

〈
G,Yn, j

〉
L2(Ω)

≤
(

∞

∑
n=0

2n+1

∑
j=1

A2
n

〈
F,Yn, j

〉2
L2(Ω)

)1/2 ( ∞

∑
n=0

2n+1

∑
j=1

A2
n

〈
G,Yn, j

〉2
L2(Ω)

)1/2

, (6.31)

where the right-hand side is finite due to (6.27).

(c) The “bouncer” for E (or H ) is the condition (6.27). It depends on the choice
of the sequence (An) how strong this condition is. For instance, for An = 1
∀n ∈N0, (6.27) simply means that the L2(Ω)-norm of F is finite. Accordingly,
we get H ((1);Ω) = L2(Ω). Let us compare this with two sequences (Bn) and
(Cn) with limn→∞ Bn = 0 and limn→∞ |Cn| = +∞. Then, much more functions
than only L2(Ω)-functions will be in H ((Bn);Ω), since the factor Bn causes
that there will be functions F : Ω →R with

∞

∑
n=0

2n+1

∑
j=1

B2
n

〈
F,Yn, j

〉2
L2(Ω)

<+∞ (6.32)

but
∞

∑
n=0

2n+1

∑
j=1

〈
F,Yn, j

〉2
L2(Ω)

= +∞ . (6.33)

On the other hand, not every F ∈ L2(Ω) will satisfy

∞

∑
n=0

2n+1

∑
j=1

C2
n

〈
F,Yn, j

〉2
L2(Ω)

<+∞ , (6.34)

since the Fourier coefficients are now equipped with a divergent factor. In
particular, functions whose Fourier coefficients do not decay rapidly enough
will fail here. Such functions have comparatively high contributions of the
components corresponding to large degrees. Briefly, such functions strongly
oscillate.
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By choosing a sequence (An) that diverges “fast enough,” we can, therefore,
achieve that the functions in H ((An);Ω) are “smooth enough.”

The proofs of the following two theorems are easy exercises.

Theorem 6.7. Let (An)n∈N0 and (Bn)n∈N0 be two real sequences with An �= 0 �= Bn

for all n ∈ N0, n0 ∈ N0 a given integer, and |An| ≤ |Bn| for all n ∈ N0 with n ≥ n0.
Then

H ((Bn);Ω) ⊂ H ((An);Ω) . (6.35)

Theorem 6.8. Let (An)n∈N0 be a real sequence with An �= 0 for all n ∈ N0. If F ∈
H ((An);Ω) and G∈H ((A−1

n );Ω), then 〈F,G〉H ((1);Ω) (i.e., 〈F,G〉L2(Ω)) formally
exists. In other words, the series

∞

∑
n=0

2n+1

∑
j=1

〈
F,Yn, j

〉
L2(Ω)

〈
G,Yn, j

〉
L2(Ω)

(6.36)

converges.

Definition 6.9. The Sobolev spaces Hs(Ω), s ∈ R, are defined by

Hs(Ω) := H

(((
n+

1
2

)s)
; Ω

)
. (6.37)

From Theorem 6.7, we immediately get that these spaces are nested.

Theorem 6.10. For all s, t ∈R with s < t, we have

Ht (Ω)⊂ Hs(Ω) . (6.38)

Why do we consider these particular spaces? If we apply Green’s second surface
identity (see Theorem 4.12 on p. 92) to F ∈ C(2)(Ω) and Yn, j (for arbitrary n and j),
we get ∫

Ω
F(ξ )Δ∗

ξYn, j(ξ )︸ ︷︷ ︸
=−n(n+1)Yn, j(ξ )

−Yn, j(ξ )Δ∗
ξ F(ξ )dω(ξ ) = 0 , (6.39)

due to Lemma 5.8 (see p. 101), and consequently,

− n(n+ 1)
〈
F, Yn, j

〉
L2(Ω)

=
〈
Δ∗F, Yn, j

〉
L2(Ω)

. (6.40)

Now, let us go on by changing the sign and adding something:

[
n(n+ 1)+

1
4

]〈
F, Yn, j

〉
L2(Ω)

=−〈
Δ∗F,Yn, j

〉
L2(Ω)

+
1
4

〈
F, Yn, j

〉
L2(Ω)

. (6.41)
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Note that n(n+ 1)+ 1
4 = n2 + n+ 1

4 = (n+ 1
2 )

2. Based on the right-hand side, we
can consider the operator “−Δ∗ + 1

4 ,” which maps F ∈ C(2)(Ω) to −Δ∗F + 1
4 F .

We know its eigenfunctions (these are again the spherical harmonics) and its
eigenvalues: (n+ 1

2 )
2, n ∈N0. Note that they are all positive.

Formally, we can define this operator via its singular value decomposition:

(
−Δ∗+

1
4

)
F :=

∞

∑
n=0

2n+1

∑
j=1

(
n+

1
2

)2

F∧(n, j)Yn, j , (6.42)

that is,

〈(
−Δ∗+

1
4

)
F, Yn, j

〉
L2(Ω)

=

(
n+

1
2

)2

F∧(n, j) ∀n ∈N0 ∀ j ∈ {1, . . . ,2n+ 1} .

(6.43)

This definition avoids the formal requirement of existing second-order derivatives
of F . Which space can be used instead? Let F ∈ Ht(Ω) for an arbitrary but fixed
t ∈ R. Then (−Δ∗+ 1

4 )F is defined and contained in Ht−2(Ω) since

∥∥∥∥
(
−Δ∗+

1
4

)
F

∥∥∥∥
2

Ht−2(Ω)

=
∞

∑
n=0

2n+1

∑
j=1

(
n+

1
2

)2t−4 〈(
−Δ∗+

1
4

)
F, Yn, j

〉2

L2(Ω)

=
∞

∑
n=0

2n+1

∑
j=1

(
n+

1
2

)2t−4
[(

n+
1
2

)2 〈
F, Yn, j

〉
L2(Ω)

]2

=
∞

∑
n=0

2n+1

∑
j=1

(
n+

1
2

)2t 〈
F, Yn, j

〉2
L2(Ω)

<+∞ . (6.44)

This can be even further generalized.

Definition 6.11. For each s, t ∈R, the operator (−Δ∗+ 1
4)

s/2 : Ht(Ω)→Ht−s(Ω)
is defined by

〈(
−Δ∗+

1
4

)s/2

F, Yn, j

〉
L2(Ω)

:=

(
n+

1
2

)s 〈
F,Yn, j

〉
L2(Ω)

(6.45)

for all F ∈ Ht(Ω), n ∈ N0, and j ∈ {1, . . . ,2n+ 1}.

The proof that (−Δ∗ + 1
4)

s/2F ∈ Ht−s(Ω) for F ∈ Ht(Ω) is analogous to the
previous proof:
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∥∥∥∥∥
(
−Δ∗+

1
4

)s/2

F

∥∥∥∥∥
2

Ht−s(Ω)

=
∞

∑
n=0

2n+1

∑
j=1

(
n+

1
2

)2t−2s
〈(

−Δ∗+
1
4

)s/2

F,Yn, j

〉2

L2(Ω)

=
∞

∑
n=0

2n+1

∑
j=1

(
n+

1
2

)2t−2s [(
n+

1
2

)s

F∧(n, j)

]2

=
∞

∑
n=0

2n+1

∑
j=1

(
n+

1
2

)2t (
F∧(n, j)

)2
<+∞ . (6.46)

We can, therefore, associate the Sobolev spaces Ht to some kind of generalized
differentiability orders (where even fractional derivatives are possible). This corre-
sponds to the concept of the “classical” Sobolev spaces (see, e.g., [103, Sect. 5.4],
[184, Sects. 2.3 and 4.2], and [188, Chap. 3]).
Our previous considerations also yield the following result.

Theorem 6.12. The linear operator (−Δ∗+ 1
4 )

s/2 : Ht (Ω) → Ht−s(Ω) for some
fixed s, t ∈ R is bounded:

∥∥∥∥∥
(
−Δ∗+

1
4

)s/2

F

∥∥∥∥∥
Ht−s(Ω)

= ‖F‖Ht(Ω) ∀F ∈ Ht(Ω) . (6.47)

In particular,

‖F‖Ht(Ω) =

∥∥∥∥∥
(
−Δ∗+

1
4

)t/2

F

∥∥∥∥∥
L2(Ω)

∀F ∈ Ht(Ω) . (6.48)

Theorem 6.12 provides us with a way to interpret the Sobolev norm as the L2(Ω)-
norm of a generalized derivative. This is an important feature. When we study the
spherical splines, we will compare them to all functions in the same Sobolev space
which also satisfy the interpolation conditions. We will find out that the Sobolev
norm is minimal for the interpolating spline. Keeping in mind how we interpreted
the Sobolev norm, we observe the analogy to Holladay’s theorem (Theorem 3.26 on
p. 60).

Furthermore, remember Remark 6.6. The weighting of the Fourier coefficients
in the Parseval identity (6.27) causes, for the case |An|−→

n→∞
∞, that the coefficients

associated to large degrees get high weights. Strongly oscillating functions are,
therefore, punished by such a Sobolev norm. In other words, if |An|−→

n→∞
∞ (which

will later always be the case), then the Sobolev norm is a kind of a non-smoothness
measure.

We will now investigate further properties of the Sobolev spaces and their
elements.
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Definition 6.13. Let (An)n∈N0 and (Bn)n∈N0 be two real sequences with An �= 0 �=
Bn ∀n ∈ N0. Then (An)n∈N0 is called a (Bn)n∈N0 -summable sequence if

∞

∑
n=0

2n+ 1
4π

B2
n

A2
n
<+∞ . (6.49)

Moreover, we simply say that (An)n∈N0 is summable, if (An)n∈N0 is (1)n∈N0 -
summable, that is, if

∞

∑
n=0

2n+ 1
4π

A−2
n <+∞ . (6.50)

Note that |An|−→
n→∞

∞ is a necessary condition for a summable sequence (An).

Lemma 6.14 (Sobolev Lemma). Let (An)n∈N0 be a (Bn)n∈N0-summable sequence.
Then the following embedding is possible:

H
((

B−1
n An

)
; Ω

)⊂ C(Ω) , (6.51)

where the Fourier series of each F ∈ H ((B−1
n An); Ω) is uniformly convergent.

Proof. We show that the Fourier series

F =
∞

∑
n=0

2n+1

∑
j=1

F∧(n, j)Yn, j (6.52)

of each F ∈ H ((B−1
n An); Ω) is uniformly convergent. Since every summand is

continuous, Theorem 2.14 on p. 20 eventually allows us to conclude that F is a
continuous function.

The uniform convergence can be proved as follows: Let ξ ∈ Ω be arbitrary but
fixed. Then the Cauchy–Schwarz inequality, the addition theorem (Theorem 5.11),
requirement (6.27), and the summability condition (6.49) yield∣∣∣∣∣

∞

∑
n=0

2n+1

∑
j=1

F∧(n, j)Yn, j(ξ )−
N−1

∑
n=0

2n+1

∑
j=1

F∧(n, j)Yn, j(ξ )

∣∣∣∣∣

=

∣∣∣∣∣
∞

∑
n=N

2n+1

∑
j=1

F∧(n, j)Yn, j(ξ )

∣∣∣∣∣

=

∣∣∣∣∣
∞

∑
n=N

2n+1

∑
j=1

An

Bn
F∧(n, j)

Bn

An
Yn, j(ξ )

∣∣∣∣∣

≤
(

∞

∑
n=N

2n+1

∑
j=1

A2
n

B2
n

F∧(n, j)2

)1/2( ∞

∑
n=N

2n+1

∑
j=1

B2
n

A2
n
(Yn, j(ξ ))2

)1/2

=

(
∞

∑
n=N

2n+1

∑
j=1

A2
n

B2
n

F∧(n, j)2

)1/2( ∞

∑
n=N

B2
n

A2
n

2n+ 1
4π

)1/2

−→
N→∞

0 . (6.53)
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Since the right-hand side of the inequality is independent of ξ , the convergence is
uniform. ��

We will see now that further embeddings can be proved.

Lemma 6.15. For all n ∈ N0, j ∈ {1, . . . ,2n+ 1}, and ξ ∈ Ω ,

∣∣∣∇∗
ξYn, j(ξ )

∣∣∣≤
√

2n+ 1
4π

n(n+ 1) = O
(

n3/2
)

as n → ∞ (6.54)

and
2n+1

∑
j=1

∣∣∣∇∗
ξYn, j(ξ )

∣∣∣2 = 2n+ 1
4π

n(n+ 1) = O
(
n3) as n → ∞ . (6.55)

Proof.

(1) Differentiating the Addition Theorem:
We consider the expression

2n+1

∑
j=1

(
∇∗

ξYn, j(ξ )
)
⊗ (

∇∗
ηYn, j(η)

)
= ∇∗

ξ ⊗∇∗
η

(
2n+1

∑
j=1

Yn, j(ξ )Yn, j(η)

)
, ξ ,η ∈ Ω ,

(6.56)

where a⊗b :=(aib j)i, j=1,2,3 ∈R
3×3 is the tensor product of a,b∈R

3 and ∇∗
ξ ⊗ f (ξ )

for f ∈ C(1)(Ω ,R3) represents a second-rank tensor with the j-th column ∇∗
ξ f j(ξ ),

if f = ( f1, f2, f3)
T. The right-hand side of (6.56) equals (see also Theorem 4.15 on

p. 93)

∇∗
ξ ⊗∇∗

η

(
2n+ 1

4π
Pn(ξ ·η)

)
=

2n+ 1
4π

∇∗
ξ ⊗

[
P′

n(ξ ·η)(ξ − (ξ ·η)η)]

=
2n+ 1

4π
[
P′′

n (ξ ·η)(η − (ξ ·η)ξ )⊗ (ξ − (ξ ·η)η)

+ P′
n(ξ ·η)

(
∇∗

ξ ⊗ ξ − (η − (ξ ·η)ξ )⊗η
)]

,

(6.57)

where (let x = rξ , r > 0) the identity I in R
3×3 can be represented by (see also

Theorem 4.5)

I = ∇x ⊗ x =

(
ξ

∂
∂ r

+
1
r

∇∗
ξ

)
⊗ (rξ ) = ξ ⊗ ξ +∇∗

ξ ⊗ ξ (6.58)

such that

∇∗
ξ ⊗ ξ = I− ξ ⊗ ξ . (6.59)
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Thus, calculating the trace in (6.56) and (6.57) and setting ξ = η , we get

2n+1

∑
j=1

∣∣∣∇∗
ξYn, j(ξ )

∣∣∣2 =
2n+ 1

4π
P′

n(1)
(
3−|ξ |2)

=
2n+ 1

4π
n(n+ 1) (6.60)

due to Theorem 3.19 (see p. 49).

(2) Orthogonality of ∇∇∇∗∗∗YYY n,j:
Green’s first surface identity (see Theorem 4.12 on p. 92) yields for F = Yn, j,
G = Ym,k and Γ = Ω the result

∫
Ω

(
∇∗

ξYm,k(ξ )
)
·
(

∇∗
ξYn, j(ξ )

)
dω(ξ )+

∫
Ω

Yn, j(ξ ) Δ∗
ξYm,k(ξ )︸ ︷︷ ︸

=−m(m+1)Ym,k(ξ )

dω(ξ ) = 0 .

(6.61)

Consequently,

∫
Ω

(
∇∗

ξYm,k(ξ )
)
·
(

∇∗
ξYn, j(ξ )

)
dω(ξ ) = m(m+ 1)δnmδ jk (6.62)

for all n,m ∈ N0, j ∈ {1, . . . ,2n+ 1}, and k ∈ {1, . . . ,2m+ 1}.

(3) Proceed in analogy to Theorem 5.17 (see p. 111):
The Cauchy–Schwarz inequality yields

∣∣∣∇∗
ξYn, j(ξ )

∣∣∣ =
∣∣∣∣∣
2n+1

∑
k=1

1
n(n+ 1)

〈
∇∗Yn, j,∇∗Yn,k

〉
L2(Ω ,R3)∇∗

ξYn,k(ξ )

∣∣∣∣∣

≤
(

2n+1

∑
k=1

(〈
∇∗Yn, j,∇∗Yn,k

〉
L2(Ω ,R3)

n(n+ 1)

)2

︸ ︷︷ ︸
=δ jk

)1/2(2n+1

∑
k=1

∣∣∣∇∗
ξYn,k(ξ )

∣∣∣2
)1/2

=

√
2n+ 1

4π
n(n+ 1) . (6.63)

��
Obviously, the Sobolev Lemma (Lemma 6.14) yields that Hs(Ω)⊂C(Ω) for s > 1,
since in this case, the sequence ((n+ 1

2 )
s) is summable:
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∞

∑
n=0

2n+ 1
4π

(
n+

1
2

)−2s

=
1

2π

∞

∑
n=0

(
n+

1
2

)1−2s

< ∞ ⇔ 1− 2s <−1 ⇔ 1 < s .

(6.64)
Therefore, the Fourier series

F(ξ ) =
∞

∑
n=0

2n+1

∑
j=1

F∧(n, j)Yn, j(ξ ) ∀ξ ∈ Ω (6.65)

of every F ∈ Hs(Ω), s > 1, is uniformly convergent. Moreover, the following
embedding can be proved.

Theorem 6.16. For all s ∈ R with s > 2,

Hs(Ω)⊂ C(1)(Ω) . (6.66)

Proof. We have to show that ∇∗F exists on Ω and is continuous. Due to the Cauchy–
Schwarz inequality and the definition of Hs(Ω), we have

∣∣∣∣∣
∞

∑
n=N

2n+1

∑
j=1

F∧(n, j)∇∗
ξYn, j(ξ )

∣∣∣∣∣

=

∣∣∣∣∣
∞

∑
n=N

2n+1

∑
j=1

F∧(n, j)

(
n+

1
2

)s (
n+

1
2

)−s

∇∗
ξYn, j(ξ )

∣∣∣∣∣

≤
(

∞

∑
n=N

2n+1

∑
j=1

F∧(n, j)2
(

n+
1
2

)2s
)1/2( ∞

∑
n=N

2n+1

∑
j=1

(
n+

1
2

)−2s ∣∣∣∇∗
ξYn, j(ξ )

∣∣∣2
)1/2

≤
(

∞

∑
n=N

2n+1

∑
j=1

F∧(n, j)2
(

n+
1
2

)2s
)1/2

×
(

∞

∑
n=N

(
n+

1
2

)−2s n(n+ 1)(2n+ 1)
4π

)1/2

−→
N→∞

0 (6.67)

for s > 2, where we used Lemma 6.15. Because of this uniform convergence, we
may write

∇∗
ξ F(ξ ) =

∞

∑
n=0

2n+1

∑
j=1

F∧(n, j)∇∗
ξYn, j(ξ ) ∀ξ ∈ Ω (6.68)

and conclude that ∇∗F is continuous. ��
Theorem 6.17. Every F ∈ Hs(Ω) for s > 2 is Lipschitz continuous on Ω :

|F(ξ )−F(η)| ≤CF(s) |ξ −η | ∀ξ ,η ∈ Ω , (6.69)
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where

CF(s) =

(
1
2

∞

∑
n=1

2n+ 1
4π

n(n+ 1)(
n+ 1

2

)2s

)1/2

‖F‖Hs(Ω) . (6.70)

Proof. From Theorem 6.16, we know that F ∈ C(1)(Ω). Since Ω is compact,
F is, consequently, Lipschitz continuous. Moreover, (6.64) implies the uniform
convergence of the Fourier series of F . We now determine a Lipschitz constant. For
arbitrary ξ ,η ∈ Ω , we get using the Cauchy–Schwarz inequality and the addition
theorem (Theorem 5.11)

|F(ξ )−F(η)|2

=

∣∣∣∣∣
∞

∑
n=0

2n+1

∑
j=1

F∧(n, j)(Yn, j(ξ )−Yn, j(η))

∣∣∣∣∣
2

=

∣∣∣∣∣
∞

∑
n=0

2n+1

∑
j=1

(
n+

1
2

)s (
n+

1
2

)−s

F∧(n, j)(Yn, j(ξ )−Yn, j(η))

∣∣∣∣∣
2

≤
(

∞

∑
n=0

2n+1

∑
j=1

(
n+

1
2

)2s(
F∧(n, j)

)2

)(
∞

∑
n=0

2n+1

∑
j=1

(
n+

1
2

)−2s

(Yn, j(ξ )−Yn, j(η))2

)

= ‖F‖2
Hs(Ω)

∞

∑
n=0

(
n+

1
2

)−2s 2n+1

∑
j=1

(
Yn, j(ξ )2 − 2Yn, j(ξ )Yn, j(η)+Yn, j(η)2)

= ‖F‖2
Hs(Ω)

∞

∑
n=0

(
n+

1
2

)−2s 2n+ 1
4π

2(Pn(1)−Pn(ξ ·η)) . (6.71)

Due to the mean value theorem of differentiation, there exists τ ∈ [−1,1] with

Pn(1)−Pn(ξ ·η) = P′
n(τ)(1− ξ ·η) . (6.72)

Hence, Theorems 5.18 (see p. 112) and 3.19 (see p. 49) yield

Pn(1)−Pn(ξ ·η) = |Pn(1)−Pn(ξ ·η)| ≤ n(n+ 1)
2

(1− ξ ·η) . (6.73)

Since |ξ −η |2 = 2(1− ξ ·η), we, finally, get

|F(ξ )−F(η)| ≤ ‖F‖Hs(Ω)

(
∞

∑
n=1

2n+ 1
4π

n(n+ 1)

2
(
n+ 1

2

)2s

)1/2

|ξ −η | . (6.74)

Note that CF(s) is finite, because
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(2n+ 1)
n(n+ 1)(
n+ 1

2

)2s = O
(
n3−2s) as n → ∞ (6.75)

and 3− 2s <−1. ��

Theorem 6.18. Let (An)n∈N0 be a summable sequence. Then H = H ((An) ; Ω)
is a reproducing kernel Hilbert space with the (unique) reproducing kernel

Ω ×Ω � (ξ ,η) �→ KH (ξ ·η) =
∞

∑
n=0

A−2
n

2n+ 1
4π

Pn(ξ ·η) . (6.76)

Proof.

(1) Existence of the reproducing kernel:
According to Aronszajn’s theorem (Theorem 6.1), we have to show that each
evaluation functional

Lξ : H →R

F �→ F(ξ ) ,
(6.77)

ξ ∈Ω , is bounded. We can achieve this by using the Sobolev Lemma (Lemma 6.14),
the Cauchy–Schwarz inequality, the addition theorem (Theorem 5.11), and the
summability condition (6.50):

∣∣Lξ F
∣∣ = |F(ξ )|

=

∣∣∣∣∣
∞

∑
n=0

2n+1

∑
j=1

F∧(n, j)Yn, j(ξ )

∣∣∣∣∣

=

∣∣∣∣∣
∞

∑
n=0

2n+1

∑
j=1

AnF∧(n, j)A−1
n Yn, j(ξ )

∣∣∣∣∣

≤
(

∞

∑
n=0

2n+1

∑
j=1

A2
n

(
F∧(n, j)

)2

)1/2 ( ∞

∑
n=0

2n+1

∑
j=1

A−2
n (Yn, j(ξ ))2

)1/2

= ‖F‖H

(
∞

∑
n=0

A−2
n

2n+ 1
4π

)1/2

︸ ︷︷ ︸
<+∞

. (6.78)

Note that the evaluation functionals are even uniformly bounded.

(2) Representation of the reproducing kernel:
We will use Theorem 6.2. For this purpose, we need an orthonormal basis of H .
Using (6.28), we get
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〈
F,Ym,k

〉
H

=
∞

∑
n=0

2n+1

∑
j=1

A2
n

〈
F,Yn, j

〉
L2(Ω)

〈
Ym,k,Yn, j

〉
L2(Ω)︸ ︷︷ ︸

=δnmδ jk

= A2
m

〈
F,Ym,k

〉
L2(Ω)

(6.79)

for all F ∈ H and all m ∈N0, k = 1, . . . ,2m+ 1. Hence,
〈
A−1

p Yp,q,A
−1
m Ym,k

〉
H

= A−1
p A−1

m A2
m

〈
Yp,q,Ym,k

〉
L2(Ω)

= δpmδqk (6.80)

for all p,m ∈N0, q ∈ {1, . . . ,2p+1}, and all k ∈ {1, . . . ,2m+1}. Moreover, (6.28),
that is,

〈F,G〉H =
∞

∑
n=0

2n+1

∑
j=1

A2
n

〈
F,Yn, j

〉
L2(Ω)

〈
G,Yn, j

〉
L2(Ω)

=
∞

∑
n=0

2n+1

∑
j=1

〈
F,A−1

n Yn, j
〉
H

〈
G,A−1

n Yn, j
〉
H

, (6.81)

is the Parseval identity for the orthonormal system {A−1
n Yn, j}n∈N0; j=1,...,2n+1 in H .

This identity is equivalent to the completeness (see Theorem 2.18 on p. 21).
Finally, we observe that

∞

∑
n=0

2n+1

∑
j=1

(
A−1

n Yn, j(ξ )
)2

=
∞

∑
n=0

A−2
n

2n+ 1
4π

<+∞ ∀ξ ∈ Ω . (6.82)

Hence,

KH (ξ ·η) =
∞

∑
n=0

2n+1

∑
j=1

A−1
n Yn, j(ξ )A−1

n Yn, j(η)

=
∞

∑
n=0

A−2
n

2n+ 1
4π

Pn(ξ ·η) ∀ξ ,η ∈ Ω . (6.83)

��
Note that we have already used in the notation of KH that the reproducing kernel is
a zonal function.

Corollary 6.19. For all F ∈ H and all n ∈ N0, j = 1, . . . ,2n+ 1,

〈
F,Yn, j

〉
H

= A2
n

〈
F,Yn, j

〉
L2(Ω)

. (6.84)
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Corollary 6.20. If (An) is summable, then

‖F‖C(Ω) ≤ ‖F‖H

(
∞

∑
n=0

A−2
n

2n+ 1
4π

)1/2

(6.85)

for all F ∈ H .

6.3 Spherical Splines

The reproducing kernels introduced in Sect. 6.2 will now be used to construct
spherical splines. For everything that follows, we make the following assumption.

By (An), we denote a fixed summable sequence. The corresponding Sobolev space H :=
H ((An); Ω) is then equipped with the unique reproducing kernel KH .

A spline is now defined by means of the reproducing kernel.

Definition 6.21. Let XN := {η1, . . . ,ηN} ⊂ Ω be given.2 Then every function S ∈
H of the form

S(ξ ) =
N

∑
j=1

a jKH (η j ·ξ ) ∀ξ ∈ Ω (6.86)

with constants a1, . . . ,aN ∈ R is called a spherical spline in H relative to XN . The
set of all such splines is denoted by Spline((An); XN).

The task of a spline interpolation problem is now as follows.

Problem 6.22. Given y∈R
N and XN = {η1, . . . ,ηN}⊂Ω , find S∈Spline((An); XN)

such that S(ηk) = yk for all k = 1, . . . ,N.

This is, from the very beginning, a different concept than the one used for spherical
harmonics. Though the ansatz in both cases is a linear expansion in a basis system,
the basis system is completely different. While spherical harmonics are global
functions (see Fig. 5.5 on p. 129 and the numerical experiments in Sect. 5.3), the
spline basis function ξ �→KH (η j ·ξ ) is localized around the point η j, which we will
call here the center of the spline basis function. For an illustration, we consider a
particular example.

2Note that the usual concept of a set includes the requirement that elements may not occur more
than once. Hence, we automatically require that the points are pairwise distinct, that is, ηi �= η j for
i �= j.
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Fig. 6.1 Illustration of the Abel–Poisson kernel as a spline basis function with a fixed center at
Cairo for different parameters h: 0.3 (top left), 0.5 (top right), 0.7 (middle left), 0.9 (middle right),
0.95 (bottom left), and 0.99 (bottom right)

Example 6.23. Remember Theorem 3.16 on p. 46. We have

∞

∑
n=0

(2n+ 1)hnPn(t) =
1− h2

(1+ h2− 2ht)3/2
(6.87)

for all h ∈]− 1,1[ and all t ∈ [−1,1]. Setting t = ξ ·η with ξ ,η ∈ Ω and applying
the addition theorem (Theorem 5.11), we obtain

∞

∑
n=0

hn
2n+1

∑
j=1

Yn, j(ξ )Yn, j(η) =
1

4π
1− h2

(1+ h2− 2h(ξ ·η))3/2
(6.88)

for all h ∈]−1,1[ and all ξ ,η ∈ Ω . This is a reproducing kernel (the Abel–Poisson
kernel). Theorem 6.18 yields

KH ((h−n/2);Ω)(ξ ·η) = 1
4π

1− h2

(1+ h2− 2h(ξ ·η))3/2
∀ξ ,η ∈ Ω . (6.89)

The sequence (An) = (h−n/2) is obviously summable if 0 < h < 1. Figure 6.1 shows
the corresponding spline basis functions for a fixed center but different parameters h.
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We can expect now that the coefficients a j in (6.86) tell us something about
the function in the neighborhood of the center η j. For instance, regionally limited
noise should only influence those coefficients a j which correspond to basis functions
whose centers are located in or near the region of the noise (see also Fig. 5.20 on
p. 142). Moreover, if we have a nonuniformly distributed data grid XN , then more
centers are automatically located in areas with more data, since we choose the data
points as centers of the spline basis functions (see Problem 6.22). The spline will,
consequently, regionally adapt its resolution to the data density. The more we know
about the function in a certain area, the better we can resolve it.

Let us now investigate how we can calculate the interpolating spline. The ansatz
(6.86) for Problem 6.22 yields the system of linear equations

N

∑
j=1

a jKH (η j ·ηk) = yk ∀k = 1, . . . ,N . (6.90)

Problem 6.22 is, consequently, equivalent to the following problem.

Problem 6.24. Given y ∈ R
N and XN = {η1, . . . ,ηN} ⊂ Ω , find a ∈R

N such that

(KH (η j ·ηk)) j,k=1,...,N a = y . (6.91)

According to Hadamard, a problem is called well-posed, if the following three
criteria are satisfied:

• The problem is solvable.
• There is not more than one solution.
• The solution is stable, that is, it continuously depends on the given data.

Otherwise, it is called ill-posed.
In our case, we have to verify that the matrix

MH ,XN := (KH (η j ·ηk)) j,k=1,...,N (6.92)

is regular, since the finite dimensions of the involved spaces will directly imply the
continuity of the inversion. To accomplish this objective, we have to understand the
concept of positive definite and strictly positive definite functions.

Definition 6.25. Let K : [−1,1] → R be continuous. K is said to be positive
definite, if, for every system XN = {η1, . . . ,ηN} ⊂ Ω (i.e., also for every N ∈ N),
the matrix

(K (η j ·ηk)) j,k=1,...,N (6.93)

is positive semi-definite. If the matrix is additionally positive definite, K is called
strictly positive definite.

Note the inconsistency in the common usage of the expression “positive definite”
for matrices and functions.

We will show now that every reproducing kernel KH (i.e., no matter which
summable sequence (An) we have chosen in the very beginning) is strictly positive
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definite. As a consequence, the spline interpolation problem is always uniquely
solvable. Remember that we needed additional conditions for the cubic splines in
the 1D case to obtain a unique solution. Furthermore, the matrix is positive definite
which allows us to use faster numerical solvers for Problem 6.24. Last but definitely
not least, these properties are independent of the chosen point grid XN . This is a
very nice advantage. So, we do not have to face problems like those caused by the
Extended Haar’s theorem (see Theorem 5.34 on p. 133).

Lemma 6.26. Let K : [−1,1]→ R be a continuous function with

∞

∑
n=0

2n+ 1
4π

K∧(n)<+∞ (6.94)

and
K∧(n)> 0 ∀n ∈ N0 , (6.95)

where K∧(n) is the n-th Legendre coefficient of K (see Definition 3.15 on p. 45).
Then K is strictly positive definite if and only if, for every N ∈ N and every XN =
{η1, . . . ,ηn} ⊂ Ω , the functions

Fj : Ω � ξ �→ K (η j ·ξ ) ; j = 1, . . . ,N ; (6.96)

are linearly independent.

Proof.

(1) Investigation of the Legendre series:
Since ‖Pn‖C[−1,1] = 1 for all n ∈ N0 (see Theorem 5.18 on p. 112), the requirement
(6.94) in combination with (6.95) implies the uniform convergence3 of the Legendre
series

K(t) =
∞

∑
n=0

K∧(n)
2n+ 1

4π
Pn(t) ∀ t ∈ [−1,1] . (6.97)

Moreover, K is the reproducing kernel of the Sobolev space H ((K∧(n)−1/2); Ω),
since An := K∧(n)−1/2 is summable:

∞

∑
n=0

2n+ 1
4π

A−2
n =

∞

∑
n=0

2n+ 1
4π

K∧(n) <+∞ . (6.98)

(2) A Gramian matrix:
Now, since we know that K is a reproducing kernel, we can write the matrix entries
as follows:

K (η j ·ηk) =
〈
K (η j·) , K (ηk·)

〉
H

=
〈
Fj,Fk

〉
H

. (6.99)

The notation K(η ·) represents here the function Ω � ξ �→ K(η ·ξ ). The matrix with
these entries is, consequently, a Gramian matrix. From Linear Algebra, it is known

3By the way, this also implies the continuity of K. For the use of the Legendre coefficients, we
have to use, however, an appropriate condition in the theorem.
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that a Gramian matrix is positive definite if and only if the vectors which were used
to build it are linearly independent.4 This completes the proof. ��
The following theorem is based on more general results in [65, 168, 206].

Theorem 6.27. KH is strictly positive definite.

Proof.

(1) The plan:
Let N ∈ N and XN = {η1, . . . ,ηN} ⊂ Ω be arbitrary. We will use Lemma 6.26 to
prove this result. For this purpose, we assume that a1, . . . ,aN ∈ R are given such
that

N

∑
j=1

a jKH (η j ·ξ ) = 0 ∀ξ ∈ Ω . (6.100)

We have to show that a1 = · · · = aN = 0. Note that (6.94) and (6.95) are satisfied,
since (An) is summable.

(2) The Legendre polynomials again:
If (6.100) holds true, then〈

N

∑
j=1

a jKH (η j·) , Pn (ζ ·)
〉

H

= 0 (6.101)

for all ζ ∈ Ω and all n ∈ N0. Due to the bilinearity of the inner product and the fact
that KH is the reproducing kernel of H , we obtain

N

∑
j=1

a jPn (η j ·ζ ) = 0 ∀n ∈ N0 ∀ζ ∈ Ω . (6.102)

(3) An auxiliary function:
The separation distance qXN is defined by

qXN := min
i, j∈{1,...,N}

i�= j

∣∣ηi −η j
∣∣ . (6.103)

We choose now an arbitrary but fixed index i∗ ∈ {1, . . . ,N} (we will eventually show

that ai∗ = 0) and constants 0 < ε < qXN , σ := ε2

2 , 1−σ ≤ h < 1. Based on these
preparations, we define the function H : Ω →R by

H(η) :=

{
ξ ·η−h

1−h , if ξ ·η ≥ h,
0 else

, η ∈ Ω , (6.104)

where ξ ∈ Ω is chosen as ξ := ηi∗ .

4Otherwise, the matrix is singular.
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This function has the following properties:

1. H(ξ ) = 1: Since ξ ·ξ = 1 > h, we have H(ξ ) = ξ ·ξ−h
1−h = 1.

2. suppH ⊂ {η ∈ Ω
∣∣ |ξ −η | ≤ ε}: The inequality |ξ −η | ≤ ε holds if and only if

ξ ·η =
1
2

(−|ξ −η |2 + 2
)≥ 1

2

(−ε2 + 2
)
=

1
2
(−2σ + 2) = 1−σ . (6.105)

Moreover, ξ ∈ suppH is equivalent to ξ ·η ≥ h, where we chose h ≥ 1−σ .

Hence, H(ηi) = δii∗ for all i ∈ {1, . . . ,N}, since

H (ηi∗) = 1 (see above) (6.106)

and
|ηi −ηi∗| ≥ qXN > ε ∀ i �= i∗ ⇒ ηi �∈ suppH ∀ i �= i∗ . (6.107)

Consequently, we can write

ai∗ =
N

∑
i=1

aiH (ηi) . (6.108)

(4) The Abel–Poisson kernel again:
Let Qr : [−1,1]→R, r ∈]0,1[, denote the Abel–Poisson kernel

Qr(t) :=
1

4π
1− r2

(1+ r2 − 2rt)3/2
∀ t ∈ [−1,1] . (6.109)

Remember that (see Example 6.23 or Theorem 3.16)

Qr(t) =
∞

∑
n=0

2n+ 1
4π

rnPn(t) ∀ t ∈ [−1,1] . (6.110)

If we combine this result with (6.102), we get

∞

∑
n=0

2n+ 1
4π

rn
N

∑
j=1

a j Pn (η j·) = 0 ∀r ∈ ]0,1[ (6.111)

and, finally,
N

∑
j=1

a jQr (η j·) = 0 ∀r ∈ ]0,1[ . (6.112)

Since H is continuous, (6.108) and the Poisson integral formula (Theorem 5.19 on
p. 112) yield
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ai∗ =
N

∑
i=1

aiH (ηi)

=
N

∑
i=1

ai lim
r→1−

〈Qr (ηi·) ,H〉L2(Ω)

= lim
r→1−

〈
N

∑
i=1

aiQr (ηi·) ,H
〉

L2(Ω)

= 0 . (6.113)

This completes the proof. ��
We now have our first fundamental result on spherical splines.

Theorem 6.28 (Existence and Uniqueness of the Interpolating Spline). For
every XN = {η1, . . . ,ηN} ⊂ Ω and every y ∈ R

N, there exists one and only one
S ∈ Spline((An);XN) such that S(ηk) = yk for all k = 1, . . . ,N.

Hence, spherical spline interpolation is a well-posed problem (in the sense of
Hadamard).

We will now derive further properties of the interpolating spline.

Lemma 6.29. Let S = ∑N
k=1 akKH (ηk·) ∈ Spline((An);XN) and F ∈ H . Then

〈S,F〉H =
N

∑
k=1

ak F (ηk) . (6.114)

Proof. This lemma is a direct consequence of the defining property of a reproducing
kernel, since

〈S,F〉H =

〈
N

∑
k=1

akKH (ηk·) ,F
〉

H

=
N

∑
k=1

ak 〈KH (ηk·) ,F〉H

=
N

∑
k=1

ak F (ηk) . (6.115)

��
Theorem 6.30 (First Minimum Property). Let a vector y ∈ R

N and a point set
XN = {η1, . . . ,ηN} ⊂ Ω be given. If S∗ ∈ Spline((An);XN) is the spline given by
S∗(ηk) = yk ∀k = 1, . . . ,N, then
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‖S∗‖H = min{‖F‖H : F ∈ H with F (ηk) = yk ∀k = 1, . . . ,N} , (6.116)

where S∗ is the unique minimizer.

Proof. Let F ∈ H with F(ηk) = yk ∀k = 1, . . . ,N. Then the induced norm ‖ · ‖H

satisfies

‖F‖2
H = 〈F − S∗+ S∗,F − S∗+ S∗〉H

= 〈F − S∗,F − S∗〉H + 2〈F − S∗,S∗〉H + 〈S∗,S∗〉H
= ‖F − S∗‖2

H + 2〈S∗,F − S∗〉H + ‖S∗‖2
H . (6.117)

Let the spline S∗ be represented by

S∗ =
N

∑
k=1

a∗k KH (ηk·) . (6.118)

Then Lemma 6.29 and the fact that S∗ and F satisfy the same interpolation
conditions yield

〈S∗,F − S∗〉H =
N

∑
k=1

a∗k (F − S∗)(ηk)︸ ︷︷ ︸
=0

= 0 . (6.119)

If we insert this result in (6.117), we obtain

‖F‖2
H = ‖F − S∗‖2

H + ‖S∗‖2
H ≥ ‖S∗‖2

H , (6.120)

where “=” holds if and only if F = S∗. ��
The first minimum property is an analogue of Holladay’s theorem (Theorem 3.26 on
p. 60) for the following reasons: In Remark 6.6 and in Theorem 6.12, we saw that
the Sobolev norm ‖F‖H can be interpreted as a non-smoothness measure for F and
as the L2(Ω)-norm of something like a derivative of F . The first minimum property
now tells us that the interpolating spline minimizes this norm in comparison to all
other interpolating functions (in H ). It is, therefore, in some sense the smoothest
interpolant—just as the natural cubic spline minimizes the linearized curvature,
which is represented by the L2[a,b]-norm of the second derivative.

Remark 6.31. It is not necessary to require that An �= 0 for all n ∈ N0. Some
exceptions may be allowed. This has, indeed, already been elaborated for the
spherical splines in the literature (see, e.g., [66]), and we will see how it works
on the ball later, where practical applications require the possibility of vanishing
components. So, let us choose An := n(n + 1) for all n ∈ N0. This sequence
is obviously summable (if we ignore that A0 = 0). Using Definition 6.5 and
Theorem 5.28 [or, alternatively, (6.40)], we find
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‖F‖2
H =

∞

∑
n=1

2n+1

∑
j=1

n2 (n+ 1)2 〈
F,Yn, j

〉2
L2(Ω)

=
∞

∑
n=1

2n+1

∑
j=1

[
−n(n+ 1)

〈
F,Yn, j

〉
L2(Ω)

]2

=
∞

∑
n=1

2n+1

∑
j=1

〈
Δ∗F,Yn, j

〉2
L2(Ω)

(6.121)

for all F ∈ H := H ((n(n + 1));Ω), where Δ∗ is defined on H in analogy to
−Δ∗+ 1

4 on Ht (Ω) (see Definition 6.11). As a consequence,

‖F‖H = ‖Δ∗F‖L2(Ω) (6.122)

for all F ∈ H . The term on the right-hand side can be interpreted as the “bending
energy” on the sphere (see [75, pp. 188-189]). This stresses the interpretation of
the first minimum property as an analogue of Holladay’s theorem. Furthermore,
the reproducing kernel corresponding to this particular Sobolev space is exactly
Green’s function5 for the iterated Beltrami operator (Δ∗)2, for which an explicit
representation is known (see [21]).

Theorem 6.32 (Second Minimum Property). Let F ∈ H and XN =
{η1, . . . ,ηN} ⊂ Ω . If S∗ ∈ Spline((An);XN) is the spline given by S∗(ηk) = F(ηk)
∀k = 1, . . . ,N, then

‖F − S∗‖H = min{‖F − S‖H : S ∈ Spline((An) ;XN)} , (6.123)

where S∗ is the unique minimizer.

Proof. Let S ∈ Spline((An);XN) be an arbitrary spline. Then we find

‖F − S‖2
H = 〈F − S∗+ S∗− S,F − S∗+ S∗− S〉H

= 〈F − S∗,F − S∗〉H + 2〈F − S∗,S∗− S〉H + 〈S∗− S,S∗− S〉H
= ‖F − S∗‖2

H + 2〈S∗ − S,F − S∗〉H + ‖S∗− S‖2
H . (6.124)

Using Lemma 6.29, the interpolation conditions for S∗, and the representations

S =
N

∑
k=1

ak KH (ηk·) , S∗ =
N

∑
k=1

a∗k KH (ηk·) , (6.125)

5Green’s functions represent a tool for solving particular classes of (ordinary or partial) differ-
ential equations, which can be combined with boundary-value conditions. They have also been
discovered for further applications in potential theory and geomathematics.
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we get

〈S∗− S,F − S∗〉H =
N

∑
k=1

(a∗k − ak)(F − S∗)(ηk)︸ ︷︷ ︸
=0

= 0 . (6.126)

Hence,

‖F − S‖2
H = ‖F − S∗‖2

H + ‖S∗− S‖2
H ≥ ‖F − S∗‖2

H (6.127)

has been proved,6 where “=” holds if and only if S = S∗. ��
If we regard F as the unknown function, which has been measured on XN , then

the second minimum property says that the interpolating spline is closest to F (in
the sense of the Sobolev norm) in comparison to all other splines. Using a common
phrase from approximation theory, we can say that the interpolating spline S∗ is the
best approximation in Spline((An);XN) with respect to the function F .

Theorem 6.33 (Shannon Sampling Theorem in Spline((((((AAAnnn)));;;XXXNNN)))). Let the
coefficients7 ak

l ; l,k ∈ {1, . . . ,N}; be given by the systems of linear equations

N

∑
l=1

ak
l KH (ηl ·η j) = δ jk ∀ j,k = 1, . . . ,N . (6.128)

Moreover, the functions Lk ∈ Spline((An);XN); k = 1, . . . ,N; are defined by

Lk(ξ ) :=
N

∑
l=1

ak
l KH (ηl ·ξ ) ∀ξ ∈ Ω . (6.129)

Then every spline S ∈ Spline((An);XN) is representable by its samples on XN =
{η1, . . . ,ηN} ⊂ Ω as

S(ξ ) =
N

∑
k=1

S (ηk)Lk(ξ ) ∀ξ ∈ Ω . (6.130)

Proof. Comparing (6.128) and (6.129), we observe that the coefficients ak
l are

chosen such that

Lk (η j) = δ jk ∀ j,k = 1, . . . ,N . (6.131)

Hence, the function G ∈ Spline((An);XN) defined by (note that Spline((An);XN) is
a linear space)

G(ξ ) :=
N

∑
k=1

S (ηk)Lk(ξ ) ∀ξ ∈ Ω (6.132)

6Note that the identity ‖F −S‖2
H = ‖F −S∗‖2

H +‖S∗ −S‖2
H in (6.127) is a generalization of the

identity ‖F‖2
H = ‖F −S∗‖2

H +‖S∗‖2
H in (6.120), since the zero function is also a spline.

7Note that “k” in ak
l is only an upper index and not an exponent.
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satisfies

G(η j) =
N

∑
k=1

S (ηk)Lk (η j) =
N

∑
k=1

S (ηk)δ jk = S (η j) ∀ j = 1, . . . ,N . (6.133)

Due to the uniqueness of the interpolating spline (see Theorem 6.28), we get G = S.
��

For obtaining the coefficients ak
l we have to solve N linear systems of the size

N ×N, where previously we solved Problem 6.24, which involved only one N ×N
system with exactly the same matrix. So, is there any use of Theorem 6.33? Yes,
there is! It is very useful if the same grid XN is used many times (e.g., for a long
time series) or if the time required for computing the spline after obtaining the data
has to be kept as short as possible (as it is the case in medical imaging, where almost
real-time solutions are required). Before the data are measured for the first time, we
can already do our homework and calculate all coefficients ak

l . Moreover, we can
also already calculate the Lagrange basis L1, . . . ,LN on the point grid that we want
to use for plotting the result later and store everything on the computer. As soon as
the data on XN arrive, the spline will very quickly be calculated and plotted.

We will now prove error estimates and convergence results (see also [66]).

Lemma 6.34. Let (An)n∈N0 be (n)n∈N0-summable. Then the family of zonal
functions

Fξ : Ω � η �→ KH (ξ ·η), ξ ∈ Ω , (6.134)

is uniformly Lipschitz continuous, that is, there exists a constant E > 0, which only
depends on (An), such that

|KH (ξ ·η)−KH (ξ ·ζ )| ≤ E2|η − ζ | ∀η ,ζ ∈ Ω . (6.135)

Proof. In analogy to parts of the proof of Lemma 6.17, the mean value theorem of
differentiation and Theorem 3.19 (see p. 49) yield, for all ξ ,η ,ζ ∈ Ω ,

|KH (ξ ·η)−KH (ξ ·ζ )| =
∣∣∣∣∣

∞

∑
n=0

2n+ 1
4π

A−2
n (Pn(ξ ·η)−Pn(ξ ·ζ ))

∣∣∣∣∣
≤

∞

∑
n=1

2n+ 1
4π

A−2
n

n(n+ 1)
2

|ξ ·η − ξ ·ζ |

≤
∞

∑
n=1

2n+ 1
4π

A−2
n

n(n+ 1)
2

|ξ |︸︷︷︸
=1

·|η − ζ | . (6.136)

Hence,
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Fig. 6.2 Illustration of the nodal width ΘXN for the unit circle in R
2 (left hand) and the unit sphere

in R
3 (right hand): The point grid XN is shown with blue asterisks and a point ξ on the 1- or

2-sphere, respectively, with ΘXN = minη∈XN |ξ −η | is plotted as a red asterisk. The length of the
green line is ΘXN

E = E(An) =

(
∞

∑
n=1

2n+ 1
4π

A−2
n

n(n+ 1)
2

)1/2

, (6.137)

which is finite, since (An) is (n)-summable. ��
Definition 6.35. For a given finite point system XN ⊂ Ω , the nodal width8 ΘXN is
defined by

ΘXN := max
ξ∈Ω

min
η∈XN

|ξ −η | . (6.138)

The nodal width can be interpreted as the radius of the largest gap in the point grid.
Figure 6.2 illustrates the nodal width ΘXN in R

3 and in R
2 (where no deformation

due to a map projection occurs). For a convergence result, we will have to consider
the limit N → ∞. If we presumed that limN→∞ΘXN > 0, there would be an area
which is not sufficiently covered by data points. In this case, we cannot expect
a satisfactory result. For this reason, it appears to be sensible to assume that
limN→∞ ΘXN = 0.

Theorem 6.36 (Error Estimate and Convergence I). Let F ∈ H ((An);Ω),

where (An) is (n)-summable. For each N ∈ N, let XN = {η(N)
1 , . . . ,η(N)

N } ⊂ Ω be
a given point grid. If SN ∈ Spline((An);XN) is the spline given by

SN

(
η(N)

j

)
= F

(
η(N)

j

)
∀ j = 1, . . . ,N , (6.139)

then

‖F − SN‖C(Ω) ≤ 23/2E(An)Θ
1/2
XN

‖F‖H ∀N ∈ N , (6.140)

where E is given by (6.137). If lim
N→∞

ΘXN = 0, then

8The maximum exists because Ω is compact, and the minimum exists because XN is finite.
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lim
N→∞

‖F − SN‖C(Ω) = 0 . (6.141)

Proof. Let ξ ∈ Ω be an arbitrary point. Due to the definition of ΘXN , there exists

η(N)
i ∈ XN , for each N ∈ N, such that

∣∣∣ξ −η(N)
i

∣∣∣≤ΘXN . (6.142)

Hence, (6.139), the defining property of a reproducing kernel, the Cauchy–Schwarz
inequality, the triangle inequality, and Theorem 6.30 (first minimum property) yield

|SN(ξ )−F(ξ )| =
∣∣∣SN(ξ )− SN

(
η(N)

i

)
+F

(
η(N)

i

)
−F(ξ )

∣∣∣
=

∣∣∣〈KH (ξ ·)−KH

(
η(N)

i ·
)
, SN −F

〉
H

∣∣∣
≤

∥∥∥KH (ξ ·)−KH

(
η(N)

i ·
)∥∥∥

H
‖SN −F‖H

≤
∥∥∥KH (ξ ·)−KH

(
η(N)

i ·
)∥∥∥

H
(‖SN‖H + ‖F‖H )

≤ 2
∥∥∥KH (ξ ·)−KH

(
η(N)

i ·
)∥∥∥

H
‖F‖H . (6.143)

Using the defining property of a reproducing kernel again and Lemma 6.34, we get
∥∥∥KH (ξ ·)−KH

(
η(N)

i ·
)∥∥∥2

H

=
〈

KH (ξ ·)−KH

(
η(N)

i ·
)
, KH (ξ ·)−KH

(
η(N)

i ·
)〉

H

= KH (ξ ·ξ )−KH

(
ξ ·η(N)

i

)
+KH

(
η(N)

i ·η(N)
i

)
−KH

(
η(N)

i ·ξ
)

≤ 2E2
(An)

∣∣∣ξ −η(N)
i

∣∣∣ . (6.144)

Combining (6.142), (6.143), and (6.144), we obtain

|SN(ξ )−F(ξ )| ≤ 23/2E(An)

∣∣∣ξ −η(N)
i

∣∣∣1/2 ‖F‖H

≤ 23/2E(An)Θ
1/2
XN

‖F‖H . (6.145)

Since the right-hand side is independent of ξ , we are done. ��
Lemma 6.37. For every n ∈ N0 and ξ ,η ∈ Ω , we have

1−Pn (ξ ·η)≤ 2n+ 1
8

[n(n+ 1)|ξ −η | ]2 . (6.146)

Note that the left-hand side is nonnegative.
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Proof. Let n ∈ N0. On the one hand, Theorem 5.16 on p. 111 and the definition of
the Legendre polynomials (Definition 3.10 on p. 41) yield

2n+ 1
4π

∫
Ω
(Pn (ξ ·ζ )−Pn (η ·ζ ))2 dω(ζ )

=
2n+ 1

4π

∫
Ω

Pn (ξ ·ζ )2 − 2Pn (ξ ·ζ )Pn (η ·ζ )+Pn (η ·ζ )2 dω(ζ )

= Pn (ξ ·ξ )− 2Pn (ξ ·η)+Pn (η ·η)
= 2(1−Pn (ξ ·η)) (6.147)

for all ξ ,η ∈ Ω . On the other hand, the mean value theorem of differentiation and
Theorem 3.19 (see p. 49) yield

2n+ 1
4π

∫
Ω
(Pn (ξ ·ζ )−Pn (η ·ζ ))2 dω(ζ )

≤ 2n+ 1
4π

∫
Ω

[
n(n+ 1)

2
|ξ ·ζ −η ·ζ |

]2

dω(ζ )

≤ 2n+ 1
4π

n2(n+ 1)2

4

∫
Ω
|ξ −η |2 · |ζ |2︸︷︷︸

=1

dω(ζ )

= (2n+ 1)
n2(n+ 1)2

4
|ξ −η |2 (6.148)

for all ξ ,η ∈ Ω . The combination of (6.147) and (6.148) yields the desired result.
��

Theorem 6.38 (Error Estimate and Convergence II). Let F ∈ H ((An);Ω),

where (An) is (n3)-summable. For each N ∈N, let XN = {η(N)
1 , . . . ,η(N)

N } ⊂ Ω be a
given point grid. If SN ∈ Spline((An);XN) is the spline given by

SN

(
η(N)

j

)
= F

(
η(N)

j

)
∀ j = 1, . . . ,N , (6.149)

then

‖F − SN‖C(Ω) ≤ 2Ẽ(An)ΘXN ‖F‖H ∀N ∈N , (6.150)

where

Ẽ(An) =

(
∞

∑
n=1

(2n+ 1)2

4π
A−2

n

(
n(n+ 1)

2

)2
)1/2

. (6.151)

If limN→∞ ΘXN = 0, then

lim
N→∞

‖F − SN‖C(Ω) = 0 . (6.152)
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Proof. Let ξ ∈ Ω be an arbitrary point. We can proceed in analogy to the proof of
Theorem 6.36. We get again (6.142) and (6.143). Instead of (6.144), however, we
derive, using Theorem 6.18 and Lemma 6.37,

∥∥∥KH (ξ ·)−KH

(
η(N)

i ·
)∥∥∥2

H

= KH (ξ ·ξ )− 2KH

(
ξ ·η(N)

i

)
+KH

(
η(N)

i ·η(N)
i

)

=
∞

∑
n=0

2n+ 1
4π

A−2
n

(
2− 2Pn

(
ξ ·η(N)

i

))

≤
∞

∑
n=1

(2n+ 1)2

4π
A−2

n

[
n(n+ 1)

2

∣∣∣ξ −η(N)
i

∣∣∣
]2

= Ẽ2
(An)

∣∣∣ξ −η(N)
i

∣∣∣2 . (6.153)

In combination with (6.142) and (6.143), we get

|SN(ξ )−F(ξ )| ≤ 2Ẽ(An)

∣∣∣ξ −η(N)
i

∣∣∣‖F‖H

≤ 2Ẽ(An)ΘXN ‖F‖H , (6.154)

where the right-hand side is again independent of ξ ∈ Ω . ��
In analogy to the fact that we know that the global functions {Yn, j}n∈N0; j=1,...,2n+1

are closed systems in (C(Ω),‖ · ‖C(Ω)) and (L2(Ω),‖ · ‖L2(Ω)), we can now show
that there are also localized counterparts, namely, the spline basis functions.

Theorem 6.39. Let X ⊂Ω be a countable and dense subset and H =H ((An);Ω)
be a Sobolev space corresponding to a summable sequence (An). Then the system
{KH (η ·) |η ∈ X} is closed in the spaces (H ,‖ · ‖H ), (C(Ω),‖ · ‖C(Ω)), and
(L2(Ω),‖ · ‖L2(Ω)).

Proof.

(1) Closed in (((H ,,,‖ ··· ‖H ))):
Obviously,

k := span{KH (η ·) | η ∈ X}‖·‖H (6.155)

is a closed linear subspace of H . Let F ∈ H and F⊥H k, that is, for every G ∈ k,
we have 〈F,G〉H = 0 (see also Theorem 2.23 on p. 25). This implies, in particular,

〈F,KH (η ·)〉H = 0 ∀η ∈ X , (6.156)
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which is, due to the defining property of a reproducing kernel, equivalent to

F(η) = 0 ∀η ∈ X . (6.157)

Since X is dense in Ω and F is continuous, this implies F ≡ 0. Hence, k = H .

(2) Closed in (((C(Ω),,,‖ ··· ‖C(((ΩΩΩ)))))):
It is clear that

span
{

Yn, j
∣∣ n ∈ N0; j = 1, . . . ,2n+ 1

}⊂ H , (6.158)

since a span only contains finite linear combinations. Furthermore, Theorem 5.22
on p. 120 and Lemma 6.14 (Sobolev Lemma) yield

span
{

Yn, j
∣∣ n ∈N0; j = 1, . . . ,2n+ 1

}‖·‖C(Ω)
= C(Ω), H (Ω)⊂ C(Ω) . (6.159)

Combining (6.158) and (6.159), we conclude H
‖·‖C(Ω) =C(Ω). Now, let F ∈ C(Ω)

and ε > 0 be arbitrary. Due to the previous result, there exists G ∈ H such that

‖F −G‖C(Ω) <
ε
2
. (6.160)

Due to part 1 of this proof, there exists, associated to G ∈ H , a function H ∈
span{KH (η ·) |η ∈ X} such that

‖G−H‖H <
ε
2

(
∞

∑
n=0

A−2
n

2n+ 1
4π

)−1/2

, (6.161)

where the right-hand side exists since (An) is summable. We now combine (6.160),
Corollary 6.20, and (6.161) and obtain

‖F −H‖C(Ω) ≤ ‖F −G‖C(Ω) + ‖G−H‖C(Ω)

<
ε
2
+ ‖G−H‖H

(
∞

∑
n=0

A−2
n

2n+ 1
4π

)1/2

<
ε
2
+

ε
2
= ε . (6.162)

(3) Closed in (((L222(((ΩΩΩ))),,,‖ ··· ‖L222(((ΩΩΩ)))))):

Let F ∈ L2(Ω) and ε > 0 be arbitrary. Due to Theorem 4.11 on p. 92, there exists
G ∈ C(Ω) such that

‖F −G‖L2(Ω) <
ε
2
. (6.163)
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Part 2 of this proof now guarantees the existence of H ∈ span{KH (η ·) |η ∈ X} with

‖G−H‖C(Ω) <
ε

2
√

4π
. (6.164)

Finally, we combine (6.163), Theorem 4.10, and (6.164) to get

‖F −H‖L2(Ω) ≤ ‖F −G‖L2(Ω) + ‖G−H‖L2(Ω)

<
ε
2
+
√

4π ‖G−H‖C(Ω)

<
ε
2
+

ε
2
= ε . (6.165)

��

6.4 Some Remarks

6.4.1 More General Data

It has already been shown (see, e.g., [63]) that the concept of splines presented here
can be extended to the case where the data are of the form

yi = F iF, i = 1, . . . ,N ; (6.166)

and each F i : H →R is a linear and continuous functional. In this case, the spline
basis functions are obtained by applying the functionals to one argument of the
reproducing kernel, that is, we keep ξ ∈ Ω fixed and apply F i to η �→ KH (ξ ·η).
Since this can be done for all ξ ∈ Ω , we obtain a function of ξ ∈ Ω :

Ω � ξ �→ F i
η KH (ξ ·η) ∈ R . (6.167)

The ansatz for a spline is now

S(ξ ) =
N

∑
k=1

akF
k
η KH (ξ ·η), ξ ∈ Ω . (6.168)

Note that the splines in the previous section correspond to the particular case where
F kF = F(ηk). These functionals are linear and continuous due to the existence of
KH [see Aronszajn’s theorem (Theorem 6.1)].

Due to Theorem 6.4, the basic properties of the splines can be transferred to this
more general setting.
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Fig. 6.3 Condition number of the Abel–Poisson spline matrix for different Reuter grids: the
horizontal axis corresponds to the number of grid points and the vertical axis represents the
condition number

6.4.2 The Spline Matrix

For cubic splines, it is known that the matrix associated to the system of linear
equations has a very low condition number. More precisely, in the case of Hermite
boundary conditions and an equidistant grid, the condition number does not exceed
6. With minor stabilizing multiplications of the equations, the upper bound of the
condition number can (also for non-equidistant grids and all three kinds of boundary
conditions) be reduced to 3 (where different norms define here the condition
number, see [170, pp. 131–132], [195, pp. 171–172] for further details).

However, transferring a method from the Euclidean setting to the sphere is often
connected to the loss of certain pleasant properties. This is the case for the condition
number of the spline matrix. In Fig. 6.3, we show the condition number of the (Abel–
Poisson) spline matrix

(
1

4π
1− h2

(1+ h2− 2hηi ·η j)
3/2

)

i, j=1,...,N

(6.169)

for Reuter grids of different sizes N and h = 0.8. For ill-conditioned matrices, a
regularization as in Theorem 5.37 (see p. 138) is necessary. This can be justified by
the following theoretical result.
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Theorem 6.40 (Spline Approximation). Let y ∈ R
N, XN = {η1, . . . ,ηN} ⊂ Ω ,

λ > 0, and a summable sequence (An) be given. Then the spline

S(ξ ) =
N

∑
k=1

akKH (ηk ·ξ ) , ξ ∈ Ω , (6.170)

where the coefficient vector a = (a1, . . . ,aN)
T is the solution of

(
(KH (ηi ·η j))i, j=1,...,N +λ IN

)
a = y (6.171)

and IN is the N ×N-identity matrix, is the unique minimizer of the functional

H � F �→
N

∑
i=1

(yi −F (ηi))
2 +λ‖F‖2

H . (6.172)

Proof. Since the first matrix in (6.171) is positive definite (see Theorem 6.27) and
λ > 0, a is uniquely determined by (6.171). We now have a closer look at the
functional in (6.172). For every F ∈ H ,

N

∑
i=1

(yi −F (ηi))
2 +λ‖F‖2

H

=
N

∑
i=1

(yi − S (ηi))
2 +λ‖S‖2

H +
N

∑
i=1

(S (ηi)−F (ηi))
2

+2
N

∑
i=1

(F (ηi)− S (ηi))(S (ηi)− yi)+λ‖F − S‖2
H + 2λ 〈S,F − S〉H . (6.173)

Moreover, the equations in (6.171) obviously require that

N

∑
j=1

a jKH (ηi ·η j)+λ ai = yi ∀ i = 1, . . . ,N , (6.174)

that is,
S (ηi)+λ ai = yi ∀ i = 1, . . . ,N . (6.175)

As a consequence,

ai =
1
λ
(yi − S (ηi)) ∀ i = 1, . . . ,N (6.176)

and, thus,

N

∑
i=1

ai (F − S)(ηi) =
1
λ

N

∑
i=1

(F − S)(ηi)(yi − S (ηi)) . (6.177)
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Hence, Lemma 6.29 yields

〈S, F − S〉H =
1
λ

N

∑
i=1

(F − S)(ηi)(yi − S (ηi)) . (6.178)

We insert this result in (6.173) and obtain

N

∑
i=1

(yi −F (ηi))
2 +λ‖F‖2

H

=
N

∑
i=1

(yi − S (ηi))
2 +λ‖S‖2

H +
N

∑
i=1

(S (ηi)−F (ηi))
2 +λ‖F − S‖2

H

≥
N

∑
i=1

(yi − S (ηi))
2 +λ‖S‖2

H , (6.179)

where “=” holds if and only if F = S. ��
The regularization parameter λ controls a balance between the accuracy of the
approximation and the smoothness of the solution as we can see in (6.172).

Remark 6.41. There is more than the analogue of Holladay’s theorem and the first
minimum property which justifies the name “spline” in the spherical case. The best
approximation property of natural cubic splines based on Schoenberg’s theorem (see
Remark 3.27 on p. 61) also has its analogue for the spherical splines presented here.
As a consequence, numerical integration on the sphere can also be performed by
integrating the interpolating spline. For further details, see [66, Sects. 5.4, 7.3, and
7.4].

6.4.3 Another Remark on Point Grids

As we have already noticed, the choice of the sequence (An) influences the
localization, that is, the hat-width, of the spline basis functions. In the case of the
Abel–Poisson kernel, the parameter h controls the hat-width. We now calculate the
interpolating spline for a Reuter grid with 786 points (see Fig. 6.4) and equal data
y1 = · · · = yN = 1. However, the parameter h of the used Abel–Poisson kernel is
varied. The result is shown in Fig. 6.5. We observe the following phenomenon: If h
is too large, then the hats are too narrow and “gaps” occur in between the centers.
For this reason, the sequence (An) always has to be chosen with care, and some
preliminary experiments with different sequences are sometimes necessary.
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Fig. 6.4 A Reuter grid (see
Example 5.36 on p. 137) with
parameter N = 25 and 786
points used for the spline
interpolation experiments in
Fig. 6.5

Fig. 6.5 Interpolation of the
constant function F ≡ 1 on a
Reuter grid with 786 points
(see Fig. 6.4) by an
Abel–Poisson spline for
h = 0.75 (top) and h = 0.95
(bottom): Obviously, artefacts
occur, if the hat-width of the
basis functions is too small in
relation to the gaps in the
point grid. This has to be
taken into account, when the
sequence (An) is chosen.
Note that equal colorbars
were chosen here for a better
comparison

6.5 Questions for Understanding

• What is a reproducing kernel?
• When does it exist?
• If it exists, is it unique?
• Is there a representation for a reproducing kernel?
• Does L2(Ω) have a reproducing kernel?
• We constructed so-called Sobolev spaces H (Ω). Why do we need them?
• How is H (Ω) defined? What is Hs(Ω)?
• Under particular conditions, the Sobolev spaces can be embedded into other

classical function spaces. What do you know about this?
• What does summability mean? Can you give a summable and a non-summable

example?
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• Reproducing kernels are represented in terms of a series. This is a problem for
numerical implementations. Do you know an example of a reproducing kernel
where such a problem does not occur?

• How did we define spherical splines?
• What is a well-posed problem? What is an ill-posed problem?
• Is spherical spline interpolation well-posed or ill-posed? Why?
• In the context of spherical Fourier analysis, we found out that not every point

grid can be used (by the way, do you remember more about this?). What is the
situation for spherical spline interpolation?

• The concept of spherical splines is very different in comparison to the 1D cubic
splines we investigated before. What are nevertheless the main features, that both
have in common (and that justify the name “spline”)?

• We proved another “nice” property of spherical splines in this context. What is
it?

• What does the Shannon sampling theorem say? In which cases is it useful?
• What is the difference between spline interpolation and spline approximation?

When should we prefer spline approximation?



Chapter 7
Spherical Wavelet Analysis

In this section, we will study the spherical wavelets introduced by W. Freeden,
M. Schreiner, and U. Windheuser in [66,74,77,200], which have been applied to nu-
merous geodetic and geophysical problems and have been adapted for several other
classes of tasks (e.g., the approximation of vectorial and tensorial functions) since
their introduction. These wavelets have similar features in comparison to Euclidean
wavelets, although several aspects become more complicated in connection with the
change of the geometry and the underlying orthonormal basis. An essential tool for
an Approximate Identity is again a convolution.

Before we continue, we should acknowledge that there exist numerous other
multiscale methods on the sphere, where some of them also proved to be applicable
to geophysical problems. For instance, some principles from image processing
motivated the spherical wavelet technique in [169]. These biorthogonal wavelets are
based on a so-called lifting scheme and a hierarchical subdivision of the sphere and
turned out to be a useful tool for topographic and other maps. A similar application
is possible for the, however, essentially different concept of spherical wavelets
which were developed in [10, 11] by tracing a group-theoretic approach. Moreover,
the Poisson wavelets on the sphere have been applied to geomagnetic and gravity
field modeling; see, for example, [24,95–97]. Another alternative wavelet approach
where more general surfaces than a sphere can be handled (this includes the real
Earth’s surface or subsurfaces of it) is based on potential theoretic concepts such
as layer potentials or Green’s functions. These wavelets, which were developed,
for example, in [64, 67, 79, 80], can be used for the analysis of different kinds of
geophysical data, such as gravity and magnetic field data. Wavelets on nonspherical
surfaces for the modeling or downward continuation of gravity data can also be
constructed based on the Runge–Walsh theorem from potential theory. For further
details, see, for example, [69, 72].

An essential feature of wavelets is their localization (in contrast to polynomial
bases). In this line of thought, several approaches to construct spherical trial
functions have been developed so far. In [106], optimally localized wavelets on the
sphere are constructed by means of an uncertainty principle. A different localization
measure is used in [133] to compute Approximate Identities on the sphere, which

V. Michel, Lectures on Constructive Approximation, Applied and Numerical
Harmonic Analysis, DOI 10.1007/978-0-8176-8403-7 7,
© Springer Science+Business Media New York 2013
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use kernels with an optimal localization. Furthermore, the Slepian functions in
Chap. 8 are optimally localized on a region that one may choose almost arbitrarily.
Moreover, the aspect of fast computations is particularly treated, for example, in
[23, 100].

There are by far more concepts of multiscale methods on the sphere. For instance,
in [31] a survey on several multiresolution analyses on the sphere is given. Further
examples of spherical multiscale techniques, where some of them are also listed in
[31], are investigated in [36, 38, 39, 70, 82, 111, 142, 148, 164, 194].

This list of concepts and references, however, is most probably not complete.

7.1 Convolutions

In Definition 3.31 on p. 67, we defined a general convolution of a kernel Φ ∈
L2(D×D) and a function F ∈ L2(D). In the spherical case D = Ω , the particular
case where the kernel can be associated to a zonal function is relevant.

Definition 7.1. Let G ∈ Lq[−1,1] and F ∈ Lp(Ω) be given, where p,q ∈]1,+∞[
with 1

p +
1
q = 1. Then the spherical convolution G∗F : Ω → R is defined by

(G∗F)(ξ ) :=
∫

Ω
G(ξ ·η)F(η)dω(η), ξ ∈ Ω . (7.1)

From (3.156), we know that G∗F ∈ L2(Ω) for p = q = 2. A more general result
can be derived by using the Hölder inequality.

Theorem 7.2. Let G ∈ Lq[−1,1] and F ∈ Lp(Ω), where p,q ∈]1,+∞[ with 1
p +

1
q = 1. Then the spherical convolution G ∗F exists almost everywhere on Ω and
G∗F ∈ Lr(Ω) for all r ∈ [1,+∞[. Moreover,

‖G∗F‖Lr(Ω) ≤ (2π)1/q+1/r 21/r‖G‖Lq[−1,1]‖F‖Lp(Ω). (7.2)

Proof. For every r ∈ [1,+∞[, we get by using Definition 7.1, the triangle inequality
for integrals, the Hölder inequality (Theorem 2.5 on p. 17), and Theorem 4.16 on
p. 93 (note that we use different colors for the different integrals for the sake of
clearness):

‖G∗F‖Lr(Ω)

=

(∫
Ω
|(G∗F)(ξ )|r dω(ξ )

)1/r

=

(∫
Ω

∣∣∣∣
∫

Ω
G(ξ ·η)F(η)dω(η)

∣∣∣∣
r

dω(ξ )
)1/r

≤
[∫

Ω

(∫
Ω
|G(ξ ·η)F(η)|dω(η)

)r

dω(ξ )
]1/r
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≤
[∫

Ω

(∫
Ω
|G(ξ ·η)|q dω(η)

)r/q(∫
Ω
|F(η)|p dω(η)

)r/p

dω(ξ )

]1/r

=

[∫
Ω

(
2π

∫ 1

−1
|G(t)|q dt

)r/q(∫
Ω
|F(η)|p dω(η)

)r/p

dω(ξ )

]1/r

= (2π)1/q‖G‖Lq[−1,1]‖F‖Lp(Ω)

(∫
Ω

dω(ξ )
)1/r

= (2π)1/q‖G‖Lq[−1,1]‖F‖Lp(Ω)(4π)1/r . (7.3)

Since the right-hand side is finite, G ∗F is an element of Lr(Ω), and due to the
definition of this function space, G ∗ F exists (as a function) almost everywhere
on Ω . ��

Further properties can be proved by using an important theorem of spherical
analysis: the Funk–Hecke formula.

Theorem 7.3 (Funk-Hecke Formula). Let G∈L1[−1,1] and n∈N0 be arbitrary.
Then ∫

Ω
G(ξ ·ζ )Pn(η ·ζ )dω(ζ ) = G∧(n)Pn(ξ ·η) (7.4)

for all ξ , η ∈ Ω .

Note that G∧(n) is the n-th Legendre coefficient of G (see Definition 3.15 on
p. 45) and Pn is the Legendre polynomial of degree n (see Definition 3.10).

Proof.

(1) Properties of the left-hand side:
We define the function H : Ω ×Ω →R by

H(ξ ,η) :=
∫

Ω
G(ξ ·ζ )Pn(η ·ζ )dω(ζ ), ξ ,η ∈ Ω . (7.5)

If A ∈ O(3), that is, A is a 3× 3 orthogonal matrix (ATA = I), we get, in analogy to
the considerations in the proof of Theorem 4.16 on p. 93, that

H(Aξ ,Aη) =
∫

Ω
G(Aξ ·ζ )Pn(Aη ·ζ )dω(ζ )

=

∫
Ω

G
(
ξ · (ATζ

))
Pn
(
η · (ATζ

))
dω(ζ )

=

∫
Ω

G(ξ ·ζ )Pn(η ·ζ )dω(ζ )

= H(ξ ,η) . (7.6)

Hence, H is invariant with respect to orthogonal transformations.
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(2) The function HHH(((ξξξ ,,, ···):
Keep an arbitrary unit vector ξ ∈ Ω fixed. Then H(ξ , ·) is a spherical harmonic of
degree n since the addition theorem (Theorem 5.11 on p. 103) yields

H(ξ , ·) = 4π
2n+ 1

2n+1

∑
j=1

∫
Ω

G(ξ ·ζ )Yn, j(ζ )dω(ζ )Yn, j(·) ∈ Harmn(Ω). (7.7)

Note that the occurring integrals are finite since Yn, j and Pn are bounded on Ω and
[−1,1], respectively, and G ∈ L1[−1,1].

(3) A zonal function:
In analogy to parts 2 and 3 of the proof of the addition theorem (Theorem 5.11), we
can now conclude that H(ξ ,η) depends on ξ ·η only and is a 1D-polynomial of
degree n.

(4) Orthogonality:
For each n ∈ N0, we set

Hn(ξ ·η) :=
∫

Ω
G(ξ ·ζ )Pn(η ·ζ )dω(ζ ), ξ ,η ∈ Ω . (7.8)

Using Theorem 4.16 on p. 93, we get for n 
= m, due to part 2 of this proof and
Theorem 5.9 on p. 102,

〈Hn,Hm〉L2[−1,1] =

∫ 1

−1
Hn(t)Hm(t)dt

=
1

2π

∫
Ω

Hn(ξ ·η)Hm(ξ ·η)dω(η)

= 0 , (7.9)

where ξ ∈ Ω is arbitrary.
Hence, Theorem 3.9 on p. 40 and Definition 3.10 imply that there exist constants

γn, n ∈ N0, such that

Hn(t) = γnPn(t) ∀t ∈ [−1,1]. (7.10)

(5) Determination of the constants:
If ξ = η , then Theorem 4.16 yields

γn = γn Pn(1)

= Hn(ξ ·ξ )

=

∫
Ω

G(ξ ·ζ )Pn(ξ ·ζ )dω(ζ )

= 2π
∫ 1

−1
G(t)Pn(t)dt

= G∧(n) (7.11)
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for all n ∈ N0. Hence,

Hn (ξ ·η) =
∫

Ω
G(ξ ·ζ ) Pn (η ·ζ ) dω (ζ ) = G∧(n)Pn (ξ ·η) (7.12)

for all n ∈ N0 and all ξ , η ∈ Ω . ��
Note that Lp[−1,1] ⊂ L1[−1,1] for all p ∈ [1,+∞[ due to Theorem 2.6 on p. 17.
Hence, the Funk–Hecke formula is applicable to all functions on [−1,1] that we
might want to use for spherical convolutions.

Corollary 7.4. Let G ∈ Lq[−1,1] with q ∈]1,+∞[ and Yn ∈ Harmn(Ω) for a given
n ∈ N0. Then

(G∗Yn) (ξ ) = G∧(n)Yn(ξ ) (7.13)

for all ξ ∈ Ω .

Proof. We use the reproducing kernel of Harmn(Ω) (see Theorem 5.16 on p. 111),
Fubini’s theorem, the Funk–Hecke formula, and again Theorem 5.16 to derive (note
again the use of different colors for the different integrals)

(G∗Yn) (ξ ) =
∫

Ω
G(ξ ·η)Yn(η)dω(η)

=

∫
Ω

G(ξ ·η)
∫

Ω
Yn(ζ )

2n+ 1
4π

Pn(ζ ·η)dω(ζ )dω(η)

=
2n+ 1

4π

∫
Ω

Yn(ζ )
∫

Ω
G(ξ ·η)Pn(ζ ·η)dω(η)dω(ζ )

=
2n+ 1

4π

∫
Ω

Yn(ζ )G∧(n)Pn(ξ ·ζ )dω(ζ )

= G∧(n)Yn(ξ ) (7.14)

for all n ∈ N0 and all ξ ∈ Ω .

This corollary now allows us to derive a main feature of the spherical convolution,
which actually justifies the name “convolution,” since the 1D-convolution has an
analogous property. ��
Theorem 7.5. Let G ∈ Lq[−1,1] and F ∈ Lp(Ω) with p,q ∈]1,+∞[ and 1

p +
1
q = 1

be given, and let Yn ∈ Harmn(Ω), n ∈N0, be an arbitrary spherical harmonic. Then

〈G∗F,Yn〉L2(Ω) = G∧(n) 〈F,Yn〉L2(Ω) . (7.15)

Proof. This result is a consequence of the definition of the spherical convolution
(Definition 7.1), Fubini’s theorem, and Corollary 7.4:

〈 G∗F,Yn 〉L2(Ω) =

∫
Ω
(G∗F)(ξ )Yn(ξ )dω(ξ )

=
∫

Ω

∫
Ω

G(ξ ·η)F(η)dω(η)Yn(ξ )dω(ξ )
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=

∫
Ω

F(η)
∫

Ω
G(ξ ·η)Yn(ξ )dω(ξ )dω(η)

=

∫
Ω

F(η)G∧(n)Yn(η)dω(η)

= G∧(n)〈F ,Yn 〉L2(Ω) . (7.16)

��
Corollary 7.6. Let G∈ Lq[−1,1] and F ∈Lp(Ω) with p,q∈]1,+∞[ and 1

p +
1
q = 1.

Then the Fourier series of G∗F ∈ L2(Ω) is given (in the sense of L2(Ω)) by

G∗F =
∞

∑
n=0

2n+1

∑
j=1

G∧(n)F∧(n, j)Yn, j . (7.17)

Equation (7.17) is a key to the introduction of Approximate Identities and
wavelets on the sphere Ω . If F ∈ L2(Ω) is our signal, we can manipulate its
Fourier coefficients by convolving it with a function G ∈ L2[−1,1] whose Legendre
coefficients we previously designed to fulfill our purposes. For instance, if we want
to suppress the Fourier coefficients of F corresponding to high degrees (e.g., because
they are too noisy), we choose a monotonically decreasing sequence (G∧(n))n∈N0 .1

By varying the speed of the decay of this sequence, we get low-pass filters of
different “strengths.” In some limit, that we will have to discuss further, we could get
the whole signal F again. This provides us with the prerequisites for an Approximate
Identity (which itself is a starting point for wavelets here).

Before we can proceed, we also have to define how to convolve two zonal
functions.

Definition 7.7. Let G,H ∈ L2[−1,1] be given. Then the convolution G ∗ H :
[−1,1]→R is defined by

(G∗H)(ξ ·η) =
∫

Ω
G(ξ ·ζ )H (ζ ·η) dω(ζ ), ξ ,η ∈ Ω . (7.18)

Theorem 7.8. For all G,H ∈ L2[−1,1], the convolution G ∗H is, indeed, a zonal
function in L2[−1,1] and the Legendre coefficients satisfy

(G∗H)∧ (n) = G∧(n)H∧(n) ∀n ∈ N0. (7.19)

Proof.

(1) A zonal function:
We consider the function K : Ω ×Ω → R defined by

K(ξ ,η) :=
∫

Ω
G(ξ ·ζ )H(ζ ·η)dω(ζ ), ξ ,η ∈ Ω . (7.20)

1Note that limn→∞ G∧(n) = 0 is necessary for the convergence of the Legendre series expansion of
G. This also contributes to the attenuation of the signal. Furthermore, we can choose G such that
there exists N ∈ N with G∧(n) = 0 for all n ≥ N.
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In analogy to part 1 of the proof of the Funk–Hecke formula (Theorem 7.3), we
can show that K(Aξ ,Aη) = K(ξ ,η) for all ξ ,η ∈ Ω and every orthogonal 3× 3-
matrix A. Then part 2 of the proof of the addition theorem (Theorem 5.11 on p. 103)
implies that K(ξ ,η) depends on the inner product ξ ·η only.

(2) G∗H ∈ L2[−1,1]:
Once again, we use Theorem 4.16 (see p. 93) and once more the Cauchy–Schwarz
inequality:

‖G∗H‖2
L2[−1,1] =

1
2π

∫
Ω
[(G∗H)(ξ ·η)]2 dω(η)

=
1

2π

∫
Ω

[∫
Ω

G(ξ ·ζ )H(ζ ·η)dω(ζ )
]2

dω(η)

≤ 1
2π

∫
Ω

∫
Ω

G(ξ ·ζ )2 dω(ζ )
∫

Ω
H(ζ ·η)2 dω(ζ )dω(η)

= 2π
∫

Ω

∫ 1

−1
G(t)2 dt

∫ 1

−1
H(t)2 dt dω(η)

= 8π2‖G‖2
L2[−1,1]‖H‖2

L2[−1,1] <+∞ , (7.21)

where ξ ∈ Ω is arbitrary.

(3) The Legendre coefficients:
Equation (7.19) can be derived from the definition of the Legendre coefficients
(Definition 3.15 on p. 45), Theorem 4.16 (with an arbitrary ξ ∈ Ω ), Definition 7.7,
Fubini’s theorem, and the Funk–Hecke formula (Theorem 7.3, applied twice) and
the definition of the Legendre polynomials (Definition 3.10 on p. 41) as follows:

(G∗H)∧ (n) = 2π
∫ 1

−1
(G∗H)(t)Pn(t)dt

=

∫
Ω
(G∗H)(ξ ·η)Pn(ξ ·η)dω(η)

=
∫

Ω

∫
Ω

G(ξ ·ζ )H(ζ ·η)dω(ζ )Pn(ξ ·η)dω(η)

=
∫

Ω
G(ξ ·ζ )

∫
Ω

H(ζ ·η)Pn(ξ ·η)dω(η)dω(ζ )

=

∫
Ω

G(ξ ·ζ )H∧(n)Pn(ζ ·ξ )dω(ζ )

= G∧(n)H∧(n)Pn(ξ ·ξ )
= G∧(n)H∧(n) (7.22)

for all n ∈ N0. ��
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We can now summarize Corollary 7.6 and Theorem 7.8 as follows: If G,H ∈
L2[−1,1] and F ∈ L2(Ω), then

G∗ (H ∗F) =
∞

∑
n=0

2n+1

∑
j=1

G∧(n)H∧(n)F∧(n, j)Yn, j

= (G∗H)∗F

= (H ∗G)∗F

= H ∗ (G∗F) (7.23)

in the sense of L2(Ω).
Furthermore, iterated kernels can be defined as well.

Definition 7.9. If G ∈ L2[−1,1], then the k-th iterated kernel G(k) for k ∈ N is
defined recursively by

G(1) := G ,

G(k+1) := G(k) ∗G ∀k ∈ N . (7.24)

Theorem 7.10. If G ∈ L2[−1,1] and k ∈ N, then the Legendre coefficients of the
k-th iterated kernel G(k) satisfy

(
G(k)

)∧
(n) =

(
G∧(n)

)k ∀n ∈ N0. (7.25)

Theorem 7.10 is an immediate consequence of Theorem 7.8.

7.2 Scaling Functions

Scaling functions on the sphere are used to construct an Approximate Identity. We
first define a scaling function (see also [128] for a generalized approach).

Definition 7.11. A family {ΦJ}J∈N0 ⊂ L2[−1,1] is called a (spherical) scaling
function if the Legendre coefficients of the functions ΦJ satisfy the following
conditions:

(S1) For all n,J ∈ N0, we have Φ∧
J (n)≤ Φ∧

J+1(n). In other words, for all n ∈ N0,
the sequence (Φ∧

J (n))J∈N0 is monotonically increasing.
(S2) limJ→∞ Φ∧

J (n) = 1 for all n ∈ N0.
(S3) Φ∧

J (n)≥ 0 for all n,J ∈ N0.

Remark 7.12. Some comments should be made here:

(a) It depends on your particular preference if you call each ΦJ a scaling function
or if you use this name for the whole family {ΦJ}J∈N0 . You will find both in the
literature.
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(b) Based on many years of experience in teaching scaling functions, wavelets etc.,
let me remind you that (S1) is a condition for the monotonicity of the Legendre
coefficients. In no way does it include any monotonicity property of the scaling
functions themselves.

(c) Note that there are actually four conditions on the scaling function, since the
requirement ΦJ ∈ L2[−1,1] is not trivial, as you will see below.

(d) More precisely, these are scale-discrete scaling functions since we make definite
steps “+1” from one scale J ∈ N0 to the next one J + 1. There is also a scale-
continuous theory (see, e.g., [76–78, 128]), which is, however, not useful for
numerical purposes.

(e) Note that, though the spherical scaling functions correspond to functions on the
interval [−1,1], the reference to the sphere makes sense, as you will see soon.
We will namely use them as zonal functions Ω � η �→ ΦJ(ξ ·η) with (fixed)
ξ ∈ Ω .

We will now investigate a way of constructing a scaling function out of a so-
called generator. This corresponds to the mentioned ambiguity in the use of the
name “scaling function” since, in this case, one single function (e.g., Φ0) defines
the whole family.

Definition 7.13. A function γ0 : R+
0 → R is called admissible if it satisfies the

admissibility condition:

∞

∑
n=0

2n+ 1
4π

(
sup

x∈[n,n+1[
|γ0(x)|

)2

<+∞. (7.26)

We will later define the scaling function by using a family of functions ϕJ :R+
0 →

R, J ∈ N0, and setting Φ∧
J (n) := ϕJ(n) for all J,n ∈ N0. We will see first that the

requirement ΦJ ∈ L2[−1,1] corresponds to the admissibility of ϕJ .

Theorem 7.14. If γ0 : R+
0 → R is admissible, then a function Γ0 ∈ L2[−1,1] is

defined by setting the Legendre coefficients as follows:

Γ ∧
0 (n) := γ0(n) ∀n ∈ N0. (7.27)

Proof. We have to verify that ‖Γ0‖L2[−1,1] < +∞. Using the Parseval identity (see
Theorem 2.18 on p. 21), Theorem 3.14 on p. 44, and Definition 3.15, we obtain

‖Γ0‖2
L2[−1,1] =

∞

∑
n=0

〈
Γ0, ‖Pn‖−1

L2[−1,1] Pn

〉2

L2[−1,1]

=
∞

∑
n=0

2n+ 1
2

〈Γ0, Pn〉2
L2[−1,1]
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=
1

2π

∞

∑
n=0

2n+ 1
4π

(
Γ ∧

0 (n)
)2

≤ 1
2π

∞

∑
n=0

2n+ 1
4π

(
sup

x∈[n,n+1[
|γ0(x)|

)2

<+∞ . (7.28)

��
The trick to construct a whole family of admissible functions out of one

admissible function is the so-called dilation (see also Fig. 7.1).

Definition 7.15. The dilation operator DJ , where J ∈ N0, maps a given function
γ0 : R+

0 → R to a function DJγ0 := γJ with

γJ(x) := γ0
(
2−Jx

) ∀x ∈R
+
0 . (7.29)

γJ is called a dilated function.

Theorem 7.16. If γ0 : R+
0 → R is admissible, then every corresponding dilated

function γJ, J ∈ N0, is admissible.

Proof. We prove the theorem by induction. By the assumption of the theorem, γ0

is admissible. Now let γJ be admissible for an arbitrary but fixed J ∈ N0. Then we
proceed as follows:

AJ+1,N :=
N

∑
n=0

2n+ 1
4π

(
sup

y∈[n,n+1[
|γJ+1(y)|

)2

=
N

∑
n=0

2n+ 1
4π

sup
y∈[n,n+1[

(
γJ

( y
2

))2

x:=y/2
=

N

∑
n=0

2n+ 1
4π

sup
x∈[n/2,(n+1)/2[

(γJ(x))
2
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=
N

∑
n=0

n even

2n+ 1
4π

sup
x∈[n/2,(n+1)/2[

(γJ(x))
2

+
N

∑
n=0

n odd

2n+ 1
4π

sup
x∈[n/2,(n+1)/2[

(γJ(x))
2 . (7.30)

We now consider, as we indicated in the previous line, all even n separately from all
odd n:

• Every even n is represented by n = 2k, where n = 0, . . . ,N corresponds (for even
n) to k = 0, . . . ,�N

2 � with �·� representing the Gaussian bracket [see (3.165) on
p. 71].

• Every odd n is representable by n = 2k+ 1.
If N is odd, then k = �N

2 � yields n = 2�N
2 �+ 1 = (N − 1)+ 1= N.

However, if N is even, then k = �N
2 � yields n = 2�N

2 �+ 1 = N + 1. Hence, in
this case, we get one more summand such that we obtain an inequality.

Thus,

AJ+1,N ≤
�N/2�
∑
k=0

4k+ 1
4π

sup
x∈[k,k+1/2[

(γJ(x))
2 +

�N/2�
∑
k=0

4k+ 3
4π

sup
x∈[k+1/2,k+1[

(γJ(x))
2

≤
�N/2�
∑
k=0

4k+ 3
4π︸ ︷︷ ︸

≤ 6k+3
4π

(
sup

x∈[k,k+1/2[
(γJ(x))

2 + sup
x∈[k+1/2,k+1[

(γJ(x))
2

︸ ︷︷ ︸
≤2supx∈[k,k+1[(γJ(x))

2

)

≤ 6
∞

∑
k=0

2k+ 1
4π

sup
x∈[k,k+1[

(γJ(x))
2 , (7.31)

where the right-hand side is finite due to the assumption of the induction. Hence,
limN→∞ AJ+1,N exists and is finite. ��

Up to now, we have managed to construct a family {ΓJ}J∈N0 ⊂ L2[−1,1] out of
a function γ0 : R+

0 → R by requiring the admissibility condition for γ0 and setting
Γ ∧

J (n) := γJ(n) = γ0
(
2−Jn

)
for all J,n ∈ N0. We will also use this for the wavelets

later, which is why we used the somewhat “neutral” notation with the letters γ and
Γ up to this point.

We need further conditions to make sure that (S1)–(S3) are satisfied too.

Definition 7.17. A function ϕ0 : R+
0 → R is called a generator of a scaling

function if it is admissible and additionally satisfies the following conditions:

(GS1) ϕ0(0) = 1.
(GS2) ϕ0 is continuous at 0.
(GS3) ϕ0 is monotonically decreasing.
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Theorem 7.18. If ϕ0 : R+
0 → R is a generator of a scaling function, then a scaling

function {ΦJ}J∈N0 ⊂ L2[−1,1] is defined by setting

Φ∧
J (n) := ϕJ(n) = ϕ0

(
2−Jn

) ∀n,J ∈N0. (7.32)

Proof. From Theorems 7.14 and 7.16, we already know that ΦJ ∈ L2[−1,1] for all
J ∈ N0. Now let us verify the remaining conditions of Definition 7.11:

(S1) Let n,J ∈ N0 be arbitrary. Then

Φ∧
J (n) = ϕ0

(
2−Jn

) (GS3)≤ ϕ0
(
2−J−1n

)
= Φ∧

J+1(n). (7.33)

(S2) For every n ∈ N0, we obtain

lim
J→∞

Φ∧
J (n) = lim

J→∞
ϕ0
(
2−Jn

) (GS2)
= ϕ0(0)

(GS1)
= 1. (7.34)

(S3) The admissibility condition for ϕ0 says that

∞

∑
n=0

2n+ 1
4π

(
sup

x∈[n,n+1[
|ϕ0(x)|

)2

<+∞. (7.35)

It is an elementary conclusion from real analysis that

lim
n→∞

(
sup

x∈[n,n+1[
|ϕ0(x)|

)2

= 0, (7.36)

where we can, certainly, skip the power of 2 here. This implies that

lim
x→∞

ϕ0(x) = 0. (7.37)

Referring to (GS3), we observe that ϕ0(x) ≥ 0 for all x ∈ R
+
0 . Hence,

Φ∧
J (n) = ϕ0(2−Jn)≥ 0 for all n,J ∈ N0. ��

We will now study several common scaling functions and try to classify them.
Note that the Clenshaw algorithm (Theorem 3.17 on p. 47) can be used to compute
the scaling functions.

Definition 7.19. A scaling function {ΦJ}J∈N0 ⊂ L2[−1,1] is called bandlimited
if, for every J ∈ N0, the coefficients Φ∧

J (n), n ∈ N0, are nonvanishing for only a
finite number of degrees n. Otherwise, {ΦJ}J∈N0 is called non-bandlimited.

All bandlimited scaling functions {ΦJ}J∈N0 have something in common: Each
ΦJ is a 1D-polynomial, and every ΦJ ∗F with F ∈ L2(Ω) is a polynomial on Ω .

Example 7.20. We now classify the following scaling functions depending on their
existing or nonexisting origin from a generator and their bandlimited or non-
bandlimited character.
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(A) Scaling Functions Constructed by a Generator
(A1) Bandlimited
(A1.1) Shannon Scaling Function

In some sense, the generator of the Shannon scaling function represents the
easiest way of defining a generator of a scaling function:

ϕ0(x) :=

{
1, 0 ≤ x < 1,
0, 1 ≤ x.

(7.38)

Consequently,

ΦJ(t) =
2J−1

∑
n=0

2n+ 1
4π

Pn(t) ∀ t ∈ [−1,1]. (7.39)

The generator and its scaling function are illustrated in Fig. 7.2. Note the
oscillatory behavior in comparison to the scaling functions discussed below. Note
also that ΦJ ∗F yields a truncated Fourier series of F ∈ L2(Ω), as we can derive
from Corollary 7.6:

(ΦJ ∗F) (ξ ) =
2J−1

∑
n=0

2n+1

∑
j=1

F∧(n, j)Yn, j(ξ ) ∀ξ ∈ Ω . (7.40)

(A1.2) Modified Shannon Scaling Function
This generator is now continuous but not everywhere differentiable. For a fixed
parameter h ∈]0,1[, we set

ϕ0(x) :=

⎧⎨
⎩

1, 0 ≤ x < h
1−x
1−h , h ≤ x < 1
0, 1 ≤ x

; (7.41)

see Fig. 7.3.
(A1.3) Cubic Polynomial Scaling Function

Note that the name of this scaling function, which is sometimes abbreviated as
cp scaling function or CuP scaling function, refers to the generator and not to the
obtained scaling function. It is given by

ϕ0(x) :=

{
(1− x)2(1+ 2x), 0 ≤ x < 1,

0, 1 ≤ x.
(7.42)

Note that, if we set ϕ0(x) = 1 for x < 0, then ϕ0 ∈ C(1)(R) with ϕ0(0) = 1,
ϕ0(1) = 0, and ϕ ′

0(0) = ϕ ′
0(1) = 0. The generator and the scaling function are

shown in Fig. 7.4.
(A1.4) Blackman Scaling Function

Another example of a bandlimited scaling function was introduced in [165]. It
represents in some sense a compromise of the modified Shannon scaling function
and the cp scaling function, since its generator starts with a constant part, but has
a smoother way down to 0. It is defined by
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Fig. 7.2 Dilated generator of the Shannon scaling function (top) as well as spatial plots of the
scaling functions Φ2 (second row) and Φ5 (third row) as 1D-function [−π ,π ] � ϑ �→ ΦJ(cos ϑ )
(left hand) and zonal function Ω � η �→ ΦJ(ξ ·η), where ξ is located in Rome

ϕ0(x) :=

⎧⎨
⎩

1, 0 ≤ x < 1
2 ,

21
50 − 1

2 cos(2πx)+ 2
25 cos(4πx) , 1

2 ≤ x < 1,
0, 1 ≤ x.

(7.43)

Note that

lim
x→1/2+

ϕ0(x) =
21
50

− 1
2

cosπ +
2
25

cos(2π) =
21
50

+
1
2
+

2
25

= 1 (7.44)
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Fig. 7.3 Dilated generator of the modified Shannon scaling function with the chosen parameter
h = 0.5 (top) as well as spatial plots of the scaling functions Φ2 (second row) and Φ5 (third row) as
1D-function [−π ,π ] � ϑ �→ ΦJ(cosϑ ) (left hand) and zonal function Ω � η �→ ΦJ(ξ ·η), where
ξ is located in Rome

and

lim
x→1−

ϕ0(x) =
21
50

− 1
2

cos(2π)+
2

25
cos(4π) =

21
50

− 1
2
+

2
25

= 0, (7.45)

that is, ϕ0 is continuous. Moreover, for 1
2 < x < 1, we get

ϕ ′
0(x) = π sin(2πx)− 8π

25
sin(4πx) . (7.46)
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Fig. 7.4 Dilated generator of the cp scaling function (top) as well as spatial plots of the scaling
functions Φ2 (second row) and Φ5 (third row) as 1D-function [−π ,π ]�ϑ �→ ΦJ(cos ϑ ) (left hand)
and zonal function Ω � η �→ ΦJ(ξ ·η), where ξ is located in Rome

As a consequence, we have

lim
x→1/2+

ϕ ′
0(x) = 0, lim

x→1−
ϕ ′

0(x) = 0, (7.47)

that is, ϕ0 is continuously differentiable. Furthermore, ϕ0 is, indeed, a generator
of a scaling function. To verify this, we observe that (GS1) and (GS2) in
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Definition 7.17 are trivially satisfied. In order to prove the validity of (GS3),
we first show that ϕ ′

0 has no zeros in ] 1
2 ,1[. If x were such a zero, then it would

have to satisfy

π sin(2πx) =
8π
25

sin(4πx) . (7.48)

Since sin(2πx)
= 0 for 1
2 < x < 1, (7.48) is equivalent to

25
8

=
sin (4πx)
sin (2πx)

. (7.49)

Using the well-known identity sin(2y) = 2siny cosy, y ∈ R, we arrive at

25
8

=
2sin(2πx)cos(2πx)

sin (2πx)
⇔ 25

16
= cos(2πx) , (7.50)

which has no real solution. Furthermore, we have

ϕ ′
0

(
3
4

)
= π sin

(
3
2

π
)
− 8π

25
sin(3π) =−π < 0, (7.51)

and ϕ ′
0 is continuous. Hence, ϕ ′

0 is negative on ] 1
2 ,1[, and we can, eventually,

conclude that ϕ0 is monotonically decreasing.
The generator and the scaling function are shown in Fig. 7.5.

(A2) Non-bandlimited
(A2.1) Rational Scaling Function

Like the cubic polynomial scaling function, the rational scaling function refers
in its name to its generator. For a fixed parameter s > 1, we set

ϕ0(x) := (1+ x)−s ∀x ∈ R
+
0 . (7.52)

For generators of non-bandlimited scaling functions, we have to verify the
admissibility condition, that is, we have to investigate the term

∞

∑
n=0

2n+ 1
4π

(
sup

x∈[n,n+1[
|ϕ0(x)|

)2

=
∞

∑
n=0

2n+ 1
4π

(1+ n)−2s. (7.53)

This series converges if and only if 1− 2s < −1, which is equivalent to s > 1.
Note that the series [see also (3.60) on p. 45]

ΦJ =
∞

∑
n=0

2n+ 1
4π

Φ∧
J (n)Pn =

∞

∑
n=0

2n+ 1
4π

(
1+ 2−Jn

)−s
Pn (7.54)

has to be truncated for numerical implementations.
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Fig. 7.5 Dilated generator of the Blackman scaling function (top) as well as spatial plots of the
scaling functions Φ2 (second row) and Φ5 (third row) as 1D-function [−π ,π ] � ϑ �→ ΦJ(cos ϑ )
(left hand) and zonal function Ω � η �→ ΦJ(ξ ·η), where ξ is located in Rome

For an illustration of ϕJ and ΦJ for s = 2, see Fig. 7.6. One can already see here
a typical feature of non-bandlimited scaling functions: They are more localized.

(A2.2) Modified Rational Scaling Function
For a fixed parameter s > 1

2 , we set

ϕ0(x) :=
(
1+ x2)−s ∀x ∈R

+
0 ; (7.55)

see Fig. 7.7, where s = 1 was chosen. The proof of the admissibility is analogous
to the proof for the rational scaling function.
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Fig. 7.6 Dilated generator of the rational scaling function with the chosen parameter s = 2 (top)
as well as spatial plots of the scaling functions Φ2 (second row) and Φ5 (third row) as 1D-function
[−π ,π ] � ϑ �→ ΦJ(cosϑ ) (left hand) and zonal function Ω � η �→ ΦJ(ξ ·η), where ξ is located
in Rome. The series expansion of ΦJ was truncated after degree 1,000

(A2.3) Abel–Poisson Scaling Function
We already know this scaling function. It is generated by

ϕ0(x) := e−Rx ∀x ∈ R
+
0 (7.56)
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Fig. 7.7 Dilated generator of the modified rational scaling function with the chosen parameter
s = 1 (top) as well as spatial plots of the scaling functions Φ2 (second row) and Φ5 (third row) as
1D-function [−π ,π ] � ϑ �→ ΦJ(cosϑ ) (left hand) and zonal function Ω � η �→ ΦJ(ξ ·η), where
ξ is located in Rome. The series expansion of ΦJ was truncated after degree 1,000

for a fixed parameter R > 0. It has an essential advantage in comparison to
other non-bandlimited scaling functions: It is not necessary to truncate the series,
because there is a closed representation (see Theorem 3.16 on p. 46):
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ΦJ(t) =
∞

∑
n=0

2n+ 1
4π

e−R2−Jn Pn(t)

=
1

4π
1− exp

(−R21−J
)

(1+ exp(−R21−J)− 2exp(−R2−J) t)3/2
∀ t ∈ [−1,1] . (7.57)

The admissibility is given due to the exponential decay of ϕ0. We even get a
uniform convergence of the series in (7.57). For an illustration, see Fig. 7.8.

(A2.4) Gauß–Weierstraß Scaling Function
The Gauß–Weierstraß scaling function has faster decaying Legendre coefficients
than the Abel–Poisson scaling function. It is, therefore, appropriate if a stronger
attenuation of the signal is desired. However, there is no closed representation
for the functions ΦJ . The generator of the scaling function is defined as follows:

ϕ0(x) := e−Rx(x+1) ∀x ∈ R
+
0 , (7.58)

where R > 0 is again a fixed parameter. For an illustration, see Fig. 7.9.
(B) Another Scaling Function

The (non-bandlimited) Tykhonov–Philips scaling function is of particular
importance in a more general setting which involves inverse problems (see
[128]). Its Legendre coefficients are defined as follows:

Φ∧
J (n) :=

1

1+ γ2
J,n

∀n,J ∈ N0, (7.59)

where (γJ,n)J,n∈N0 has to satisfy the following properties:

(a) For every J ∈ N0,

‖ΦJ‖2
L2[−1,1] =

1
2π

∞

∑
n=0

2n+ 1
4π

(
Φ∧

J (n)
)2

=
1

2π

∞

∑
n=0

2n+ 1
4π

(
1

1+ γ2
J,n

)2

<+∞ , (7.60)

see also (7.28).
(b) For every n ∈ N0, the sequence (γJ,n)J∈N0 is monotonically decreasing. This

guarantees that (S1) is satisfied.
(c) For all n ∈ N0, the convergence limJ→∞ γJ,n = 0 is needed to obtain (S2).

Note that (S3) is always satisfied.
Several choices for (γJ,n)J,n∈N0 are possible. If γJ,n = 2−Jn, one obtains, for
instance, the modified rational scaling function with s = 1. However, also non-
dilated versions are possible such as γJ,n =

n
J+1 ; see Fig. 7.10.

Our next step is to prove one of the fundamental properties of a spherical scaling
function.
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Fig. 7.8 Dilated generator of the Abel–Poisson scaling function with the chosen parameter R = 1
(top) as well as spatial plots of the scaling functions Φ2 (second row) and Φ5 (third row) as 1D-
function [−π ,π ]� ϑ �→ ΦJ(cosϑ ) (left hand) and zonal function Ω � η �→ ΦJ(ξ ·η), where ξ is
located in Rome

Theorem 7.21 (Spherical Approximate Identity). Let {ΦJ}J∈N0 be an arbitrary
scaling function and F ∈ L2(Ω) be an arbitrary function. Then

lim
J→∞

∥∥∥F −Φ(k)
J ∗F

∥∥∥
L2(Ω)

= 0 (7.61)

for all levels of iteration k ∈ N.
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Fig. 7.9 Dilated generator of the Gauß–Weierstraß scaling function with the chosen parameter
R = 1 (top) as well as spatial plots of the scaling functions Φ2 (second row) and Φ5 (third row) as
1D-function [−π ,π ]� ϑ �→ ΦJ(cosϑ ) (left hand) and zonal function Ω � η �→ ΦJ(ξ ·η), where ξ
is located in Rome. The series expansion of the scaling function was truncated after degree 1,000

We will use, in particular, the case k = 2 here.

Proof. From Corollary 7.6 and Theorem 7.10, we already know that

Φ(k)
J ∗F =

∞

∑
n=0

2n+1

∑
j=1

(
Φ∧

J (n)
)k

F∧(n, j)Yn, j (7.62)
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Fig. 7.10 Tykhonov–Philips scaling function ΦJ with the chosen sequence γJ,n = n
J+1 : The left-

hand plots show [−π ,π ]� ϑ �→ ΦJ(cos ϑ ), whereas the right-hand plots show the corresponding
zonal functions Ω � η �→ ΦJ(ξ ·η) with ξ located in Rome. The first row corresponds to J = 2
and the second one to J = 5. The series expansion was truncated after degree 1,000

and, consequently,

F −Φ(k)
J ∗F =

∞

∑
n=0

2n+1

∑
j=1

[
1− (

Φ∧
J (n)

)k
]

F∧(n, j)Yn, j (7.63)

in the sense of L2(Ω). Hence, the Parseval identity (see Theorem 5.25 on p. 122)
yields

∥∥∥F −Φ(k)
J ∗F

∥∥∥2

L2(Ω)
=

∞

∑
n=0

2n+1

∑
j=1

[
1− (

Φ∧
J (n)

)k
]2 (

F∧(n, j)
)2
. (7.64)

We now need to interchange the limit limJ→∞ with the series limN→∞ ∑N
n=0. For

this purpose, we recall the definition of a scaling function (see Definition 7.11).
Combining (S1)–(S3), we conclude that
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0 ≤ Φ∧
J (n)≤ 1 ∀n,J ∈ N0. (7.65)

Therefore,

0 ≤
[
1− (

Φ∧
J (n)

)k
]2 ≤ 1 ∀n,J ∈N0. (7.66)

Since F ∈ L2(Ω) and, consequently,

‖F‖2
L2(Ω) =

∞

∑
n=0

2n+1

∑
j=1

(
F∧(n, j)

)2
<+∞ (7.67)

(which is again a consequence of the Parseval identity in Theorem 5.25), the series
in (7.64) is uniformly convergent with respect to J ∈ N0. Thus, we get

lim
J→∞

∥∥∥F −Φ(k)
J ∗F

∥∥∥2

L2(Ω)
=

∞

∑
n=0

2n+1

∑
j=1

lim
J→∞

[
1− (

Φ∧
J (n)

)k
]2

︸ ︷︷ ︸
(S2)
= 0

(
F∧(n, j)

)2
= 0. (7.68)

��
Moreover, the spherical scaling functions can be used to construct a multiresolution
analysis (see Theorem 3.35 on p. 74 for the Euclidean case).

Theorem 7.22 (Spherical Multiresolution Analysis). Let {ΦJ}J∈N0 ⊂ L2[−1,1]
be a scaling function. Then the scale spaces {VJ}J∈N0 defined by

VJ :=
{

Φ(2)
J ∗F

∣∣∣ F ∈ L2(Ω)
}

(7.69)

represent a multiresolution analysis, that is,

(i) V0 ⊂ ·· · ⊂VJ ⊂VJ+1 ⊂ ·· · ⊂ L2(Ω) for all J ∈ N0.

(ii)
⋃

J∈N0
VJ

‖·‖L2(Ω) = L2(Ω).

Proof.

(1) VVV JJJ ⊂⊂⊂ L222(((ΩΩΩ))):
Theorem 7.8 yields that Φ(2)

J ∈ L2[−1,1]. In combination with Theorem 7.2, we get

that Φ(2)
J ∗F ∈ L2(Ω) for all F ∈ L2(Ω).

(2) VVV JJJ ⊂⊂⊂VVV JJJ+++111:
Let F ∈ L2(Ω) be arbitrary such that Φ(2)

J ∗F represents an arbitrary element of VJ .

We have to show that Φ(2)
J ∗F ∈ VJ+1. In other words, we have to find G ∈ L2(Ω)

such that Φ(2)
J ∗F = Φ(2)

J+1 ∗G ∈VJ+1. We will show here that
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G∧(n, j) :=

⎧⎨
⎩
(

Φ∧
J (n)

Φ∧
J+1(n)

)2
F∧(n, j), if Φ∧

J+1(n)
= 0

0, if Φ∧
J+1(n) = 0

, (7.70)

n∈N0, j ∈ {1, . . . ,2n+1}, yields the desired result. First, we verify that G∈ L2(Ω)
by using the Parseval identity (see Theorem 5.25 on p. 122):

‖G‖2
L2(Ω) =

∞

∑
n=0

Φ∧
J+1(n)
=0

2n+1

∑
j=1

(
Φ∧

J (n)
Φ∧

J+1(n)

)4 (
F∧(n, j)

)2

(S1),(S3)
≤

∞

∑
n=0

Φ∧
J+1(n)
=0

2n+1

∑
j=1

(
F∧(n, j)

)2

≤ ‖F‖2
L2(Ω) <+∞ . (7.71)

Furthermore, (S1) in combination with (S3) yields that 0 ≤ Φ∧
J (n) ≤ Φ∧

J+1(n) for
all n, J ∈ N0. Hence, if Φ∧

J+1(n) = 0, then Φ∧
J (n) = 0. In other words,

{
n ∈ N0 | Φ∧

J+1(n) = 0
}⊂ {

n ∈ N0 | Φ∧
J (n) = 0

}
. (7.72)

Now, we can apply (7.23) to get

Φ(2)
J+1 ∗G =

∞

∑
n=0

2n+1

∑
j=1

(
Φ∧

J+1(n)
)2

G∧(n, j)Yn, j

=
∞

∑
n=0

Φ∧
J+1(n)
=0

2n+1

∑
j=1

(
Φ∧

J+1(n)
)2
(

Φ∧
J (n)

Φ∧
J+1(n)

)2

F∧(n, j)Yn, j

=
∞

∑
n=0

Φ∧
J+1(n)
=0

2n+1

∑
j=1

(
Φ∧

J (n)
)2

F∧(n, j)Yn, j

=
∞

∑
n=0

2n+1

∑
j=1

(
Φ∧

J (n)
)2

F∧(n, j)Yn, j

= Φ(2)
J ∗F (7.73)

in the sense of L2(Ω).
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Fig. 7.11 Multiresolution analysis Φ (2)
J ∗F for F(ξ (ϕ ,ϑ )) = e−ξ2(ϕ,ϑ) + 0.5sin(10ϕ) (see top)

and the cp scaling function. The figure shows Φ (2)
J ∗F for J = 3 (middle left hand), J = 4 (middle

right hand), J = 5 (bottom left hand), and J = 6 (bottom right hand)

(3) The density property:
Part (ii) of the theorem is an immediate consequence of the fact that the scaling
function represents an Approximate Identity (see Theorem 7.21): Let F ∈ L2(Ω)
be arbitrary. Then ΦJ ∗F ∈ VJ for each J ∈ N0, that is, the sequence (ΦJ ∗F)J∈N0

belongs to
⋃

J∈N0
VJ . Since this sequence converges to F in the sense of ‖ · ‖L2(Ω),

the theorem is proved. ��
We demonstrate the method in Fig. 7.11, where Φ(2)

J ∗ F is calculated for the
function F(ξ (ϕ ,ϑ)) = e−ξ2(ϕ,ϑ )+0.5sin(10ϕ) (ϕ and ϑ are the polar coordinates).
The chosen scaling function is the cp scaling function. Obviously, the method is
able to separate parts of different spatial size. Moreover, for increasing scales, the
approximation improves. Furthermore, Fig. 7.12 shows the corresponding functions

for a noisy F . The results show that the low-pass filters Φ(2)
J are also appropriate

for denoising. For the numerical integrations, the Driscoll–Healy method (see
Theorem 7.33) with polynomial accuracy up to degree 129 was used.
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Fig. 7.12 The function in Fig. 7.11 is now replaced by F + ε , where the samples of ε are

pseudorandom numbers on the interval ]0,1[. The convolutions Φ (2)
J ∗ (F +ε) reduce, in particular

for low scales, the noise in the data

7.3 Wavelets

Based on a given scaling function, wavelets can be constructed.

Definition 7.23. Let {ΦJ}J∈N0 ⊂ L2[−1,1] be a given scaling function. Then
families {ΨJ}J∈N0∪{−1}, {Ψ̃J}J∈N0∪{−1} ⊂L2[−1,1] are called a (spherical) primal
and a (spherical) dual wavelet, respectively, if their Legendre coefficients satisfy
the following refinement equation:

Ψ∧
J (n)Ψ̃∧

J (n) =
(
Φ∧

J+1(n)
)2 − (

Φ∧
J (n)

)2 ∀n,J ∈ N0. (7.74)

The functions Ψ0 and Ψ̃0 are called the primal and dual mother wavelets, respec-
tively. Moreover, we set Ψ−1 := Ψ̃−1 := Φ0.

The meaning of the name “mother wavelet” becomes clear when we study how
generators can be used again to construct such a family of kernels by dilation. In
this sense, Φ0 could also be called a mother scaling function.

Theorem 7.24. Let ϕ0 be a generator of a scaling function. Then all functions
ψ0, ψ̃0 : R+

0 →R which are admissible and satisfy the refinement equation
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ψ0(x)ψ̃0(x) =
(

ϕ0

( x
2

))2 − (ϕ0(x))
2 ∀x ∈R

+
0 (7.75)

are generators of a primal and a dual mother wavelet, respectively, that is, the
families {ΨJ}J∈N0∪{−1}, {Ψ̃J}J∈N0∪{−1} ⊂ L2[−1,1] defined via their Legendre
coefficients by dilating ψ0 and ψ̃0 as

Ψ∧
J (n) := ψJ(n) = ψ0

(
2−Jn

)
, Ψ̃∧

J (n) := ψ̃J(n) = ψ̃0
(
2−Jn

) ∀n,J ∈ N0

(7.76)
and by

Ψ∧
−1(n) := Ψ̃∧

−1(n) := ϕ0(n) ∀n ∈ N0 (7.77)

are a primal and a dual wavelet, respectively.

Proof. Due to Theorems 7.14 and 7.16, we have ΨJ,Ψ̃J ∈ L2[−1,1] for all J ∈ N0 ∪
{−1}. Moreover, the refinement equation (7.74) is an immediate consequence of
the refinement equation (7.75) and (7.76), since

Ψ∧
J (n)Ψ̃∧

J (n) = ψ0
(
2−Jn

)
ψ̃0

(
2−Jn

)

=
(
ϕ0
(
2−J−1n

))2 − (
ϕ0
(
2−Jn

))2

=
(
Φ∧

J+1(n)
)2 − (

Φ∧
J (n)

)2
(7.78)

for all n,J ∈ N0. ��
Note that the wavelets are not uniquely determined by the scaling function. In
particular, two choices are common.

Definition 7.25. Let {ΦJ}J∈N0 ⊂ L2[−1,1] be a scaling function.

(a) The primal and dual wavelets defined by

Ψ∧
J (n) := Ψ̃∧

J (n) :=
√(

Φ∧
J+1(n)

)2 − (
Φ∧

J (n)
)2 ∀n,J ∈ N0 (7.79)

and Ψ−1 := Ψ̃−1 := Φ0 are called the P-wavelets.
(b) The primal and dual wavelets defined by

Ψ∧
J (n) := Φ∧

J+1(n)−Φ∧
J (n) ∀n,J ∈ N0

Ψ̃∧
J (n) := Φ∧

J+1(n)+Φ∧
J (n) ∀n,J ∈ N0

Ψ−1 := Ψ̃−1 := Φ0 (7.80)

are called the M-wavelets.

Remark 7.26. Here are some comments on these types of wavelets:

(a) As we mentioned above, there is also a scale-continuous wavelet theory. In this
context, wavelet scales are not summed up but integrated. Since this is not
practical, one introduces scale-discretized wavelets which integrate the scales
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in small steps. The results are scale-discrete wavelets, which are called wavelet
packets. These wavelets coincide with the P-wavelets. This is the reason for
the abbreviation P. For further details, see [66, Sect. 10.3] and [128, Sect. 2.3].
P-wavelets are most commonly used, since the identity ΨJ = Ψ̃J reduces the
computational costs.

(b) The radicand in (7.79) is nonnegative due to condition (S1) in the definition of
a scaling function (Definition 7.11).

(c) “M” is an abbreviation for “modified.” The M-wavelets can also be derived from
the scale-continuous theory (see [66, Sect. 10.3]). Note that the presented theory

is bilinear. A linear theory would use ΦJ ∗F instead of Φ(2)
J ∗F for the scale

spaces and have only one wavelet instead of a primal and a dual wavelet. In this
context, the primal M-wavelet from the bilinear approach is the unique wavelet
corresponding to a given scaling function in the linear theory.

(d) In the case of the use of generators, the P-wavelets are defined by

ψ0(x) := ψ̃0(x) :=
√
(ϕ1(x))

2 − (ϕ0(x))
2 ∀x ∈ R

+
0 , (7.81)

and the M-wavelets are defined by

ψ0(x) := ϕ1(x)−ϕ0(x) ∀x ∈R
+
0

ψ̃0(x) := ϕ1(x)+ϕ0(x) ∀x ∈R
+
0 . (7.82)

A dilation obviously yields (7.79) and (7.80), respectively.

In order to use the P- and M-wavelets, we have to verify that they satisfy the
requirements of Definition 7.23.

Theorem 7.27. The P- and M-wavelets defined in Definition 7.25 are, indeed,
wavelets associated to a scaling function {ΦJ}J∈N0 .

Proof. The verification of the refinement equation (7.74) is trivial. It remains to
show that ΨJ , Ψ̃J ∈ L2[−1,1] for all J ∈ N0 in both cases. For the P-wavelets, we
obtain [see (7.28)]

‖ΨJ‖2
L2[−1,1] =

∥∥Ψ̃J
∥∥2

L2[−1,1] =
1

2π

∞

∑
n=0

2n+ 1
4π

(
Ψ∧

J (n)
)2

=
1

2π

∞

∑
n=0

2n+ 1
4π

(
Φ∧

J+1(n)
)2 − 1

2π

∞

∑
n=0

2n+ 1
4π

(
Φ∧

J (n)
)2

for all J ∈N0, where both series in the last line are convergent, because ΦJ , ΦJ+1 ∈
L2[−1,1] by definition. For the M-wavelets, we use (S1) and (S3) in Definition 7.11
to derive

∣∣Ψ∧
J (n)

∣∣ ≤ ∣∣Φ∧
J+1(n)

∣∣+ ∣∣Φ∧
J (n)

∣∣≤ 2Φ∧
J+1(n) ∀n,J ∈ N0∣∣Ψ̃∧

J (n)
∣∣ ≤ ∣∣Φ∧

J+1(n)
∣∣+ ∣∣Φ∧

J (n)
∣∣≤ 2Φ∧

J+1(n) ∀n,J ∈ N0 . (7.83)
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Hence,

max
(
‖ΨJ‖2

L2[−1,1] ,
∥∥Ψ̃J

∥∥2
L2[−1,1]

)
≤ 2

π

∞

∑
n=0

2n+ 1
4π

(
Φ∧

J+1(n)
)2

<+∞. (7.84)

��
Since the scaling functions can be interpreted as low-pass filters, the refinement
equation (7.74) shows that the wavelets represent differences of low-pass filters.
Hence, they are considered to be band-pass filters.

We will now study the P-wavelets corresponding to the scaling functions listed
in Example 7.20.

Example 7.28. We start again with the bandlimited kernels which are derived from
a generator. Note that we sometimes use the representation of the generator and
sometimes the Legendre symbols.

(A1.1) Shannon P-Wavelet
In this case, we have

ϕJ(x) =

{
1, 0 ≤ x < 2J

0, 2J ≤ x
⇒Ψ∧

J (n) = Ψ̃∧
J (n) =

⎧⎨
⎩

0, 0 ≤ n < 2J,

1, 2J ≤ n < 2J+1,

0, 2J+1 ≤ n.
(7.85)

Consequently,

ΨJ(t) = Ψ̃J(t) =
2J+1−1

∑
n=2J

2n+ 1
4π

Pn(t) ∀ t ∈ [−1,1] . (7.86)

For plots of the generator and the wavelet, see Fig. 7.13.
(A1.2) Modified Shannon P-Wavelet

We choose again a fixed parameter h ∈]0,1[. Since

ϕ0(x) =

⎧⎨
⎩

1, 0 ≤ x < h
1−x
1−h , h ≤ x < 1
0, 1 ≤ x

, ϕ1(x) =

⎧⎪⎨
⎪⎩

1, 0 ≤ x < 2h
1−x/2
1−h , 2h ≤ x < 2
0, 2 ≤ x

∀x ∈ R
+
0 ,

(7.87)
we have to distinguish two cases.

Case 1, h ≤ 1
2 :

ψ0(x)= ψ̃0(x)=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, 0 ≤ x < h√
1− (

1−x
1−h

)2
=

√
−2h+h2+2x−x2

1−h , h ≤ x < 2h√(
1−x/2
1−h

)2 − (
1−x
1−h

)2
=

√
x−3x2/4
1−h , 2h ≤ x < 1

1−x/2
1−h , 1 ≤ x < 2
0, 2 ≤ x

∀x∈R
+
0 .

(7.88)
Case 2, h > 1

2 :
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Fig. 7.13 Dilated generator of the Shannon P-wavelet (top) as well as spatial plots of the wavelets
Ψ2 (second row) and Ψ5 (third row) as 1D-function [−π ,π ] � ϑ �→ ΨJ(cosϑ ) (second and third
row, left hand) and zonal function Ω � η �→ ΨJ(ξ ·η), where ξ is located in Rome (second and
third row, right hand)

ψ0(x) = ψ̃0(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0, 0 ≤ x < h√
1− (

1−x
1−h

)2
=

√
−2h+h2+2x−x2

1−h , h ≤ x < 1

1, 1 ≤ x < 2h
1−x/2
1−h , 2h ≤ x < 2
0, 2 ≤ x

∀x ∈ R
+
0 .

(7.89)
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Fig. 7.14 Dilated generator of the modified Shannon P-wavelet with the chosen parameter h =
0.25 (top) as well as spatial plots of the wavelets Ψ2 (second row) and Ψ5 (third row) as 1D-function
[−π ,π ]� ϑ �→ΨJ(cosϑ ) (second and third row, left hand) and zonal function Ω � η �→ΨJ(ξ ·η),
where ξ is located in Rome (second and third row, right hand)

Figure 7.14 shows the (dilated) generator and the wavelet in the case h= 0.25.

(A1.3) cp P-Wavelet
Since

Φ∧
J (n) =

{(
1− 2−Jn

)2 (
1+ 21−Jn

)
, 0 ≤ n < 2J

0, 2J ≤ n
∀J,n ∈ N0, (7.90)
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Fig. 7.15 Dilated generator of the cp P-wavelet (top) as well as spatial plots of the wavelets Ψ2
(second row) and Ψ5 (third row) as 1D-function [−π ,π ] � ϑ �→ΨJ(cos ϑ ) (second and third row,
left hand) and zonal function Ω � η �→ΨJ(ξ ·η), where ξ is located in Rome (second and third
row, right hand)

we obtain

Ψ∧
J (n) = Ψ̃∧

J (n)

=

⎧⎪⎨
⎪⎩

[(
1−2−J−1n

)4 (
1+2−Jn

)2 − (
1−2−Jn

)4 (
1+21−Jn

)2
]1/2

, 0 ≤ n < 2J

(
1−2−J−1n

)2 (
1+2−Jn

)
, 2J ≤ n < 2J+1

0, 2J+1 ≤ n

(7.91)

for all J,n ∈N0; see Fig. 7.15.
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(A1.4) Blackman P-Wavelet
The P-wavelet corresponding to the Blackman scaling function is given by the
generator

ψ0(x) = ψ̃0(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0, 0 ≤ x < 1
2 ,√

1− [
21
50 − 1

2 cos(2πx)+ 2
25 cos(4πx)

]2
, 1

2 ≤ x < 1,
21
50 − 1

2 cos(πx)+ 2
25 cos(2πx) , 1 ≤ x < 2,

0, 2 ≤ x,
(7.92)

x ∈ R
+
0 . This generator and its wavelet are shown in Fig. 7.16.

(A2.1) Rational P-Wavelet
For a fixed parameter s > 1, we get

ψ0(x) = ψ̃0(x) =

√(
1+

x
2

)−2s − (1+ x)−2s ∀x ∈ R
+
0 (7.93)

such that

Ψ∧
J (n) = Ψ̃∧

J (n) =
√
(1+ 2−J−1n)−2s − (1+ 2−Jn)−2s ∀n,J ∈ N0 . (7.94)

The generator and the wavelet are shown in Fig. 7.17 for s = 2.
(A2.2) Modified Rational P-Wavelet

For a fixed parameter s > 1
2 , we find

ψ0(x) = ψ̃0(x) =

√(
1+

x2

4

)−2s

− (1+ x2)−2s ∀x ∈ R
+
0 (7.95)

such that

Ψ∧
J (n) = Ψ̃∧

J (n) =
√
(1+ 2−2J−2n2)−2s − (1+ 2−2Jn2)−2s ∀n,J ∈ N0 .

(7.96)

The corresponding illustration is Fig. 7.18, where s = 1.
(A2.3) Abel–Poisson P-Wavelet

A fixed parameter R > 0 is chosen. Then

ψ0(x) = ψ̃0(x) =
√

e−Rx − e−2Rx ∀x ∈ R
+
0 . (7.97)

Since this implies that

Ψ∧
J (n) = Ψ̃∧

J (n) =
√

e−R2−Jn − e−R21−Jn ∀n,J ∈ N0, (7.98)
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Fig. 7.16 Dilated generator of the Blackman P-wavelet (top) as well as spatial plots of the
wavelets Ψ2 (second row) and Ψ5 (third row) as 1D-function [−π ,π ] � ϑ �→ ΨJ(cos ϑ ) (second
and third row, left hand) and zonal function Ω � η �→ ΨJ(ξ ·η), where ξ is located in Rome
(second and third row, right hand)

we obtain

ΨJ(t) = Ψ̃J(t) =
∞

∑
n=0

2n+ 1
4π

√
e−R2−Jn − e−R21−Jn Pn(t) (7.99)

for all t ∈ [−1,1]; see Fig. 7.19. There is no closed representation for this series.
However,
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Fig. 7.17 Dilated generator of the rational P-wavelet with s = 2 (top) as well as spatial plots of the
wavelets Ψ2 (second row) and Ψ5 (third row) as 1D-function [−π ,π ]� ϑ �→ΨJ(cosϑ ) (second and
third row, left hand) and zonal function Ω � η �→ΨJ(ξ ·η), where ξ is located in Rome (second
and third row, right hand). The series expansion of ΨJ was truncated after degree 1,000

(
Ψ̃J ∗ΨJ

)
(t) =

∞

∑
n=0

Ψ̃∧
J (n)Ψ∧

J (n)
2n+ 1

4π
Pn(t)

=
∞

∑
n=0

(
Φ∧

J+1(n)
)2 2n+ 1

4π
Pn(t)−

∞

∑
n=0

(
Φ∧

J (n)
)2 2n+ 1

4π
Pn(t)
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Fig. 7.18 Dilated generator of the modified rational P-wavelet with s = 1 (top) as well as spatial
plots of the wavelets Ψ2 (second row) and Ψ5 (third row) as 1D-function [−π ,π ]� ϑ �→ΨJ(cos ϑ )
(second and third row, left hand) and zonal function Ω � η �→ ΨJ(ξ ·η), where ξ is located in
Rome (second and third row, right hand). The series expansion of ΨJ was truncated after degree
1,000

=
∞

∑
n=0

(
exp

(−R2−J))n 2n+1
4π

Pn(t)−
∞

∑
n=0

(
exp

(−R21−J))n 2n+1
4π

Pn(t)

=
1

4π
1− exp

(−R21−J
)

(1+ exp(−R21−J)− 2exp(−R2−J)t)3/2
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Fig. 7.19 Dilated generator of the Abel–Poisson P-wavelet with R = 1 (top) as well as spatial
plots of the wavelets Ψ2 (second row) and Ψ5 (third row) as 1D-function [−π ,π ]� ϑ �→ΨJ(cos ϑ )
(second and third row, left hand) and zonal function Ω � η �→ ΨJ(ξ ·η), where ξ is located in
Rome (second and third row, right hand). The series expansion of ΨJ was truncated after degree
1,000

− 1
4π

1− exp
(−R22−J

)
(1+ exp(−R22−J)− 2exp(−R21−J) t)3/2

(7.100)

for all t ∈ [−1,1].
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(A2.4) Gauß–Weierstraß P-Wavelet
In this case,

ψ0(x) = ψ̃0(x) =
√

e−Rx(x/2+1)− e−2Rx(x+1) ∀x ∈ R
+
0 (7.101)

for a fixed parameter R > 0, such that

Ψ∧
J (n) = Ψ̃∧

J (n) =
√

exp(−R2−Jn(2−J−1n+ 1))− exp(−R21−Jn(2−Jn+ 1))

(7.102)

for all n,J ∈N0; see Fig. 7.20.
(B) Tykhonov–Philips P-Wavelet

The definition of the P-wavelets in (7.79) yields here

Ψ∧
J (n) = Ψ̃∧

J (n) =

√√√√ 1(
1+ γ2

J+1,n

)2 − 1(
1+ γ2

J,n

)2 ∀n,J ∈ N0 . (7.103)

The wavelets Ψ2 and Ψ5 are plotted in Fig. 7.21 for γJ,n := n
J+1 .

As we already observed, the scaling functions allow us to look at the investigated
function F at different resolutions. The larger the scale J, the higher is the resolution
of the obtained image. In other words, with increasing scale, more and more details
of F become visible. It is, therefore, sometimes interesting to look for precisely
those details which are added to the solution. This task can be solved by wavelets.
This is based on the scale-step property, which is the fundamental property of
wavelets.

Definition 7.29. Let {ΨJ}J∈N0∪{−1} and {Ψ̃J}J∈N0∪{−1} be a primal and a dual
wavelet, respectively, corresponding to the same scaling function. Then the spaces

WJ :=
{

Ψ̃J ∗ΨJ ∗F
∣∣ F ∈ L2(Ω)

}
, J ∈N0 ∪{−1}, (7.104)

are the corresponding detail spaces.

Note that Theorem 7.8 in combination with Theorem 7.2 yields that WJ ⊂ L2(Ω)
for all J ∈ N0.
A fundamental property of spherical wavelets (as well as most other wavelets) is the
scale-step property (see also Theorem 3.35 on p. 74 for the case of Haar wavelets).
We will prove this feature now.

Theorem 7.30 (Scale-Step Property). Let the L2[−1,1]-families {ΨJ}J∈N0∪{−1}
and {Ψ̃J}J∈N0∪{−1} be a primal and a dual wavelet corresponding to the scaling
function {ΦJ}J∈N0 ⊂ L2[−1,1]. If F ∈ L2(Ω), then

Φ(2)
J2

∗F = Φ(2)
J1

∗F +
J2−1

∑
J=J1

Ψ̃J ∗ΨJ ∗F (7.105)
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Fig. 7.20 Dilated generator of the Gauß–Weierstraß P-wavelet with R = 1 (top) as well as spatial
plots of the wavelets Ψ2 (second row) and Ψ5 (third row) as 1D-function [−π ,π ]� ϑ �→ΨJ(cos ϑ )
(second and third row, left hand) and zonal function Ω � η �→ ΨJ(ξ ·η), where ξ is located in
Rome (second and third row, right hand). The series expansion of ΨJ was truncated after degree
1,000

for all J1,J2 ∈ N0 with J1 < J2 and

F = Φ(2)
J1

∗F +
∞

∑
J=J1

Ψ̃J ∗ΨJ ∗F (7.106)
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Fig. 7.21 Tykhonov–Philips P-wavelet ΨJ with the chosen sequence γJ,n := n
J+1 : The left-hand

plots show [−π ,π ]� ϑ �→ΨJ(cosϑ ), whereas the right-hand plots show the corresponding zonal
functions Ω � η �→ΨJ(ξ ·η) with ξ located in Rome. The first row corresponds to J = 2 and the
second one to J = 5. The series expansion was truncated after degree 1,000

in the sense of L2(Ω) for all J1 ∈ N0. Moreover,

VJ2 =VJ1 +
J2−1

∑
J=J1

WJ (7.107)

for all J1,J2 ∈ N0 with J1 < J2.

Proof.

(1) Let us step one scale forward:
Let F ∈ L2(Ω) and J ∈ N0 be arbitrary. Due to (7.23) and (7.74), we obtain

Φ(2)
J+1 ∗F =

∞

∑
n=0

2n+1

∑
j=1

(
Φ∧

J+1(n)
)2

F∧(n, j)Yn, j ,

Φ(2)
J ∗F =

∞

∑
n=0

2n+1

∑
j=1

(
Φ∧

J (n)
)2

F∧(n, j)Yn, j , (7.108)
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and

Ψ̃J ∗ΨJ ∗F =
∞

∑
n=0

2n+1

∑
j=1

Ψ̃∧
J (n)Ψ∧

J (n)F∧(n, j)Yn, j

=
∞

∑
n=0

2n+1

∑
j=1

[(
Φ∧

J+1(n)
)2 − (

Φ∧
J (n)

)2
]

F∧(n, j)Yn, j

= Φ(2)
J+1 ∗F −Φ(2)

J ∗F (7.109)

in the sense of L2(Ω).

(2) Identity (7.105):
The first part of the theorem now follows from (7.109) by induction.

(3) Identity (7.106):
The second part is a combination of (7.15) and Theorem 7.21.

(4) Scale and detail spaces:
From (7.105) we already obtain that

VJ2 ⊂VJ1 +
J2−1

∑
J=J1

WJ . (7.110)

However, the inclusion “⊃,” as we will explain now for the case J2 = J1+1 (the rest
is again an easy induction), is not trivial. An arbitrary element of VJ1 is represented

by Φ(2)
J1

∗F1 with F1 ∈ L2(Ω), and an arbitrary element of WJ1 is represented by

Ψ̃J1 ∗ΨJ1 ∗F2 with F2 ∈L2(Ω). The possibility that F1 
=F2 is the reason why (7.105)
does not suffice to show “⊃” in (7.107). We have to find, similarly to the proof of

Theorem 7.22, a function G∈ L2(Ω) such that Φ(2)
J1+1∗G=Φ(2)

J1
∗F1+Ψ̃J1 ∗ΨJ1 ∗F2.

We will write J instead of J1 to simplify the notation. Now let G ∈ L2(Ω) be
defined by

G∧(n, j)

:=

⎧⎨
⎩

(Φ∧
J (n))

2
F∧

1 (n, j)+
(
(Φ∧

J+1(n))
2−(Φ∧

J (n))
2
)

F∧
2 (n, j)

(Φ∧
J+1(n))

2 , if Φ∧
J+1(n)
= 0,

0, else.
(7.111)

First, we verify again that G ∈ L2(Ω) is indeed valid. We observe that (S1) and (S3)
(see Definition 7.11) imply

∣∣∣∣∣
(

Φ∧
J (n)

Φ∧
J+1(n)

)2

F∧
1 (n, j)

∣∣∣∣∣≤
∣∣F∧

1 (n, j)
∣∣ (7.112)
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and ∣∣∣∣∣
(
Φ∧

J+1(n)
)2 − (Φ∧

J (n))
2

(
Φ∧

J+1(n)
)2 F∧

2 (n, j)

∣∣∣∣∣≤
(
Φ∧

J+1(n)
)2

(
Φ∧

J+1(n)
)2

∣∣F∧
2 (n, j)

∣∣= ∣∣F∧
2 (n, j)

∣∣ .

(7.113)

Since F1,F2 ∈ L2(Ω) and L2(Ω) is a linear space, we can conclude that G ∈ L2(Ω).
Finally, (7.23), (7.111), (7.72), (7.74), and again (7.23) yield (in the sense of L2(Ω))

Φ(2)
J+1 ∗G

=
∞

∑
n=0

Φ∧
J+1(n)
=0

2n+1

∑
j=1

(
Φ∧

J+1(n)
)2

G∧(n, j)Yn, j

=
∞

∑
n=0

Φ∧
J+1(n)
=0

2n+1

∑
j=1

[(
Φ∧

J (n)
)2

F∧
1 (n, j)+

((
Φ∧

J+1(n)
)2 − (

Φ∧
J (n)

)2
)

F∧
2 (n, j)

]
Yn, j

=
∞

∑
n=0

2n+1

∑
j=1

[(
Φ∧

J (n)
)2

F∧
1 (n, j)+

((
Φ∧

J+1(n)
)2 − (

Φ∧
J (n)

)2
)

F∧
2 (n, j)

]
Yn, j

=
∞

∑
n=0

2n+1

∑
j=1

[(
Φ∧

J (n)
)2

F∧
1 (n, j)+Ψ̃∧

J (n)Ψ∧
J (n)F∧

2 (n, j)
]

Yn, j

= Φ(2)
J ∗F1 +Ψ̃J ∗ΨJ ∗F2 . (7.114)

Hence, (7.107) is proved. ��
Note that, in analogy to the spherical Fourier transform (see Definition 5.27 on

p. 123), one can define a spherical wavelet transform.

Definition 7.31. Let {ΨJ}J∈N0∪{−1} ⊂ L2[−1,1] be a primal wavelet. Then the
mapping

(SWT)J : L2(Ω) → L2(Ω)

F �→ ΨJ ∗F (7.115)

is called the corresponding spherical wavelet transform at scale J ∈N0 ∪{−1}.

With the introduced notations, some of the results in Theorem 7.30 can be
reformulated as follows: For all F ∈ L2(Ω) and all J1,J2 ∈ N0 with J1 < J2,

Φ(2)
J2

∗F = Φ(2)
J1

∗F +
J2−1

∑
J=J1

Ψ̃J ∗ (SWT)J (F), (7.116)

Φ(2)
J2

∗F =
J2−1

∑
J=−1

Ψ̃J ∗ (SWT)J (F), (7.117)
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F = Φ(2)
J1

∗F +
∞

∑
J=J1

Ψ̃J ∗ (SWT)J (F), (7.118)

F =
∞

∑
J=−1

Ψ̃J ∗ (SWT)J (F), (7.119)

where the series converge with respect to L2(Ω).
Note that the last equation can, in particular, be interpreted as the wavelet

analogue of the inverse Fourier transform

F =
∞

∑
n=0

2n+1

∑
j=1

F∧(n, j)Yn, j (7.120)

(with respect to L2(Ω)) and is, therefore, called the inverse spherical wavelet
transform.

Remark 7.32. Often, wavelet theories require a so-called frame condition. This
condition means that the wavelet transform and its inverse are continuous opera-
tions. Roughly speaking, if (WT)(F) is the wavelet transform of a function F , then
constants C1,C2 > 0 should exist such that

C1 ‖F‖a ≤ ‖(WT)(F)‖b ≤C2 ‖F‖a ∀F (7.121)

with appropriately chosen norms ‖ · ‖a and ‖ · ‖b for the functions and their trans-
forms, respectively. Since the Haar wavelets (see Sect. 3.4) yield an orthonormal
basis, we even get in this case

‖F‖L2(R) =

(
+∞

∑
j=−∞

+∞

∑
k=−∞

〈
F, Hj,k

〉2
L2(R)

)1/2

, (7.122)

where the right-hand side is a norm for the Haar (wavelet) transform. Such a frame
where C1 =C2 is called a tight frame.

Also for the spherical case, wavelets which satisfy a corresponding frame
condition were constructed. Since this condition guarantees a stable transform and
a stable inverse transform, particular examples of these wavelets are also called
S-wavelets with “S” for “stability.” For further details, see [77]. A generalized
approach which is not only valid on the sphere can be found in [125].

It is beyond the scope of this textbook to completely cover the topic of frames
on the sphere—in particular, also because this would require lengthy preparations
including certain other theoretical concepts such as results on Marcinkiewicz–
Zygmund inequalities (a technique useful for the construction of methods of
numerical integration; see also the end of Sect. 7.4). Moreover, there do exist not
only wavelet frames but also polynomial frames, though both concepts cannot be
completely distinguished. For this reason, we refer to the excellent survey article
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[124], where a general concept on polynomial frames (i.e., frames corresponding
to bandlimited kernels) is presented. This paper also covers and cites a variety of
works on spherical frames. Examples of investigations of frames on the sphere
include [122, 123, 141], where frames on the sphere with particular properties of
localization are constructed via Marcinkiewicz–Zygmund inequalities; [148], where
a different approach (based on a discrete spherical Fourier transform) for localized
spherical trial functions constituting a frame is developed; [22], where two concepts
for the construction of frames based on the (group-theoretic) spherical wavelets
from [10,11] are presented; and [38,39], where a general frame concept is developed
and applied to the sphere. Frame experts hopefully excuse this brief treatment of the
frames, which already stops here.

Remember Fig. 7.11 on p. 209. We observed that the scaling functions of different
scales are able to represent a given function at different resolutions. With increasing
scale, more and more details are added. These details can be extracted as Ψ̃J ∗ΨJ ∗F;
see Fig. 7.22.
The numerical implementation of the spherical wavelet analysis consists of two
essential parts:

(a) The calculation of the involved kernel: If the Abel–Poisson kernel is not chosen,
the computation of a finite expansion in Legendre polynomials is required, for
which the Clenshaw algorithm is a well-established method (see Theorem 3.17

on p. 47). For the iterated kernels Φ(2)
J or the convolved kernels Ψ̃J ∗ΨJ ,

Theorem 7.8 is used.
(b) The implementation of the spherical convolution: This involves a numerical

integration method on Ω . We will, therefore, study this topic in the next section.
Note that, in practice, one has a point grid {ξr,s} r=0,...,N

s=0,...,M
for plotting the result.

Hence, every pair (r,s) requires the calculation of the integral

(K ∗F)(ξr,s) =

∫
Ω

K (ξr,s ·η) F(η)dω(η), (7.123)

where K = Φ(2)
J or K = Ψ̃J ∗ΨJ.

As the plots of the scaling functions and the wavelets show, the advantage of this
method is the localization of the involved kernels. If, for example, F is noisy in a
small subregion R ⊂ Ω , then the integrals

∫
Ω

K (ξ ·η) F (η) dω (η) (7.124)

will only be influenced by the noise if ξ is in R or a small neighborhood of R, since
K (ξ ·η)≈ 0, if η is far away from ξ .



7.3 Wavelets 229

Fig. 7.22 The left-hand column shows Φ (2)
J ∗F , as in Fig. 7.11 (see p. 209), from J = 3 (top) to

J = 6 (bottom). The right-hand column shows Ψ̃J ∗ΨJ ∗F for the corresponding scales. Note that

the scale-step property (Theorem 7.30) yields Φ (2)
J+1 ∗F = Φ (2)

J ∗F +Ψ̃J ∗ΨJ ∗F

Furthermore, the localization of K has the advantage that the numerical cal-
culation of (K ∗ F)(ξ ) can be accelerated by merely integrating over a small
neighborhood of ξ instead of the whole sphere, where the error of the inaccurate
integration remains small. A strategy for the reduction of the domain of the
integration is described in [133].

Moreover, the multiresolution analysis allows us to extract features of a chosen
spatial extension from the signal. Spherical wavelets are, for example, a common
tool for the denoising of the monthly gravity models obtained from the satellite
mission GRACE (see [205] for details on the mission and [52, 54, 56, 57] for a
wavelet-based denoising of GRACE gravity models).
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7.4 Numerical Integration on the Sphere (Very Briefly)

This section gives a small insight into the numerical integration based on regular
or irregular grids on the sphere. This topic alone could fill a whole book. For this
reason, we can only deliver some selected ideas here and refer to a few examples of
further publications at the end of this section.

A common quadrature method on the sphere uses an equiangular grid (see
Example 5.35 on p. 135) and is due to J.R. Driscoll and R.M. Healy (see [46]).

Theorem 7.33 (Driscoll–Healy Method). Let F ∈ Harm0...m(Ω) for a given odd
number m ∈N. Moreover, let the points ηp,q = η(ϑp,ϕq) ∈ Ω be given by the polar
coordinates

ϑp :=
π p

m+ 1
, p = 0, . . . ,m (latitude) (7.125)

ϕq :=
2πq

m+ 1
, q = 0, . . . ,m (longitude) (7.126)

and the weights a0, . . . ,am ∈R be given by the formula

ap :=
4

m+ 1
sin

(
pπ

m+ 1

) m+1
2 −1

∑
s=0

1
2s+ 1

sin

(
(2s+ 1)

pπ
m+ 1

)
, p = 0, . . . ,m .

(7.127)
Then ∫

Ω
F (η) dω(η) =

2π
m+ 1

m

∑
p=0

ap

m

∑
q=0

F (ηp,q) . (7.128)

Note that the degree for the polynomial exactness has to be odd.
Not every application, however, allows a free choice of the quadrature grid. For

this reason, we will study here how general grids can be treated (see also [66,
Sect. 3.3 and Chap. 7]).

A quadrature method is often given in the following form:

∫
Ω

F (ξ ) dω (ξ )≈
N

∑
l=1

wl F (ηl) , (7.129)

where {ηl}l=1,...,N ⊂ Ω is a point grid (the quadrature grid) and w1, . . . ,wN ∈ R are
weights. If we require a polynomial accuracy of the method up to degree d ∈ N0,
then

∫
Ω

d

∑
n=0

2n+1

∑
j=1

an, j Yn, j (ξ ) dω (ξ ) =
N

∑
l=1

wl

d

∑
n=0

2n+1

∑
j=1

an, j Yn, j (ηl) (7.130)
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must be valid for every choice of Fourier coefficients a0,1,a1,1,a1,2, . . . ,ad,2d+1 ∈R.
As a consequence, (choose an, j = δnmδ jk), we obtain

∫
Ω

Ym,k (ξ ) dω (ξ ) =
N

∑
l=1

wl Ym,k (ηl) ∀m = 0, . . . ,d ∀k = 1, . . . ,2m+ 1 . (7.131)

Since {Yn, j}n∈N0, j=1,...,2n+1 is an L2(Ω)-orthonormal system and Y0,1 ≡ (4π)−1/2,
we have ∫

Ω
Ym,k (ξ ) ·1dω (ξ ) = δm0δk1

√
4π . (7.132)

Hence, (7.131) is equivalent to

N

∑
l=1

wl Ym,k (ηl) = δm0δk1

√
4π ∀m = 0, . . . ,d ∀k = 1, . . . ,2m+ 1 . (7.133)

This is a system of linear equations with the matrix

(Ym,k(ηl))m=0,...,d;k=1,...,2m+1
l=1,...,N

. (7.134)

It appears to be reasonable to have a quadratic matrix such that the size of the point
grid should be N = (d+ 1)2 (see Corollary 5.7 on p. 101). From our considerations
regarding the Extended Haar’s theorem (Theorem 5.34 on p. 133), we already know
that not every point grid produces here a regular matrix. If, however, the matrix
is regular, then (7.133) shows us how to determine the weights of the quadrature
method (provided that the matrix is also well conditioned such that a stable inversion
can be performed numerically).

Let us summarize what we obtained so far.

Definition 7.34. A point set XN := {η1, . . . ,ηN} ⊂ Ω with N = (d + 1)2, d ∈ N0,
is called a fundamental system relative to Harm0...d(Ω) if the matrix

matrXN (Y0,1, . . . ,Yd,2d+1) = (Yn, j(ηl)) n=0,...,d; j=1,...,2n+1
l=1,...,N

(7.135)

is regular.

Theorem 7.35. If XN ⊂ Ω (with N = (d + 1)2, d ∈ N0) is a fundamental system
relative to Harm0...d(Ω) and w = (w1, . . . ,wN)

T ∈ R
N is the solution of the system

N

∑
l=1

wl Ym,k(ηl) = δm0δk1

√
4π ∀m = 0, . . . ,d ∀k = 1, . . . ,2m+ 1, (7.136)

then ∫
Ω

F (ξ ) dω (ξ ) =
N

∑
l=1

wl F (ηl) (7.137)
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for all F ∈ Harm0...d(Ω). Moreover, (7.136) is equivalent to

(
d

∑
n=0

2n+ 1
4π

Pn (ηi ·ηk)

)

i,k=1,...,N

w =

⎛
⎜⎝

1
...
1

⎞
⎟⎠ . (7.138)

Proof. It only remains to show that (7.136) and (7.138) are equivalent. Note that
(7.136) can be represented as

matrXN

(
Y0,1, . . . ,Yd,2d+1

)
w =

(√
4π, 0, . . . ,0

)T
. (7.139)

If we multiply this equation by the (invertible) transposed matrix from the left-hand
side, we get

(
matrXN

(
Y0,1, . . . ,Yd,2d+1

))T (
matrXN

(
Y0,1, . . . ,Yd,2d+1

))
w

=

⎛
⎜⎜⎜⎜⎜⎜⎝

Y0,1 (η1) . . . . . . . . . Yd,2d+1 (η1)
...

...
Y0,1 (ηi) . . . . . . . . . Yd,2d+1 (ηi)

...
...

Y0,1 (ηN) . . . . . . . . . Yd,2d+1 (ηN)

⎞
⎟⎟⎟⎟⎟⎟⎠

×

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

Y0,1 (η1) . . . Y0,1 (ηk) . . . Y0,1 (ηN)
...

...
...

...
...

...
...

...
...

Yd,2d+1 (η1) . . . Yd,2d+1 (ηk) . . . Yd,2d+1 (ηN)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

w

=

(
d

∑
n=0

2n+1

∑
j=1

Yn, j (ηi)Yn, j (ηk)

)

i,k=1,...,N

w

=

(
d

∑
n=0

2n+ 1
4π

Pn (ηi ·ηk)

)

i,k=1,...,N

w (7.140)

due to the addition theorem (Theorem 5.11 on p. 103) as well as

(
matrXN

(
Y0,1, . . . ,Yd,2d+1

))T
(√

4π, 0, . . . ,0
)T

=
(

Y0,1 (η1)
√

4π, . . . ,Y0,1 (ηN)
√

4π
)T

= (1, . . . ,1)T . (7.141)

��
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The Extended Haar’s theorem brought bad news. However, there is also good news:
Not every point system fails.

Theorem 7.36. For every d ∈N0, there exists a fundamental system X(d+1)2 relative
to Harm0...d(Ω).

Proof. This theorem can be proved by induction. For this purpose, we change the
enumeration (not the order) of Y0,1,Y1,1, . . . ,Y1,3,Y2,1, . . . ,Yd,2d+1 to Y (1), . . . ,Y (N),
where N = (d + 1)2. Obviously, Y (1) = Y0,1 = (4π)−1/2 allows every single point
in Ω to be a fundamental system in Harm0(Ω). Now let us assume that we
found n pairwise distinct2 points (with n < N) η1, . . . ,ηn such that the matrix
matr{η1,...,ηn}(Y

(1), . . . ,Y (n)) is regular. We continue with an indirect proof and
assume that every ξ ∈ Ω causes a singular matrix

An+1 := matr{η1,...,ηn,ξ}
(

Y (1), . . . ,Y (n+1)
)
. (7.142)

If we can show that this implies a contradiction, then we are done.
The following conclusions are now important: Due to the assumption of the
induction, the first n rows of An+1 are linearly independent. However, the last row
must, consequently, depend linearly on these n rows. In other words, there exist
coefficients a1, . . . ,an such that

(
Y (n+1) (η1) , . . . ,Y

(n+1) (ηn) ,Y
(n+1) (ξ )

)

=
n

∑
k=1

ak

(
Y (k) (η1) , . . . ,Y

(k) (ηn) ,Y
(k) (ξ )

)
. (7.143)

Using once again the assumption of the induction, we know that the submatrix
consisting of the upper left n rows and n columns of An+1 is regular. We conclude
that all rows of the submatrix, that is,

(
Y (k) (η1) , . . . ,Y

(k) (ηn)
)
, k = 1, . . . ,n, (7.144)

are linearly independent. Hence, they represent a basis of Rn. Thus, there can only
be one set of coefficients a1, . . . ,an such that

(
Y (n+1) (η1) , . . . ,Y

(n+1) (ηn)
)
=

n

∑
k=1

ak

(
Y (k) (η1) , . . . ,Y

(k) (ηn)
)
. (7.145)

As a consequence, the coefficients in (7.143) are independent of ξ . Hence,

Y (n+1) (ξ ) =
n

∑
k=1

ak Y (k) (ξ ) for all ξ ∈ Ω . (7.146)

2Note that equal points produce identical corresponding columns of the matrix such that we,
anyway, have to search for pairwise distinct points.
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This is the desired contradiction since the functions Y (1), . . . ,Y (n+1) are
L2(Ω)-orthogonal and, therefore, linearly independent. ��
Remember that we briefly discussed numerical integration in the context of
splines (see Remark 3.27 on p. 61). A simple, but nevertheless sometimes (where
“sometimes” needs to be further concretized) useful, way to choose a functional

GNF :=
N

∑
j=1

a j F (η j) (7.147)

to approximate the functional

FF :=
∫

Ω
F (η) dω (η) (7.148)

is to set a j := 4π
N for all j. This is, at least, exact if F is constant. In [33, Theorem

3.1], it is shown that

∣∣∣∣∣
1

4π

∫
Ω

F (η) dω (η)−
N

∑
j=1

1
N

F (η j)

∣∣∣∣∣≤
1
N

(
N

∑
i, j=1

∞

∑
n=1

2n+ 1
4πA2

n
Pn (ηi ·η j)

)1/2

‖F‖H

(7.149)
for all F ∈H if the sequence (An) of the Sobolev space H =H ((An);Ω) satisfies

lim
n→∞

|An|(
n+ 1

2

)s = const 
= 0 (7.150)

for a fixed s > 1 and An 
= 0 for all n∈N0. Note that (7.150) implies the summability
of (An) (see Definition 6.13 on p. 153). The term

D(XN ; (An)) :=
1
N

(
N

∑
i, j=1

∞

∑
n=1

2n+ 1
4πA2

n
Pn (ηi ·η j)

)1/2

, (7.151)

where XN = {η1, . . . ,ηN} ⊂ Ω , consequently, quantifies the accuracy of the numer-
ical integration and is called the generalized discrepancy. Appropriate numerical
integration methods of the kind (7.147) with equal weights a j, therefore, use
sequences of point sets (XN)N such that

lim
N→∞

D(XN ; (An)) = 0 . (7.152)

One can imagine that point sets XN which have strong agglomerations which are
concentrated to certain areas are not good for this purpose, since all points are
equally weighted in the quadrature formula. For this reason, this topic always has to
be regarded in the context of equidistributed point sets. For tables of generalized
discrepancies of selected point systems, see [33].
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Let us allow general coefficients a j again. Following [179], one can derive an
interesting property for the worst-case error:

e(GN ; H ) := sup{|(F −GN)(F) | : F ∈ H , ‖F‖H ≤ 1} , (7.153)

where we still assume that (7.150) is valid, and require A0 = 1. Since F and GN are
continuous on H (see also Corollary 6.20 on p. 160), Theorem 6.4 yields

(F −GN)F =
〈

F, (F −GN)η KH (η ·)
〉

H
(7.154)

for all F ∈ H , where KH is the reproducing kernel of H . We set now

G(ξ ) := (F −GN)η KH (ξ ·η)

=
∫

Ω
KH (ξ ·η) dω(η)−

N

∑
j=1

a j KH (ξ ·η j) , ξ ∈ Ω , (7.155)

as an abbreviation. As a consequence of the previous considerations, we get (using
again Theorem 6.4)

e(GN ; H ) = sup{|〈F, G〉H | : F ∈ H , ‖F‖H ≤ 1}
= ‖G‖H

=
〈
(F −GN)ξ KH (ξ ·) , (F −GN)η KH (η ·)

〉1/2

H

=
[
(F −GN)ξ (F −GN)η KH (ξ ·η)

]1/2

=

[∫
Ω

∫
Ω

KH (ξ ·η) dω(η)dω(ξ )

− 2
N

∑
j=1

a j

∫
Ω

KH (η j ·ξ ) dω(ξ )

+
N

∑
j,k=1

a j ak KH (η j ·ηk)

]1/2

. (7.156)

Note that the reproducing kernel satisfies (see Theorem 6.18 on p. 159)

∫
Ω

KH (ξ ·η) dω(η) =
∫

Ω
KH (ξ ·η) ·1dω(η)

=
1

4πA2
0

∫
Ω

P0 (ξ ·η)︸ ︷︷ ︸
=1

·1dω(η)

= 1 (7.157)
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for all ξ ∈ Ω (remember that we required A0 = 1 above). Furthermore, the
quadrature formula should, at least, be exact for constant functions, that is,
∑N

j=1 a j = 4π . Hence, we get

e(GN ; H ) =

[
−4π +

N

∑
j,k=1

a j ak KH (η j ·ηk)

]1/2

(7.158)

as a formula for the worst-case error.3 From [33], we know that the choice

An :=

{
1, if n = 0√

(2n+ 1)n(n+ 1), if n > 0
(7.160)

yields a closed representation for the reproducing kernel

KH (ξ ·η) = 1
2π

[
1− ln

(
1+

√
1− ξ ·η

2

)]
; ξ ,η ∈ Ω . (7.161)

Moreover, in [179] it is shown for this particular choice of (An) that any quadrature
rule G(n+1)2 of the form (7.147) with a j > 0 for all j = 1, . . . ,(n+1)2 and G(n+1)2F =∫

Ω F(η)dω(η) for all F ∈ Harm0...n(Ω) satisfies

e
(
G(n+1)2; H

)
≤
√

4π
n+ 1

. (7.162)

There exist numerous other results on quadrature rules on the sphere Ω . For further
details, the survey article [92] is recommended. Further examples of elaborated
integration methods can be found, for example, in [109, 149]. Note that the so-
called Marcinkiewicz–Zygmund inequalities are popular tools in the context of
numerical integration on the sphere. They yield relations between the integral to be
approximated and the quadrature formula. These inequalities resemble the concept
of a norm equivalence from functional analysis. For example, if ‖ · ‖ is an integral-

3Note that the particular case a j =
4π
N ∀ j (where again A0 = 1) corresponds to

e(GN ; H ) =

[
−4π +

N

∑
j,k=1

(
4π
N

)2 ∞

∑
n=0

2n+1
4π A2

n
Pn (η j ·ηk)

]1/2

=

[
N

∑
j,k=1

(
4π
N

)2 ∞

∑
n=1

2n+1
4π A2

n
Pn (η j ·ηk)

]1/2

= 4πD(XN ; (An)) . (7.159)
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based norm (such as an Lp-norm) and Q( f ) is a quadrature formula for f based on
discrete samples, then one would try to prove that there exist constants C1,C2 > 0
such that

C1 ‖ f‖ ≤ Q( f )≤C2 ‖ f‖ (7.163)

for a certain class of functions f . This guarantees a stability of the numerical
integration. The association with the norm equivalence also makes clear, why
Marcinkiewicz–Zygmund inequalities play an important role in the construction of
particular frames on the sphere (see also Remark 7.32).

Moreover, there also exist publications which develop numerical integration
methods for subsets of the sphere such as spherical caps or spherical triangles.
Examples are [15, 120, 121].

7.5 Questions for Understanding

• What is a spherical convolution?
• To which function space does the result of a convolution belong?
• What is the Funk–Hecke formula? How is it connected to spherical convolutions?
• Which other kind of a convolution is needed for the spherical wavelet analysis

presented here?
• What is an iterated kernel?
• What can you say about the Fourier expansion of a spherical convolution? How

is this result proved? Why is this property important for the spherical wavelet
analysis?

• What is a spherical scaling function?
• We saw that there is a particular way to construct scaling functions. Can you say

more about this?
• We distinguish bandlimited and non-bandlimited scaling functions. What does

this mean?
• If you convolve a bandlimited scaling function with an arbitrary function in

L2(Ω), what kind of a function do you always get? Why?
• Which examples of scaling functions do you know? What are their advantages

and disadvantages?
• Why is the Abel–Poisson scaling function so special?
• What are the fundamental properties of a scaling function? How are they proved?

Which of the conditions (S1), (S2), and (S3) for a scaling function can be linked
to which of the fundamental properties?

• What is a spherical wavelet?
• Are there similar ways to construct wavelets as they exist for the scaling

functions? If yes, how is it done?
• There is a link between scaling functions and wavelets. What is it? Is a wavelet

uniquely given by a scaling function? Is a scaling function uniquely given by a
wavelet?
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• What is the fundamental property of a wavelet? How is it proved? If you
interchange the primal and the dual wavelet in this property, does it remain valid?

• What is the spherical wavelet transform? What is the motivation for its introduc-
tion?

• You learned a basic quadrature method on the sphere. What kind of a point grid
is used by this method?

• If you want or need to use a different point grid, how can you construct a
quadrature method for your point grid? Can you always construct such a method
(no matter, what your point grid looks like)?



Chapter 8
Spherical Slepian Functions

8.1 Spherical Slepian Functions

We have seen that localized basis functions provide us with several advantages
in comparison to spherical harmonics. On the other hand, spherical harmonics
are ideal to represent global phenomena or structures with, at least, a very large
spatial extension. The localized basis functions discussed so far are isotropic, that
is, they are associated to zonal functions. For instance, a spline basis function
Ω � ξ �→KH (ηk ·ξ ) depends on the distance |ηk−ξ | only since |ηk−ξ |2 = |ηk|2+
|ξ |2 − 2ηk · ξ = 2(1−ηk · ξ ). For some applications, however, non-isotropic trial
functions are more useful. This occurs, for example, if phenomena with a preferred
direction in space or structures with sophisticated geometries (like oceans or single
continents) are investigated. For this purpose, the concept of Slepian functions was
developed by F.J. Simons et al. in [34, 172–174, 198, 199]. The basic principles
are summarized here. For further details, please consult the listed references. The
functions are named after D. Slepian, who introduced such a concept for the
Euclidean setting together with H.J. Landau and H.O. Pollak (see [107, 177, 178]).

The idea behind spherical Slepian functions is as follows: for a given subset
R ⊂Ω , we are looking for a function F which shows the best possible concentration
on R. This is quantified by comparing ‖F‖L2(R) with ‖F‖L2(Ω). A function F which
is optimally localized at R maximizes the ratio of ‖F‖L2(R) and ‖F‖L2(Ω).

Definition 8.1. Let R ⊂ Ω be a measurable subset and F ∈ L2(Ω)\{0} be a given
function. Then

λR(F) :=
‖F‖2

L2(R)

‖F‖2
L2(Ω)

(8.1)

is called the energy ratio of F with respect to R.

Obviously,
0 ≤ λR(F)≤ 1. (8.2)

V. Michel, Lectures on Constructive Approximation, Applied and Numerical
Harmonic Analysis, DOI 10.1007/978-0-8176-8403-7 8,
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240 8 Spherical Slepian Functions

If we restrict our attention to a bandlimited function F , then the ansatz

F =
N

∑
n=0

2n+1

∑
j=1

F∧(n, j)Yn, j (8.3)

leads us to

‖F‖2
L2(Ω) =

N

∑
n=0

2n+1

∑
j=1

(
F∧(n, j)

)2
(8.4)

and

‖F‖2
L2(R) =

N

∑
n,m=0

2n+1

∑
j=1

2m+1

∑
k=1

F∧(n, j)
〈
Yn, j, Ym,k

〉
L2(R) F∧(m,k). (8.5)

As a consequence, we end up with a finite-dimensional optimization problem,
where we are looking for a vector a = (an, j)n=0,...,N; j=1,...,2n+1 ∈ R

(N+1)2
, which

maximizes
aTDa
aTa

, (8.6)

where the matrix D consists of the entries

d(n, j),(m,k) :=
〈
Yn, j, Ym,k

〉
L2(R) . (8.7)

F is then represented by F = ∑N
n=0 ∑2n+1

j=1 an, j Yn, j, that is, a = (SFT)(F) (see also
Definition 5.27 on p. 123).

Since λR(rF) = λR(F) for all F ∈ L2(Ω) \ {0} and all r ∈ R \ {0}, it suffices
to look for functions F ∈ L2(Ω) with ‖F‖L2(Ω) = 1 such that λR(F) = ‖F‖2

L2(R)
is maximal. For this constrained optimization problem, the Lagrangian function is
L(a,μ) := aTDa+μ(aTa−1). A necessary condition for a maximum is ∂L

∂a (a,μ) =
0, that is, we obtain

2Da+ 2μa= 0, (8.8)

where we used the symmetry of D. Hence, we have to find eigenvectors of D. If
Da = λ a, then aTDa = λ aTa. Thus, the energy ratio λR(F) is the corresponding
eigenvalue λ . As a consequence, we have to solve

Da = λR (F)a. (8.9)

Thus, we are looking for all eigenvectors of D, where we know that the largest
eigenvalue yields the best possible localization to R. Moreover, note that D is
symmetric (due to the symmetry of the inner product) such that we can find (N+1)2

orthonormal eigenvectors of D. Since

〈F,G〉L2(Ω) =
∞

∑
n=0

2n+1

∑
j=1

F∧(n, j)G∧(n, j) (8.10)
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for all F,G ∈ L2(Ω), the functions associated to such orthonormal eigenvectors are
also orthonormal in the L2(Ω)-sense. Note that the eigenvalues may be degenerated.
In this case, there exists more than one linearly independent solution of the
maximization problem.

Let us summarize what we obtained so far.

Theorem 8.2. The maximizers F ∈ Harm0...N(Ω) \ {0} of λR(F) for a given
measurable set R ⊂ Ω are associated to these coefficient vectors

a = (F∧(n, j))n=0,...,N; j=1,...,2n+1 ∈ R
(N+1)2

(8.11)

which are eigenvectors of the matrix D ∈ R
(N+1)2×(N+1)2

[defined in (8.7)] cor-
responding to the largest eigenvalue of D. This largest eigenvalue is the maximal
energy ratio λR(F) on Harm0...N(Ω).

Corollary 8.3. The maximizers F ∈ Harm0...N(Ω)\{0} of λR(F) are the solutions
of the Fredholm integral equation of the second kind

∫

R
D (ξ ·η) F(η)dω(η) = λ F (ξ ) ∀ξ ∈ Ω , (8.12)

where λ is the maximal energy ratio and

D (ξ ·η) :=
N

∑
n=0

2n+ 1
4π

Pn (ξ ·η) , ξ ,η ∈ Ω . (8.13)

Note that the function D is a Shannon scaling function of scale J = log2(N + 1).

Proof. By inserting the Fourier expansion of F and using the addition theorem
(Theorem 5.11 on p. 103), we get

∫

R
D (ξ ·η) F(η)dω(η)

=
N

∑
n,m=0

2m+1

∑
k=1

2n+ 1
4π

F∧(m,k)
∫

R
Pn (ξ ·η)Ym,k(η)dω(η)

=
N

∑
n,m=0

2n+1

∑
j=1

2m+1

∑
k=1

F∧(m,k)
∫

R
Yn, j(η)Ym,k(η)dω(η)

︸ ︷︷ ︸
=d(n, j),(m,k)

Yn, j (ξ ) . (8.14)

Hence, the vector consisting of the Fourier coefficients F∧(n, j) is an eigenvector of
the matrix D corresponding to the eigenvalue λR(F) if and only if
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Fig. 8.1 Examples of optimally localized spatial Slepian functions for Eurasia in Harm0...50(Ω)
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Fig. 8.2 Examples of optimally localized spatial Slepian functions for Eurasia in Harm0...50(Ω)
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∫

R
D (ξ ·η) F(η)dω(η) =

N

∑
n=0

2n+1

∑
j=1

λR(F)F∧(n, j)Yn, j (ξ )

= λR(F)F (ξ ) ∀ξ ∈ Ω . (8.15)


�
Definition 8.4. The subspace of Harm0...N(Ω) which is the eigenspace of (8.12)
corresponding to the largest eigenvalue is denoted by Slepian(R,N), that is,

Slepian(R,N) (8.16)

:=

{
F ∈ Harm0...N(Ω)

∣
∣
∣∣

∫

R
D (ξ ·η) F(η)dω(η) = λR,maxF (ξ ) ∀ξ ∈ Ω

}
,

where
λR,max := max{λR(F) | F ∈ Harm0...N(Ω)\ {0}} (8.17)

and R ⊂ Ω is a given measurable subset.

Note that the symmetry of the matrix D allows us to find orthonormal eigenvectors
which represent a basis of R

(N+1)2
, which is the space into which the Fourier

coefficients (SFT)(F) of functions F ∈ Harm0...N(Ω) can be embedded. As we
also observed above, these eigenvectors then correspond to an orthonormal basis
of Harm0...N(Ω). One advantage of this new basis is the quantification of the
localization of each basis function with respect to R, which is given by the associated
eigenvalues.

Definition 8.5. If g1, . . . ,g(N+1)2 ∈Harm0...N(Ω) are L2(Ω)-orthonormal functions
and eigenfunctions of the operator

F �→
∫

R
D(η ·)F(η)dω(η), (8.18)

then these functions are called (bandlimited) spatial Slepian eigenfunctions.
Moreover, the orthonormal eigenfunctions which additionally are elements of the
space Slepian(R,N) are called optimally localized spatial Slepian eigenfunctions.

Note that, since the eigenvalues equal the energy ratio, eigenfunctions correspond-
ing to, for example, the second-largest or third-largest eigenvalue still show a strong
localization.

Figures 8.1 and 8.2 show some examples of optimally localized spatial Slepian
functions for Eurasia, where Harm0...50(Ω) was used as the reference space. In
other words, the plotted functions are pairwise orthogonal and are eigenfunctions
corresponding to the largest eigenvalue λEurasia,max in (8.16) with N = 50. The
functions were calculated with F.J. Simons’ software at www.frederik.net.
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8.2 Questions for Understanding

• What is the energy ratio?
• Why is 0 ≤ λR(F)≤ 1?
• Why do we want to maximize λR(F)?
• Why does it suffice to solve the problem for functions F with ‖F‖L2(Ω) = 1?
• The maximization problem is equivalent to two eigenvalue problems which are,

on their part, equivalent to each other. Which eigenvalue problems are these?
Explain the equivalences!

• Why is it important that the matrix D is symmetric? What are the consequences?
• Why do orthonormal eigenvectors to the matrix D correspond to orthonormal

functions in L2(Ω)? Are they also orthonormal in L2(R)?
• For which applications do you consider spherical Slepian functions to be useful?



Chapter 9
Orthonormal Bases

Within Part III, we consider functions on the closed ball

B :=
{

x ∈ R
3
∣
∣ |x| ≤ β

}
(9.1)

with the radius β > 0. Typical applications, where such functions have to be
approximated, are tomographic problems in geophysics or medical imaging. Since
the Earth’s interior and the human brain do—roughly speaking—consist of layers
with concentric spheres as boundaries, a tensor product ansatz for the Cartesian
coordinates x,y, and z (see Sect. 3.5) is not useful here. Instead, a separation x = rξ ,
r = |x| ∈ R

+
0 , ξ ∈ Ω , is more appropriate for practical purposes.

We will first see how orthonormal bases for L2(B) can be constructed. Then we
will study in the following Chaps. 10 and 11 how the concepts of spherical splines
and spherical wavelets (see Chaps. 6 and 7) can be extended to the ball.

For a survey article on constructive approximation on the 3D ball, see [132].

9.1 Construction and Basic Properties

For finding an orthonormal system, we use the separation ansatz

G(x) = F (|x|) Y

(
x
|x|

)
, x ∈ B \ {0}, (9.2)

for the functions. Note that already here, one problem becomes visible: The
functions might not be defined in the origin. For x = 0, the direction x

|x| is not
defined. If F(0) �= 0, then the limit limx→0 G(x) does not exist. However, in the
sense of L2(B), this is not a problem.

The separation ansatz fits to the corresponding separation of integrals on the ball
(see Theorem 4.13 on p. 92). Assume that we have two functions G, G̃ ∈ L2(B)
with

V. Michel, Lectures on Constructive Approximation, Applied and Numerical
Harmonic Analysis, DOI 10.1007/978-0-8176-8403-7 9,
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250 9 Orthonormal Bases

G(x) = F (|x|) Y

(
x
|x|

)
, G̃(x) = F̃ (|x|) Ỹ

(
x
|x|

)
, x ∈ B. (9.3)

Then (with r := |x| and ξ := x
|x| )

〈
G, G̃

〉
L2(B)

=

∫ β

0
r2

∫

Ω
F(r)Y (ξ ) F̃(r)Ỹ (ξ ) dω (ξ ) dr

=

∫ β

0
r2F(r) F̃(r)dr ·

∫

Ω
Y (ξ ) Ỹ (ξ ) dω (ξ ) . (9.4)

For this reason, we choose {Yn, j}n∈N0; j=1,...,2n+1 for the angular part. For F , we have
to choose functions which are orthogonal with respect to 〈·, ·〉L2

w[0,β ] with w(r) := r2,

r ∈ [0,β ]. Moreover, for obtaining a complete orthonormal system in L2(B), we
have to take into account the following fact: We do not know yet which index range
we need for the radial part. Let

Gα ,n, j(x) := Fα(|x|)Yn, j

(
x
|x|

)
, x ∈ B \ {0}, (9.5)

for n ∈ N0 and j ∈ {1, . . . ,2n+ 1} and a yet not further specified index α . Assume
that f ∈ L2(B) with

〈
f ,Gα ,n, j

〉
L2(B)

= 0 for all α,n, j. (9.6)

Then

0 =

∫

B
f (x)Gα ,n, j(x)dx

=
∫

Ω
Yn, j (ξ )

∫ β

0
r2 Fα(r) f (rξ ) dr dω (ξ ) . (9.7)

Since {Yn, j}n∈N0; j=1,...,2n+1 is complete in L2(Ω), this implies that

∫ β

0
r2 Fα(r) f (rξ ) dr = 0 (9.8)

for almost every ξ ∈ Ω . For the final conclusion “ f = 0 almost everywhere in B,”
we need, consequently, a complete system in L2

w[0,β ].
Two approaches for the construction of such systems are common.

I. Following Ballani, Dufour, Engels, and Grafarend (see [12, 47]), we set

F I
α(r) = rn F̃ I

m,n

(
r2) , r ∈ [0,β ]; m,n ∈ N0; (9.9)

such that
GI

m,n, j (rξ ) = rnF̃ I
m,n

(
r2) Yn, j(ξ ) (9.10)
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for r ∈ [0,β ], ξ ∈ Ω ; m,n ∈ N0; j ∈ {1, . . . ,2n+ 1}. This has the advantage
that we get rn Yn, j(ξ ) in the basis functions, which is a homogeneous harmonic
polynomial on B. Therefore, these basis functions are defined in r = 0.
Moreover, we also get algebraic polynomials in x1,x2,x3. The disadvantage is
a new coupling of the radial part and the angular part: For each degree n of the
angular part, a whole sequence of basis functions (F̃ I

m,n)m has to be computed.
This is numerically expensive.

II. Following Tscherning (see [186]), we really decouple the radial and the angular
part and take radial parts

F II
m (r) for m ∈ N0. (9.11)

The advantage is the numerical efficiency. The disadvantages are the indefinite

values at x = 0 and the non-polynomial structure (note that r =
√

x2
1 + x2

2 + x2
3 ).

For system I, we substitute r = β
√

t+1
2 , and for system II, we set r = β

2 (t +1). The
orthonormality requirement is then equivalent to the conditions

δm1,m2 =

∫ β

0
r2n+2 F̃ I

m1,n

(
r2) F̃ I

m2,n

(
r2) dr

=

∫ 1

−1

[
β 2

2
(t + 1)

]n+1

F̃ I
m1,n

(
β 2

2
(t + 1)

)
F̃ I

m2,n

(
β 2

2
(t + 1)

)
β

√
8(t + 1)

dt

=
β 2n+3

2n+5/2

∫ 1

−1
(t + 1)n+1/2 F̃ I

m1,n

(
β 2

2
(t + 1)

)
F̃ I

m2,n

(
β 2

2
(t + 1)

)
dt (9.12)

for all m1,m2,n ∈ N0 and

δm1,m2 =

∫ β

0
r2 F II

m1
(r)F II

m2
(r)dr

=

∫ 1

−1

[
β
2
(t + 1)

]2

F II
m1

(
β
2
(t + 1)

)
F II

m2

(
β
2
(t + 1)

)
β
2

dt

=
β 3

8

∫ 1

−1
(t + 1)2 F II

m1

(
β
2
(t + 1)

)
F II

m2

(
β
2
(t + 1)

)
dt, (9.13)

for all m1,m2 ∈N0, respectively. Hence, the following choices provide us with com-
plete orthogonal systems due to the considerations in Sect. 3.1 (see, in particular,
Definition 3.10 on p. 41):

F̃ I
m,n

(
r2) = am,n P(0,n+1/2)

m

(
2

r2

β 2 − 1

)
, r ∈ [0,β ], m,n ∈ N0 ,

F II
m (r) = bm P(0,2)

m

(
2

r
β
− 1

)
, r ∈ [0,β ], m ∈ N0 . (9.14)
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The constants am,n and bm are determined (up to the sign) by the requirement that
the norm is 1:

1 =
β 2n+3

2n+5/2
a2

m,n

∫ 1

−1
(t + 1)n+1/2

(
P(0,n+1/2)

m (t)
)2

dt,

1 =
β 3

8
b2

m

∫ 1

−1
(t + 1)2

(
P(0,2)

m (t)
)2

dt . (9.15)

Due to Theorem 3.14, we have (note that the degree of the polynomial is here m and
not n):

1=
β 2n+3

2n+5/2
a2

m,n
2n+3/2

2m+n+ 3
2

Γ (m+ 1)Γ
(
m+ n+ 3

2

)

m!Γ
(
m+n+ 3

2

) ⇔ a2
m,n =

4m+ 2n+ 3
β 2n+3 , (9.16)

and

1 =
β 3

8
b2

m
23

2m+ 3
Γ (m+ 1)Γ (m+ 3)

m!Γ (m+ 3)
⇔ b2

m =
2m+ 3

β 3 . (9.17)

We obtain the following result (see also [12, 47, 69, 127, 132, 186]):

Theorem 9.1. The following systems are complete orthonormal systems in L2(B):

GI
m,n, j (rξ ) :=

√
4m+ 2n+ 3

β 3 P(0,n+1/2)
m

(
2

r2

β 2 − 1

)(
r
β

)n

Yn, j (ξ ) ;

r ∈ [0,β ], ξ ∈ Ω , m,n ∈ N0, j ∈ {1, . . . ,2n+ 1} ;

GII
m,n, j (rξ ) :=

√
2m+ 3

β 3 P(0,2)
m

(
2

r
β
− 1

)
Yn, j (ξ ) ;

r ∈ ]0,β ], ξ ∈ Ω , m,n ∈ N0, j ∈ {1, . . . ,2n+ 1} . (9.18)

In the following, Gm,n, j without “I” or “II” means that both systems may be used.
The following property is important for the inverse gravimetric problem, which

is concerned with the determination of the mass density distribution inside the
Earth out of the gravitational potential outside the Earth. It is known that only the
harmonic part of the density can be determined uniquely (see, e.g., the survey [134]).

Theorem 9.2. The function GI
m,n, j is harmonic if and only if m = 0.

Proof. The requirement

Δx

(
F (|x|) Yn, j

(
x
|x|

))
= 0 (9.19)

yields (together with Theorem 4.5 and Lemma 5.8, see pp. 87 and 101, respectively)
that

(
F ′′(r)+

2
r

F ′(r)− n(n+ 1)
r2 F(r)

)
Yn, j (ξ ) = 0 (9.20)
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for all r ∈]0,β ], ξ ∈ Ω . The resulting ordinary differential equation1 is

r2 F ′′(r)+ 2rF ′(r)− n(n+ 1)F(r) = 0, r ∈ [0,β ] . (9.21)

A fundamental system for this equation is {rn,r−n−1}. Since we need a solution
which exists at r = 0, the general solution has the form

F(r) = crn, c ∈R constant. (9.22)

Hence, m = 0. 
�
Let us summarize the advantages and disadvantages of systems I and II. In general,
we cannot say that a particular system is always better.

System I consists of algebraic polynomials and, therefore, in particular, of C(∞)-
functions and is defined in x = 0. Moreover, if the inverse gravimetric problem is
to be solved, then this system allows an easy distinction of the null-space and its
orthogonal complement. On the other hand, the functions are more expensive to
compute, because every degree n of the angular part requires a whole new function
system for the radial part.

System II has a complete decoupling of the radial and the angular part. This saves
CPU time and RAM use. On the other hand, this system is neither defined in nor
continuously extendable to x = 0, if n > 0. In order to have at least a value at x = 0
with which we can deal, we make the following arrangement.

Definition 9.3. For every m ∈N0, n ∈N, and j ∈ {1, . . . ,2n+ 1}, we set

GII
m,n, j(0) :=

√
3

4πβ 3 and F II
m,n(0) :=

√
3

β 3 . (9.23)

Figures 9.1–9.6 show GI
m,n, j and GII

m,n, j for m ≤ 2 and n ≤ 2 on the plane through
the origin with the normal vector (1,1,1)T. Note the discontinuity of GII

m,n, j at x = 0
for n > 0.

We now derive a few further properties of the orthonormal bases.

Theorem 9.4. Each GI
m,n, j; m,n∈N0, j = 1, . . . ,2n+1; is an algebraic polynomial

in x1,x2,x3, where

degGI
m,n, j = 2m+ n. (9.24)

Proof. We have already mentioned that rn Yn, j(ξ ) with x = rξ is a homogeneous
harmonic polynomial of degree n in x1,x2,x3 (see also the proof of Lemma 5.8

on p. 101). Furthermore, P(0,n+1/2)
m (2 r2

β 2 − 1) is a polynomial of degree m in r2 =

x2
1 + x2

2 + x2
3. Thus, the total degree is 2m+ n. 
�

1Note that the function F has to be continuous on [0,β ]. This continuity argument allows us
to extend the resulting equation to r = 0 again, though this point was lost in the previous
decomposition of the Laplace operator.
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Fig. 9.1 Plots of GI
m,n, j at the plane through the origin with normal vector (1,1,1)T for m = 0 and

n ≤ 2. For the particular parameters, see the headline of each plot. The maximum is always red and
the minimum is blue. Here, Yn, j is a fully normalized spherical harmonic (see Sect. 5.2)
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Fig. 9.2 Plots of GI
m,n, j at the plane through the origin with normal vector (1,1,1)T for m = 1 and

n ≤ 2. For the particular parameters, see the headline of each plot. The maximum is always red and
the minimum is blue. Here, Yn, j is a fully normalized spherical harmonic (see Sect. 5.2)
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Fig. 9.3 Plots of GI
m,n, j at the plane through the origin with normal vector (1,1,1)T for m = 2 and

n ≤ 2. For the particular parameters, see the headline of each plot. The maximum is always red and
the minimum is blue. Here, Yn, j is a fully normalized spherical harmonic (see Sect. 5.2)
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Fig. 9.4 Plots of GII
m,n, j at the plane through the origin with normal vector (1,1,1)T for m = 0 and

n ≤ 2. For the particular parameters, see the headline of each plot. The maximum is always red and
the minimum is blue. Here, Yn, j is a fully normalized spherical harmonic (see Sect. 5.2)
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Fig. 9.5 Plots of GII
m,n, j at the plane through the origin with normal vector (1,1,1)T for m = 1 and

n ≤ 2. For the particular parameters, see the headline of each plot. The maximum is always red and
the minimum is blue. Here, Yn, j is a fully normalized spherical harmonic (see Sect. 5.2)
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Fig. 9.6 Plots of GII
m,n, j at the plane through the origin with normal vector (1,1,1)T for m = 2 and

n ≤ 2. For the particular parameters, see the headline of each plot. The maximum is always red and
the minimum is blue. Here, Yn, j is a fully normalized spherical harmonic (see Sect. 5.2)
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Theorem 9.5. The maximum for each basis function on the ball satisfies

∥
∥GI

m,n, j

∥
∥

C(B)
≤
√

(4m+ 2n+ 3)(2n+1)
4πβ 3

Γ
(
m+ n+ 3

2

)

m!Γ
(
n+ 3

2

) (9.25)

and

∥
∥GII

m,n, j

∥
∥

C(B)
≤
√

(2m+ 3)(2n+ 1)
4πβ 3

(m+ 2)(m+ 1)
2

, (9.26)

respectively, for m,n ∈ N0; j = 1, . . . ,2n+ 1.

Proof. From Theorem 5.17 on p. 111, we already know that ‖Yn, j‖C(Ω) ≤
√

2n+1
4π .

Moreover, r
β ≤ 1. Furthermore, Theorem 3.18 on p. 49 yields

∥
∥∥P(0,n+1/2)

m

∥
∥∥

C[−1,1]
=

(
m+ n+ 1

2
m

)
=

Γ
(
m+ n+ 3

2

)

m!Γ
(
n+ 3

2

) , (9.27)

∥∥
∥P(0,2)

m

∥∥
∥

C[−1,1]
=

(
m+ 2

m

)
=

(m+ 2)(m+ 1)
2

. (9.28)


�
Note that, in the case of type I, the absolute maximum of the Jacobi polynomial and
the maximum of r

β occur at the opposite ends of the interval [0,β ] (see Theorem 3.18
and the lines below the theorem). Since we estimate both factors from above by their
corresponding maximum, the estimate for GI

m,n, j can be expected to be larger than
the true maximum.

9.2 Eigenfunctions of Differential Operators

As in the 1D case (Theorem 3.22 on p. 53) and the spherical case (Lemma 5.8
on p. 101), we can derive differential operators for which the basis functions are
eigenfunctions (see [5]).

Lemma 9.6. For every m,n ∈ N0, the function F I
m,n is an eigenfunction of the

differential operator

DI,n
r :=

(
β 2 − r2) d2

dr2 + 2

(
β 2

r
− 2r

)
d
dr

− n(n+ 1)
β 2

r2 (9.29)

corresponding to the eigenvalue −(n(n+ 3)+ 4m(m+ n+ 3
2 )), and each F II

m is an
eigenfunction of the differential operator
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DII
r := r (β − r)

d2

dr2 +(3β − 4r)
d
dr

(9.30)

corresponding to the eigenvalue −m(m+ 3).

Proof.

(1) Derivatives of FFF I
mmm,,,nnn:

We abbreviate the normalizing factor of F I
m,n by am,n :=

√
4m+2n+3

β 3 , that is, we have

F I
m,n(r) = am,n P(0,n+1/2)

m

(
2

r2

β 2 − 1

)(
r
β

)n

. (9.31)

Consequently, the first and second derivatives are

d
dr

F I
m,n(r) = am,n P(0,n+1/2)

m
′ (

2
r2

β 2 − 1

)
4

rn+1

β n+2

+am,n P(0,n+1/2)
m

(
2

r2

β 2 − 1

)
n

rn−1

β n (9.32)

and

d2

dr2 F I
m,n(r) = am,n P(0,n+1/2)

m
′′(

2
r2

β 2 − 1

)
16

rn+2

β n+4

+am,n P(0,n+1/2)
m

′(
2

r2

β 2 − 1

)
4(n+ 1)

rn

β n+2

+am,n P(0,n+1/2)
m

′(
2

r2

β 2 − 1

)
4n

rn

β n+2

+am,n P(0,n+1/2)
m

(
2

r2

β 2 − 1

)
n(n− 1)

rn−2

β n . (9.33)

(2) The differential equation of the Jacobi polynomials:
From Theorem 3.22, we know that

(
1− s2) P(0,n+1/2)

m
′′
(s)+

[
n+

1
2
−
(

n+
5
2

)
s

]
P(0,n+1/2)

m
′
(s)

+m

(
m+ n+

3
2

)
P(0,n+1/2)

m (s) = 0 . (9.34)
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Here, we have s = 2 r2

β 2 − 1 such that

1− s2 = 4
r2

β 2 − 4
r4

β 4 . (9.35)

(3) The second-order term in DDDI,,,nnn:
If we use (9.33) and insert (9.35) in (9.34), then the second-order term in DI,n yields

a−1
m,n

(
β 2 − r2) d2

dr2 F I
m,n(r)

= 4
rn

β n

(
4

r2

β 2 − 4
r4

β 4

)
P(0,n+1/2)

m
′′(

2
r2

β 2 − 1

)

+4
rn

β n (2n+ 1)

(
1− r2

β 2

)
P(0,n+1/2)

m
′(

2
r2

β 2 − 1

)

+n(n− 1)
rn

β n

(
β 2

r2 − 1

)
P(0,n+1/2)

m

(
2

r2

β 2 − 1

)

= 4
rn

β n

[
−n− 1

2
+

(
n+

5
2

)(
2

r2

β 2 − 1

)

+ (2n+ 1)

(
1− r2

β 2

)]
P(0,n+1/2)

m
′(

2
r2

β 2 − 1

)

+
rn

β n

[
−4m

(
m+ n+

3
2

)
+ n(n− 1)

(
β 2

r2 − 1

)]
P(0,n+1/2)

m

(
2

r2

β 2 − 1

)

= 4
rn

β n

(
−2+ 4

r2

β 2

)
P(0,n+1/2)

m
′(

2
r2

β 2 − 1

)

+
rn

β n

[
n(n− 1)

β 2

r2 −
(

4m

(
m+ n+

3
2

)
+ n(n− 1)

)]

×P(0,n+1/2)
m

(
2

r2

β 2 − 1

)
. (9.36)

(4) The first-order term in DDDI,,,nnn:
Using (9.32), we obtain

2a−1
m,n

(
β 2

r
− 2r

)
d
dr

F I
m,n(r) = 4

rn

β n

(
2− 4

r2

β 2

)
P(0,n+1/2)

m
′(

2
r2

β 2 − 1

)

+ 4
rn

β n n

(
β 2

2r2 − 1

)
P(0,n+1/2)

m

(
2

r2

β 2 − 1

)
.

(9.37)
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(5) The eigenvalue:
We sum up (9.36) and (9.37) and obtain

a−1
m,n DI,n

r F I
m,n(r) =

rn

β n

[
β 2

r2 (n(n− 1)+ 2n− n(n+ 1))

−
(

4m

(
m+ n+

3
2

)
+ n(n− 1)+ 4n

)]
P(0,n+1/2)

m

(
2

r2

β 2 − 1

)

= −
[

4m

(
m+ n+

3
2

)
+ n(n+ 3)

]
rn

β n P(0,n+1/2)
m

(
2

r2

β 2 − 1

)
.

(9.38)

(6) Type II:
The result for DII

r can be derived as follows: We have

F II
m (r) =

√
2m+ 3

β 3 P(0,2)
m

(
2

r
β
− 1

)
(9.39)

and Theorem 3.22 yields

(
1− t2) P(0,2)

m
′′
(t)+ (2− 4t) P(0,2)

m
′
(t)+m(m+ 3) P(0,2)

m (t) = 0, (9.40)

where t = 2 r
β − 1 and

1− t2 = 4
r
β
− 4

r2

β 2 ,

2− 4t = 6− 8
r
β
. (9.41)

The derivative terms of DII can now be calculated as
(

bm :=
√

2m+3
β 3

)

b−1
m r (β − r)

d2

dr2 F II
m (r)

= 4

(
r
β
− r2

β 2

)
β 2

4
d2

dr2 P(0,2)
m

(
2

r
β
− 1

)

= 4

(
r
β
− r2

β 2

)
P(0,2)

m
′′(

2
r
β
− 1

)

=

(
8

r
β
− 6

)
P(0,2)

m
′(

2
r
β
− 1

)
−m(m+ 3) P(0,2)

m

(
2

r
β
− 1

)
(9.42)
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and

b−1
m (3β − 4r)

d
dr

F II
m (r) = (3β − 4r)

2
β

P(0,2)
m

′(
2

r
β
− 1

)

=

(
6− 8

r
β

)
P(0,2)

m
′(

2
r
β
− 1

)
. (9.43)

Hence,

DII
r F II

m (r) =−m(m+ 3) F II
m (r). (9.44)


�
Theorem 9.7. Let m,n ∈ N0 and j ∈ {1, . . . ,2n + 1}. Then each GI

m,n, j is an

eigenfunction of the operator Δ I,n given by

Δ I,n
x F(x) := DI,n

|x| Δ∗
x/|x| F(x), F ∈ C(4)(B), (9.45)

corresponding to the eigenvalue (n(n+ 3) + 4m(m + n+ 3
2))n(n + 1). Moreover,

each GII
m,n, j is an eigenfunction of the operator Δ II given by

Δ II
x F(x) := DII

|x| Δ
∗
x/|x| F(x), F ∈ C(4)(B), (9.46)

corresponding to the eigenvalue m(m+ 3)n(n+ 1).

Theorem 9.7 is an immediate consequence of Lemmata 5.8 and 9.6.

Remark 9.8. An abstract theoretical treatise on orthogonal polynomials of several
variables, including the case of polynomials on a d-dimensional unit ball, can be
found in [48]. The functions Pn

j;β (W
B
1/2; ·) in the notation of [48] correspond to

the basis of type I in our notations. Further properties, including a differential
equation in Cartesian coordinates, of the onb of type I can, therefore, be found in
this reference.

9.3 Questions for Understanding

• Which orthonormal basis systems for L2(B) do you know? How are they
constructed? What are their advantages and disadvantages?

• What is the inverse gravimetric problem?
• Why does {GI

m,n, j}m,n∈N0; j=1,...,2n+1 play a particular role in the inverse gravi-
metric problem?

• Besides the orthogonality, the L2(B)-bases have another analogous feature in
comparison to their 1D and spherical counterparts. What is this feature?
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Splines

As we already mentioned in Sect. 6.1, the data of unknown functions F ∈ L2(B)
are usually only indirectly given as data of tomographic problems. For example, the
inverse gravimetric problem consists of finding the mass density ρ ∈ L2(B) for a
given gravitational potential V on R

3 \B such that

∫
B

ρ(x)
|x− y| dx =V (y) ∀y ∈ R

3 \B. (10.1)

Data could be, for instance, values or derivatives of the potential at a point grid,
that is,

F kρ :=
∫

B

ρ(x)
|x− yk| dx ; k = 1, . . . ,N1; (10.2)

F kρ :=
yk

|yk| ·
(

∇y

∫
B

ρ(x)
|x− y| dx

)∣∣∣∣
y=yk

; k = N1 + 1, . . . ,N2;

F kρ :=

(
yk

|yk|
)T (

∇y ⊗∇y

∫
B

ρ(x)
|x− y| dx

)∣∣∣∣
y=yk

yk

|yk| ; k = N2 + 1, . . . ,N3.

Note that FN1+1ρ , . . . ,FN2 ρ are values of the first radial derivative of the potential
V and FN2+1ρ , . . . ,FN3 ρ are values of the second radial derivative of V . Such data
can be derived from satellite missions such as CHAMP, GRACE, and GOCE (see,
e.g., [53,71]). For further details on the inverse gravimetric problem, see the survey
[134].

In the following, we will get to know a spline method developed in [8, 9, 17–
19,53,132,135] based on the principles of the spherical spline method by W. Freeden
(see Sect. 6).

V. Michel, Lectures on Constructive Approximation, Applied and Numerical
Harmonic Analysis, DOI 10.1007/978-0-8176-8403-7 10,
© Springer Science+Business Media New York 2013
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10.1 Sobolev Spaces

In the spherical case, we took all basis functions to construct the Sobolev spaces
(though we would not have needed to). In the case of the ball, practical applications
such as the inverse gravimetric problem with a significant null-space require the
possibility to avoid certain basis functions.1

Definition 10.1. Let X ∈ {I, II} and (Am,n)m,n∈N0 be a given real sequence. Then
the space E ((Am,n),X ,B) consists of all F ∈ C(∞)(B) such that

〈
F,GX

m,n, j

〉
L2(B)

= 0 for all (m,n, j) with Am,n = 0 (10.3)

and
∞

∑
m,n=0

2n+1

∑
j=1

A2
m,n

〈
F,GX

m,n, j

〉2

L2(B)
<+∞. (10.4)

The space is equipped with the inner product

〈F1,F2〉H :=
∞

∑
m,n=0

2n+1

∑
j=1

A2
m,n

〈
F1,G

X
m,n, j

〉
L2(B)

〈
F2,G

X
m,n, j

〉
L2(B)

; (10.5)

F1,F2 ∈ E ((Am,n),X ,B).
H ((Am,n),X ,B) denotes the completion of E ((Am,n),X ,B) with respect to 〈·, ·〉H
and is called the Sobolev space on B with respect to (Am,n)m,n∈N0 . If no confusion
is likely to arise, we will simply write H instead of H ((Am,n),X ,B). The induced
norm is denoted by ‖ · ‖H .

Note that (10.4) and (10.5) are analogues of (6.27) and (6.28) on p. 149.
Obviously, (10.5) is an inner product due to the Cauchy–Schwarz inequality:

∣∣∣∣∣
∞

∑
m,n=0

2n+1

∑
j=1

A2
m,n

〈
F1,G

X
m,n, j

〉
L2(B)

〈
F2,G

X
m,n, j

〉
L2(B)

∣∣∣∣∣

≤
(

∞

∑
m,n=0

2n+1

∑
j=1

A2
m,n

〈
F1,G

X
m,n, j

〉2

L2(B)

)1/2 ( ∞

∑
m,n=0

2n+1

∑
j=1

A2
m,n

〈
F2,G

X
m,n, j

〉2

L2(B)

)1/2

< +∞, (10.6)

F1,F2 ∈ H ((Am,n),X ,B).

1In the case of the inverse gravimetric problem, a harmonicity constraint is one way to get a unique
solution (see [134]). According to Theorem 9.2, this means that only GI

0,n, j; n ∈N0, j = 1, . . .,2n+
1; is used.
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Assumption 10.2. Depending on the choice of the orthonormal basis of type I or
type II, we assume that a real sequence (Am,n)m,n∈N0 is given which satisfies the
summability condition of type I, namely,

∞

∑
m,n=0

Am,n	=0

A−2
m,n n(2m+ n)

(
n+m+ 1

2

)2m

(m!)2 <+∞, (10.7)

and of type II, namely
∞

∑
m,n=0

Am,n	=0

A−2
m,n nm5 <+∞, (10.8)

respectively. We also briefly say that (Am,n)m,n∈N0 is I-summable and II-summable,
respectively.

Now let H ∈ H = H ((Am,n),X ,B), x ∈ B, and N ∈ N0. Then we get, using the
Cauchy–Schwarz inequality, the addition theorem for spherical harmonics (Theo-
rem 5.11 on p. 103), Definition 3.10 (see p. 41), Theorem 9.1, and Theorem 3.18
(see p. 49),

∣∣∣∣∣∣∣ ∑
m+n≥N
Am,n	=0

2n+1

∑
j=1

〈
H,GX

m,n, j

〉
L2(B)

GX
m,n, j(x)

∣∣∣∣∣∣∣

≤

⎛
⎜⎝ ∑

m+n≥N
Am,n	=0

2n+1

∑
j=1

A2
m,n

〈
H,GX

m,n, j

〉2

L2(B)

⎞
⎟⎠

1/2 ⎛
⎜⎝ ∑

m+n≥N
Am,n	=0

2n+1

∑
j=1

A−2
m,n

(
GX

m,n, j(x)
)2

⎞
⎟⎠

1/2

≤ ‖H‖H

⎛
⎜⎜⎜⎝ ∑

m+n≥N
Am,n	=0

A−2
m,n

(
FX

m,n(|x|)
)2 2n+ 1

4π
Pn

(
x
|x| ·

x
|x|
)

︸ ︷︷ ︸
=1

⎞
⎟⎟⎟⎠

1/2

≤

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

‖H‖H ∑ m+n≥N
Am,n	=0

A−2
m,n

4m+2n+3
β 3

(
m+ n+ 1

2
m

)2
2n+1

4π , if X = I,

‖H‖H ∑ m+n≥N
Am,n	=0

A−2
m,n

2m+3
β 3

(
m+ 2

m

)2
2n+1

4π , if X = II.

(10.9)

Since

(
m+ n+ 1

2
m

)
=

Γ
(
m+ n+ 3

2

)
m!Γ

(
n+ 3

2

) =
Γ
(
n+ 3

2

)
m!Γ

(
n+ 3

2

)
m+1/2

∏
k=3/2

(n+ k)≤
(
m+ n+ 1

2

)m

m!

(10.10)
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and (
m+ 2

m

)
=

(m+ 2)!
m!2

=
(m+ 1)(m+ 2)

2
, (10.11)

we see that the summability conditions (10.7) and (10.8) guarantee that, in each
case, the series behind ‖H‖H in (10.9) is finite and tends to 0, if N → ∞. This
yields two important results. First, we get an analogue of the Sobolev Lemma.

Lemma 10.3 (Sobolev Lemma). Every F ∈ H has a uniformly convergent
Fourier series on B and is continuous on B \ {0}. In the case of type I, F is also
continuous on B.

Second, for every arbitrary but fixed x ∈ B, the evaluation functional

Lx : H → R

F �→ F(x) (10.12)

is bounded and, therefore, continuous. Hence, Aronszajn’s theorem (Theorem 6.1 on
p. 145) implies the existence of a reproducing kernel. Moreover, our considerations
corresponding to (10.9) show that

∞

∑
m,n=0

Am,n	=0

2n+1

∑
j=1

(
A−1

m,nGX
m,n, j(x)

)2
<+∞ (10.13)

for all x ∈ B. Furthermore,〈
A−1

μ,νGX
μ,ν,ι , A−1

r,p GX
r,p,q

〉
H

=
∞

∑
m,n=0

Am,n	=0

2n+1

∑
j=1

A2
m,n

〈
A−1

μ,νGX
μ,ν,ι , GX

m,n, j

〉
L2(B)

〈
A−1

r,p GX
r,p,q, GX

m,n, j

〉
L2(B)

= δμrδν pδιq. (10.14)

In addition, 〈
F,A−1

m,nGX
m,n, j

〉
H

= Am,n
〈
F,GX

m,n, j

〉
L2(B)

,

such that (10.5) is the Parseval identity for (A−1
m,nGX

m,n, j)m,n∈N0,Am,n	=0, j=1,...,2n+1 in
H (i.e., this system is complete in H ). As a consequence, we can use Theorem 6.2
(see p. 147) to derive an explicit formula for the reproducing kernel.

Theorem 10.4. Every H has a unique reproducing kernel, which is given by

KH (x,y) =
∞

∑
m,n=0

Am,n	=0

2n+1

∑
j=1

A−2
m,nGX

m,n, j(x)G
X
m,n, j(y)

=
∞

∑
m,n=0

Am,n	=0

A−2
m,nFX

m,n (|x|)FX
m,n (|y|)

2n+ 1
4π

Pn

(
x
|x| ·

y
|y|
)
, (10.15)

x,y ∈ B, where the latter formula is only valid for x,y ∈ B \ {0}, if X = II.
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Let us discuss which sequences (Am,n) satisfy the summability conditions. Of
course, the conditions become trivial, if only a finite number of components is non-
vanishing. So we need not discuss such examples.

In practice, one often uses sequences of the form Am,n = BmCn. In the case of
type II, this separation ansatz not only decouples the summability condition to

∞

∑
m=0

Bm	=0

B−2
m m5 <+∞ and

∞

∑
n=0

Cn	=0

C−2
n n <+∞ (10.16)

but also the reproducing kernel:

KH (x,y) =

(
∞

∑
m=0

B−2
m

2m+ 3
β 3 P(0,2)

m

(
2
|x|
β

− 1

)
P(0,2)

m

(
2
|y|
β

− 1

))

×
(

∞

∑
n=0

C−2
n

2n+ 1
4π

Pn

(
x
|x| ·

y
|y|
))

; x,y ∈ B \ {0}. (10.17)

Nevertheless, the separation Am,n = BmCn is also popular for kernels with basis
functions of type I, though the kernels themselves cannot be separated. There is
still the advantage that the radial localization can be controlled independently from
the angular localization.

It appears to be relatively easy to find sequences (Bm) and (Cn) satisfying (10.16).
Therefore, we will further discuss the summability condition for type I, that is,
(10.7). We adapt here the investigations in [68, Example 6.4] though there are some
differences in the details.

Example 10.5. First, we use Stirling’s formula (see, e.g., [208, p. 600]) to estimate
m!: For every m ∈ N, there exists ϑ(m) ∈]0,1[ such that

m! =
√

2πm
(m

e

)m
eϑ (m)/(12m). (10.18)

The coefficients of A−2
m,n in (10.7) can now be treated as follows (for m > 0):

n(2m+ n)

(
n+m+ 1

2

)2m

(m!)2 ≤ n(2m+ n)
(n+ 2m)2m

(m!)2

=
n(2m+ n)

2πm
e2m−ϑ (m)/(6m)

(
n+ 2m

m

)2m

=
n

2π
e2m−ϑ (m)/(6m)

( n
m
+ 2
)2m+1

. (10.19)
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We now use the ansatz

Am,n = ebm+cn (10.20)

and further replace the summability condition of type I by stronger (i.e., sufficient)
conditions:

∞

∑
m,n=0

A−2
m,n n(2m+ n)

(
n+m+ 1

2

)2m

(m!)2 <+∞

⇐
∞

∑
m,n=1

e−2bm−2cn ne2m−ϑ (m)/(6m)
( n

m
+ 2
)2m+1

<+∞

⇔
∞

∑
n=1

ne−2cn
∞

∑
m=1

e−2bm+2m−ϑ (m)/(6m)22m+1
( n

2m
+ 1
)2m+1

<+∞. (10.21)

In order to continue, we investigate the term

Z(x) :=
(

1+
n
x

)x
, x > 0. (10.22)

By differentiating Z, we get

Z′(x) =
(

1+
n
x

)x
(

ln
(

1+
n
x

)
+

x
1+ n

x

·
(
− n

x2

))

=
(

1+
n
x

)x
(

ln
(

1+
n
x

)
− n

x+ n

)
. (10.23)

For n
x ≥ 2, we now get

Z′(x) =
(

1+
n
x

)x
(

ln
(

1+
n
x

)
− n

x+ n

)

≥
(

1+
n
x

)x
(ln3− 1)> 0. (10.24)

For n
x < 1, we obtain by using the Taylor expansion of ln(1+ ·) and the Leibniz

criterion for alternating series

Z′(x) =
(

1+
n
x

)x
(

n
x
−

∞

∑
ν=2

(−1)ν
(

n
x

)ν

ν
− n

x+ n

)

≥
(

1+
n
x

)x
(

n
x
− 1n2

2x2 − n
x+ n

)

=
(

1+
n
x

)x 2nx2 + 2n2x− n2x− n3− 2nx2

2x2(x+ n)

=
(

1+
n
x

)x
(

n2

x2 − n3

x3

)
x

2(x+ n)
> 0. (10.25)
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For 2 > n
x ≥ 1, we get

Z′(x) =
(

1+
n
x

)x
(

ln
(

1+
n
x

)
−

n
x

1+ n
x

)

=
(

1+
n
x

)x
(

ln
(

1+
n
x

)
− 1+

1
1+ n

x

)

>
(

1+
n
x

)x
(

ln2− 1+
1
3

)
> 0. (10.26)

Consequently, the sequence ( n
2m + 1)2m is monotonically increasing with a well-

known limit, namely, en. We continue replacing the summability condition by
sufficient conditions, where we use 0≤ n

2m +1≤ 2n (for n,m≥ 1) and 0<ϑ(m)< 1,

∞

∑
n=1

ne−2cn
∞

∑
m=1

e−2bm+2m−ϑ (m)/(6m)22m+1
( n

2m
+ 1
)2m+1

<+∞

⇐
∞

∑
n=1

ne−2cn
∞

∑
m=1

e−2bm+2m−ϑ (m)/(6m)+2m ln2 nen <+∞

⇐
∞

∑
n=1

n2 en−2cn <+∞ and

∞

∑
m=1

e2(1+ln2)m−2bm <+∞. (10.27)

Obviously, cn = αn with 1− 2α < 0, that is, α > 1
2 satisfies the condition for the

angular part. Hence, we may use coefficients for the angular part of the reproducing
kernel which we know from the Abel–Poisson kernel:

C−2
n = e−2cn = e−2αn =

(
e−2α)n

. (10.28)

For the radial part, it suffices to achieve that

(1+ ln2)m− bm ≤− lnm+ c (10.29)

for sufficiently large m, where c ∈ R is a constant, since, in this case,

exp [2(1+ ln2)m− 2bm]≤ exp [−2lnm+ 2c] =
1

m2 e2c. (10.30)

This is, for example, valid, if bm = α̃m with α̃ > 1+ ln2. Finally, we can conclude
that the summability condition of type I is, for example, satisfied if

Am,n = h−m
1 h−n

2 (10.31)
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and h1 < e−1−ln2 = 1
2e ≈ 0.18 and h2 < e−1/2 ≈ 0.61. However, note that we

replaced the summability condition by sufficient conditions, where the summability
condition itself included non-sharp estimates for the maximum norm of the Jacobi
polynomials. Hence, larger values of h1 and h2 are probably also possible. Moreover,
note that numerical implementations require anyway the truncation of the series.

Note that we saw that the orthonormal basis functions are eigenfunctions of a
differential operator. Based on this knowledge, we can define particular Sobolev
spaces, where the spaces Hs(Ω) (see Definition 6.9 on p. 151) are spherical
counterparts. This was first published in [5].

Definition 10.6. For any s ∈ R
+
0 , we define the spaces

H I
s (B) := H

(((
n+ 2m+

3
2

)s(
n+

1
2

)s)
, I,B

)
(10.32)

and

H II
s (B) := H

(((
m+

3
2

)s(
n+

1
2

)s)
, II,B

)
. (10.33)

Obviously, H X
s1
(B)⊂H X

s2
(B) for s1 ≥ s2 and X ∈ {I, II}. Furthermore, H I

0 (B) =

H II
0 (B) = L2(B). Note that the corresponding sequences are not necessarily sum-

mable.

Definition 10.7. Let s, t ∈ R
+
0 with s ≥ 2t. Then we formally define the operators

(∗∗Δ I)t
: H I

s (B)→ H I
s−2t (B) (10.34)

and (∗∗Δ II)t
: H II

s (B)→ H II
s−2t (B) (10.35)

by

(∗∗Δ I)t
F1 =

∞

∑
m,n=0

2n+1

∑
j=1

((
n+

1
2

)(
n+ 2m+

3
2

))2t 〈
F1,G

I
m,n, j

〉
L2(B)

GI
m,n, j,

(∗∗Δ II)t
F2 =

∞

∑
m,n=0

2n+1

∑
j=1

((
n+

1
2

)(
m+

3
2

))2t 〈
F2,G

II
m,n, j

〉
L2(B)

GII
m,n, j (10.36)

for F1 ∈ H I
s (B) and F2 ∈ H II

s (B).

Note that we get, due to Lemmata 9.6 and 5.8 (see p. 101), for m,n ∈ N0; j ∈
{1, . . . ,2n+ 1}, x ∈ B \ {0},
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(
−DI,n

|x| +
9
4

)(
−Δ∗

x/|x|+
1
4

)(
F I

m,n(|x|)Yn, j

(
x
|x|
))

=

(
4m

(
m+ n+

3
2

)
+ n(n+ 3)+

9
4

)(
n(n+ 1)+

1
4

)(
F I

m,n(|x|)Yn, j

(
x
|x|
))

=

(
n+ 2m+

3
2

)2(
n+

1
2

)2(
F I

m,n(|x|)Yn, j

(
x
|x|
))

=
(∗∗Δ I

x

)1
GI

m,n, j(x) (10.37)

and
(
−DII,n

|x| +
9
4

)(
−Δ∗

x/|x|+
1
4

)(
F II

m (|x|)Yn, j

(
x
|x|
))

=

(
m(m+ 3)+

9
4

)(
n(n+ 1)+

1
4

)(
F II

m (|x|)Yn, j

(
x
|x|
))

=

(
m+

3
2

)2(
n+

1
2

)2(
F II

m (|x|)Yn, j

(
x
|x|
))

=
(∗∗Δ II

x

)1
GII

m,n, j(x). (10.38)

Obviously, ∗∗Δ I and ∗∗Δ II are injective operators. Note that Definition 10.7 has
already said that ∗∗Δ X maps into H X

s−2t(B). This can be verified as follows for
type I:

∥∥∥(∗∗Δ I)t
F1

∥∥∥2

H I
s−2t (B)

=
∞

∑
m,n=0

2n+1

∑
j=1

(
n+

1
2

)2s−4t(
n+ 2m+

3
2

)2s−4t 〈(∗∗Δ I)t
F1,G

I
m,n, j

〉2

L2(B)

=
∞

∑
m,n=0

2n+1

∑
j=1

(
n+

1
2

)2s(
n+ 2m+

3
2

)2s 〈
F1,G

I
m,n, j

〉2

L2(B)

= ‖F1‖2
H I

s (B) <+∞. (10.39)

Analogous considerations can be made for type II. Note that (10.39) also proves the
following theorem.
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Fig. 10.1 Spline basis
functions KH (xk, ·) for
xk = (0,−β ,0)T with h = 0.5
(top), h = 0.8 (middle), and
h = 0.9 (bottom) as well as
X = I (left hand) and X = II
(right hand); the functions are
plotted on the surface ∂B of
the ball B (from [54])

Theorem 10.8. Let s, t ∈ R
+
0 with s ≥ 2t. If F1 ∈ H I

s (B) and F2 ∈ H II
s (B), then

∥∥∥(∗∗Δ I)t
F1

∥∥∥
H I

s−2t (B)
= ‖F1‖H I

s (B) ,

∥∥∥(∗∗Δ II)t
F2

∥∥∥
H II

s−2t (B)
= ‖F2‖H II

s (B) , (10.40)

that is, (∗∗Δ I)t and (∗∗Δ II)t are isometric isomorphisms. Moreover, the particular
case t = s

2 yields

∥∥∥(∗∗Δ I)s/2
F1

∥∥∥
L2(B)

= ‖F1‖H I
s (B) ,

∥∥∥(∗∗Δ II)s/2
F2

∥∥∥
L2(B)

= ‖F2‖H II
s (B) . (10.41)

Therefore, the Sobolev norms ‖ · ‖H I
s (B) and ‖ · ‖H II

s (B) can be interpreted as the

L2(B)-norms of certain generalized derivatives (i.e., in the sense of pseudodiffer-
ential operators). This is important to know, since we will also get a first minimum
property for splines on the 3D ball, that is, the interpolating spline minimizes the
Sobolev norm in comparison to all other interpolants. Theorem 10.8 allows us
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Fig. 10.2 Spline basis
functions KH (xk, ·) for
xk = (0, β

2 ,0)
T with h = 0.5

(top), h = 0.8 (middle), and
h = 0.9 (bottom) as well as
X = I (left hand) and X = II
(right hand); the functions are
plotted on the x2-x3-plane
(from [54])

(as Theorem 6.12 on p. 153 did) to see a link between the first minimum property
and Holladay’s Theorem (Theorem 3.26 on p. 60).

Figures 10.1–10.3 show spline basis functions2 F k
x KH (x, ·) for the case F kF :=

F(xk). The kernels KH correspond to the sequence

Am,n :=

{
h−(m+n)/2, if m ≤ 10 and n ≤ 512

0, else
(10.42)

for different choices of h ∈]0,1[. Obviously, we get localized trial functions again,
where the localization is controllable by the parameter h.

2For the notation, see Sect. 6.4.1 on p. 177.
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Fig. 10.3 Spline basis
functions KH (xk, ·) for
h = 0.8 with
xk = (0,0.9β ,0)T (top),
xk = (0,0.7β ,0)T (middle),
and xk = (0,0.2β ,0)T

(bottom) as well as X = I (left
hand) and X = II (right
hand); the functions are
plotted on the x2-x3-plane
(from [54])

10.2 Splines on the 3D Ball

In the following, the theoretical considerations are independent of the choice of type
I or type II. We will, therefore, simply write H := H ((Am,n),X ,B) and omit the
upper indices “I” and “II.”

The indirect data of an unknown function F ∈H are now assumed to be given by

F kF = bk ∀k = 1, . . . ,N, (10.43)

where each F k : H → R; k = 1, . . . ,N; is a linear and continuous functional, and
b1, . . . ,bN ∈R are given data. Note that the case of direct data, that is, F kF :=F(xk)
for xk ∈B, is a particular case of this more general kind of data, since the evaluation
functionals are linear and continuous (see the considerations after Lemma 10.3).
The spline basis functions are now constructed as follows: We keep y ∈ B fixed.
Then H � x �→ KH (x,y) ∈R is a function in H (see property (i) in Definition 5.13
on p. 109 and Theorem 5.14). Hence, we can apply F k to this function and get a
real value F k

x KH (x,y). Since this can be done for all y ∈B, we finally end up with
a function in H (see Theorem 6.4 on p. 148), that is, B � y �→ F k

x KH (x,y) ∈ R.
This is one out of N spline basis functions.
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Definition 10.9. Every function S ∈ H of the form

S(y) =
N

∑
k=1

ak F k
x KH (x,y), y ∈ B, (10.44)

with constants a1, . . . ,aN ∈R is called a spline in H (with respect to F 1, . . . ,FN).
The corresponding space of all splines is denoted by Spline((Am,n),X ,F ), where
F := (F 1, . . . ,FN) ∈ (H ∗)N with H ∗ being the dual space of H .

The determination of the interpolating spline yields the system of linear equations

F l
y

(
N

∑
k=1

ak F k
x KH (x,y)

)
= bl ∀ l = 1, . . . ,N, (10.45)

which is equivalent to

N

∑
k=1

ak F l
y F k

x KH (x,y) = bl ∀ l = 1, . . . ,N. (10.46)

The corresponding matrix is a Gramian matrix due to Theorem 6.4:

F l
y F k

x KH (x,y) =
〈
F k

x KH (x, ·), F l
y KH (y, ·)

〉
H

. (10.47)

Hence, this matrix is positive definite if and only if the chosen trial functions
F 1

x KH (x, ·), . . . ,FN
x KH (x, ·) are linearly independent. Otherwise, the matrix is

singular. Furthermore, the linear independence occurs, by definition, if and only if

N

∑
k=1

ak F k
x KH (x, ·) = 0 (10.48)

only has the trivial solution a1 = · · ·= aN = 0. Equivalently, we can require that

〈
N

∑
k=1

ak F k
x KH (x, ·), F

〉

H

= 0 ∀F ∈ H (10.49)

only has the trivial solution a1 = · · · = aN = 0. Referring again to Theorem 6.4, we
observe that (10.49) actually means that

N

∑
k=1

ak F k F = 0 ∀F ∈ H . (10.50)

In other words, the matrix above is positive definite if and only if the functionals
F 1, . . . ,FN are linearly independent. This appears reasonable because otherwise a
particular datum could be obtained by linearly combining some of the other data.
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Theorem 10.10 (Existence and Uniqueness of the Interpolating Spline). The
spline interpolation problem F k S = bk ∀k = 1, . . . ,N, where b ∈ R

N is given
and S ∈ Spline((Am,n), X ,F ) is unknown, is uniquely solvable if and only if the
functionals F 1, . . . ,FN ∈ H ∗ are linearly independent. In this case, the matrix of
the system of linear equations (10.46) is positive definite.

The spline interpolation problem is, consequently, well-posed.

Assumption 10.11. For the rest of this chapter, we assume that F 1, . . . ,FN ∈H ∗
are linearly independent. We write

F :=
(
F 1, . . . ,FN) . (10.51)

Due to Theorem 6.4, most proofs of the main properties of the splines on the ball
are similar to the corresponding proofs on the sphere.

Lemma 10.12. Let S ∈ Spline((Am,n),X ,F ) with S(y) = ∑N
k=1 ak F k

x KH (x,y), y ∈
B, and F ∈ H be given. Then

〈S,F〉H =
N

∑
k=1

ak F k F. (10.52)

Proof. The proof is rather short and uses Theorem 6.4:

〈S,F〉H =

〈
N

∑
k=1

ak F k
x KH (x, ·), F

〉

H

=
N

∑
k=1

ak

〈
F k

x KH (x, ·), F
〉

H
=

N

∑
k=1

ak F k F.

(10.53)
��

Theorem 10.13 (First Minimum Property). If b ∈ R
N is a given vector and the

spline S∗ ∈ Spline((Am,n),X ,F ) is given by F kS∗ = bk ∀k = 1, . . . ,N, then S∗ is
the unique minimizer of

‖S∗‖H = min
{
‖F‖H

∣∣∣F ∈ H with F k F = bk∀k = 1, . . . ,N
}
. (10.54)

Proof. Let F ∈ H with F k F = bk ∀k = 1, . . . ,N. We have

‖F‖2
H = ‖F − S∗+ S∗‖2

H = ‖F − S∗‖2
H + 2〈F − S∗, S∗〉H + ‖S∗‖2

H . (10.55)

If S∗ = ∑N
k=1 a∗k F k

x KH (x, ·), then Lemma 10.12 yields

〈F − S∗, S∗〉H =
N

∑
k=1

a∗k F k (F − S∗)︸ ︷︷ ︸
=0

= 0. (10.56)
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Hence,

‖F‖2
H = ‖F − S∗‖2

H + ‖S∗‖2
H ≥ ‖S∗‖2

H . (10.57)

��
Theorem 10.14 (Second Minimum Property). If F ∈ H is a given function and
the spline S∗ ∈ Spline((Am,n),X ,F ) is defined by F k S∗=F k F ∀k = 1, . . . ,N, then
S∗ is the unique minimizer of

‖F − S∗‖H = min{‖F − S‖H |S ∈ Spline((Am,n) ,X ,F )} . (10.58)

Proof. We write S = ∑N
k=1 ak F k

x KH (x, ·) and S∗ = ∑N
k=1 a∗k F k

x KH (x, ·) and
observe that

‖F − S‖2
H = ‖F − S∗+ S∗− S‖2

H

= ‖F − S∗‖2
H + 2〈F − S∗, S∗ − S〉H + ‖S∗ − S‖2

H , (10.59)

where Lemma 10.12 yields

〈F − S∗, S∗ − S〉H =
N

∑
k=1

(a∗k − ak)F
k (F − S∗)︸ ︷︷ ︸

=0

= 0. (10.60)

Hence,

‖F − S‖2
H = ‖F − S∗‖2

H + ‖S∗− S‖2
H ≥ ‖F − S∗‖2

H . (10.61)

��
Due to our previous considerations (see Theorem 10.8), we already know that

the interpretation of the spline and its properties corresponds to the interpretation of
the spherical spline method. For example, the interpolating spline is, in some sense,
the smoothest function in comparison to all other interpolants in H due to the first
minimum property. Moreover, the best approximation property based on the second
minimum property is also valid on the ball.

Theorem 10.15 (Shannon Sampling Theorem in Spline ((((((AAAm,n))),,,XXX ,,,F )))). Let
the functions

Lk :=
N

∑
l=1

ak
l F l

x KH (x, ·) ∈ Spline((Am,n) ,X ,F ) ; k = 1, . . . ,N; (10.62)

be given3 by computing the coefficients (ak
l )k,l=1,...,N as solutions of the N systems

of linear equations

3Note that “k” in ak
l is only an upper index and not an exponent.
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N

∑
l=1

ak
l F j

y F l
x KH (x,y) = δ jk ∀ j,k = 1, . . . ,N. (10.63)

Then every spline S ∈ Spline((Am,n),X ,F ) may be represented by the given values
F 1S, . . . ,FNS as

S(y) =
N

∑
k=1

(
F kS

)
Lk(y) ∀y ∈ B. (10.64)

Proof. From (10.62) and (10.63), we conclude that

F jLk = δ jk ∀ j,k = 1, . . . ,N. (10.65)

Hence,

F j
y

(
N

∑
k=1

(
F kS

)
Lk(y)

)
= F jS ∀ j = 1, . . . ,N. (10.66)

Thus, Theorem 10.10 yields the desired result. ��
Again, it is often necessary to regularize the system of linear equations.

Theorem 10.16 (Spline Approximation on the 3D Ball). Let b ∈ R
N and λ > 0

be given. If the vector a = (ak)k=1,...,N ∈R
N is the solution of

((
F i

y F j
x KH (x,y)

)
i, j=1,...,N

+λ IN

)
a = b, (10.67)

where IN is the N ×N-identity matrix, then the spline given by

S(y) :=
N

∑
k=1

ak F k
x KH (x,y), y ∈ B, (10.68)

is the unique minimizer of the functional

H � F �→
N

∑
i=1

(
bi −F i F

)2
+λ ‖F‖2

H . (10.69)

As it was the case for the previous proofs, the proof of this theorem is analogous
to its spherical counterpart (in this case, it is Theorem 6.40 on p. 179). We only
have to replace F(ηi), S(ηi), and KH (ηi ·η j) by F i F , F i S, and F j

y F i
x KH (x,y),

respectively.
The derivation of error estimates and convergence results is, however, not

analogous to the spherical case because of the more general data that are allowed.
Nevertheless, in [8, 9], an error estimate and a convergence result could be proved.

Theorem 10.17 (Error Estimate for a Spline). Let F ∈ H be a given function
and S∗ ∈ Spline((Am,n),X ,F ) be the spline with F kS∗ =F k F ∀k = 1, . . . ,N. Then
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sup
G∈H ∗

‖G ‖H ∗=1

|G F −G S∗| ≤ 2Λ‖F‖H and ‖F − S∗‖H ≤ 2
√

Λ‖F‖H , (10.70)

where the constant Λ is given by

Λ := sup
G∈H ∗

‖G ‖H ∗=1

(
min

J∈span{F 1,...,FN}
‖G −J ‖H ∗

)
. (10.71)

Note that Λ measures the radius of the largest “gap” in {F 1, . . . ,FN} in a similar
manner as ΘXN measures the radius of the largest gap in the spherical point grid
XN (see Definition 6.35 on p. 172). Furthermore, the minimum always exists, since
span{F 1, . . . ,FN} is a finite-dimensional (and, consequently, closed) linear space.
Moreover, Λ is bounded from above by 1, as

min
J ∈span{F 1,...,FN}

‖G −J ‖H ∗ ≤ ‖G ‖H ∗ = 1. (10.72)

Proof.

(1) The first estimate:
For proving Theorem 10.17, we consider G ∈ H ∗ with ‖G ‖H ∗ = 1. There exists
JG ∈ span{F 1, . . . ,FN}=: span(F ) such that ‖G −JG ‖H ∗ ≤Λ . Moreover, we
observe that JG F =JG S∗, since F k F =F kS∗ for all k = 1, . . . ,N. Consequently,

G F −G S∗ = G F −JG F +JG S∗︸ ︷︷ ︸
=0

−G S∗

= (G −JG )(F − S∗) . (10.73)

Using Theorem 6.4 and the Cauchy–Schwarz inequality, we conclude that

|G F −G S∗| = ∣∣〈F − S∗,(G −JG )x KH (x, ·)〉
H

∣∣
≤ ‖F − S∗‖H

∥∥(G −JG )x KH (x, ·)∥∥
H

. (10.74)

From the triangle inequality and the first minimum property (Theorem 10.13), we
obtain

‖F − S∗‖H ≤ ‖F‖H + ‖S∗‖H ≤ 2‖F‖H . (10.75)

Moreover, Theorem 6.4 says that the function (G −JG )x KH (x, ·) is the “repre-
sentative” of the functional G −JG ∈ H ∗ in the sense of the Riesz representation
theorem (Theorem 2.26 on p. 26). Hence,

∥∥(G −JG )x KH (x, ·)∥∥
H

= ‖G −JG ‖H ∗ ≤ Λ . (10.76)

Combining (10.74), (10.75), and (10.76), we get the first part of (10.70).
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(2) The second estimate:
Let G ∈ H ∗ be chosen such that F −S∗ ∈ H is its “representative” in the sense of
the Riesz representation theorem (Theorem 2.26), that is, G G = 〈G, F − S∗〉H for
all G ∈ H and ‖G ‖H ∗ = ‖F − S∗‖H . In particular,

Gy KH (x,y) = 〈KH (x, ·), F − S∗〉H = (F − S∗) (x) (10.77)

for all x ∈ B. Furthermore, the triangle inequality and the first minimum property
(Theorem 10.13) yield (again)

‖G ‖H ∗ = ‖F − S∗‖H ≤ ‖F‖H + ‖S∗‖H ≤ 2‖F‖H . (10.78)

If F = S∗, then the second part of (10.70) is trivial. Let us, therefore, assume that
‖F−S∗‖H > 0 and set Ĝ := ‖G ‖−1

H ∗ G . Since Ĝ ∈H ∗ with ‖Ĝ ‖H ∗ = 1, we finally
get, using (10.77), Theorem 6.4, the first part of (10.70), and (10.78):

‖F − S∗‖2
H = 〈F − S∗, F − S∗〉H

=
〈
F − S∗, Gy KH (·,y)〉

H

= G (F − S∗)

= ‖G ‖H ∗ Ĝ (F − S∗)

≤ ‖G ‖H ∗ 2Λ ‖F‖H

≤ 4Λ ‖F‖2
H . (10.79)

��
Theorem 10.18 (Spline Convergence on the 3D Ball). Let {F k |k ∈ N} ⊂ H ∗
be a countable, infinite, and linearly independent system. For every F ∈ H and
every N ∈ N, let S∗F,N ∈ H be given by

S∗F,N ∈ Spline
(
(Am,n) ,X ,

(
F 1, . . . ,FN)) ,

F l S∗F,N = F l F ∀ l = 1, . . . ,N. (10.80)

Then the following statements are equivalent:

(i) limN→∞ |G F −G S∗F,N |= 0 ∀F ∈ H ∀G ∈ H ∗.
(ii) limN→∞ ‖F − S∗F,N‖H = 0 ∀F ∈ H .

(iii) The system {F 1,F 2, . . .} is complete in H ∗,
that is, if F ∈ H with F l F = 0 ∀ l ∈ N, then F = 0.
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Proof.

(1) (ii)⇔⇔⇔ (iii):
We first observe two facts:

• We have

⋃
N∈N

Spline((Am,n) ,X ,(F 1, . . . ,FN))
‖·‖H

= span{F k
x KH (x, ·) | k ∈ N}‖·‖H

.

(10.81)

• Due to Theorem 6.4, F k F = 〈F,F k
x KH (x, ·)〉H for all k ∈ N and all F ∈ H .

Hence, the completeness of {F k |k ∈N}⊂H ∗ is equivalent to the completeness
of {F k

x KH (x, ·) |k ∈ N} ⊂ H . From Theorem 3.5 (see p. 38), we get that the
latter holds if and only if {F k

x KH (x, ·) |k ∈ N} is closed (in the sense of the
approximation theory, see Definition 3.4) in H .

As a consequence, (iii) is equivalent to

⋃
N∈N

Spline((Am,n) ,X ,(F 1, . . . ,FN))
‖·‖H

= H . (10.82)

Now let (10.82) be valid. If F ∈ H and ε > 0 are chosen, then there exists N0 ∈ N

and

SN0 ∈ Spline
(
(Am,n) ,X ,

(
F 1, . . . ,FN0

))
(10.83)

such that ‖F − SN0‖H < ε . Hence, the second minimum property (Theorem 10.14,
note that we use it twice here) yields for all N ≥ N0 the inequality

∥∥F − S∗F,N
∥∥

H
≤ ∥∥F − S∗F,N0

∥∥
H

≤ ∥∥F − SN0

∥∥
H

< ε. (10.84)

This implies (ii).
Vice versa, let (ii) be valid. Then we find, for every F ∈ H and every ε > 0, an
integer N0 ∈ N such that, for all N ≥ N0, ‖F − S∗F,N‖H < ε . Since

S∗F,N ∈ Spline
(
(Am,n) ,X ,

(
F 1, . . . ,FN)) , (10.85)

we get (10.82) and, therefore, (iii).

(2) (ii) ⇒⇒⇒ (i):
For all G ∈ H ∗, we have

∣∣G F −G S∗F,N
∣∣≤ ‖G ‖H ∗

∥∥F − S∗F,N
∥∥

H
. (10.86)

Hence, (ii) implies (i).
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(3) (i) ⇒⇒⇒ (iii):
We prove this implication indirectly, that is, we assume that (iii) is false. Hence,
there exists G ∈ H such that F k G = 0 for all k ∈ N, but G 	= 0. From the Riesz
representation theorem (Theorem 2.26 on p. 26), we know that there exists G ∈H ∗
such that G is its “representative.” Corresponding to G, there exists a sequence
of interpolating splines (S∗G,N)N∈N, where the spline coefficients are denoted by
(aN

k )k=1,...,N;N∈N, that is,

S∗G,N =
N

∑
k=1

aN
k F k

x KH (x, ·) (10.87)

for all N ∈ N. Thus, Lemma 10.12 yields

G S∗G,N =
〈
S∗G,N ,G

〉
H

=
N

∑
k=1

aN
k F k G = 0 (10.88)

for all N ∈ N. As a consequence,

lim
N→∞

∣∣G G−G S∗G,N

∣∣= |G G|= 〈G,G〉H = ‖G‖2
H > 0. (10.89)

Hence, (i) is false. ��
Note that the convergence with respect to ‖ · ‖H also implies the uniform conver-
gence. Furthermore, the second minimum property (Theorem 10.14) also implies
that the sequence (‖F − S∗F,N‖H )N is monotonically decreasing.

Finally, there also exist at least some partial analogues of Theorem 6.39 (see
p. 175). These results show that the spline basis yields a localized alternative to the
orthonormal basis systems. The closure results for the 3D ball were first proved in
[54, 57] for the case of evaluation functionals F k F := F(xk). These theorems can
also be proved for the more general data used in the case of splines.

Theorem 10.19. Let {F k}k∈N be a complete system in H ∗. Then the function
system {F k

x KH (x, ·) |k ∈ N} is closed (in the sense of the approximation theory,
see Definition 3.4 on p. 38) in (H ,‖ · ‖H ).

Proof. Due to Theorem 6.4, the space

h := span{F k
x KH (x, ·) | k ∈ N}‖·‖H (10.90)

is a closed linear subspace of H . Let F ∈ H and F ⊥H h, that is, 〈F,G〉H = 0
for all G ∈ h (see also Theorem 2.23 on p. 25). In particular, 〈F,F k

x KH (x, ·)〉 = 0
for all k ∈ N. Using again Theorem 6.4, we conclude that F k F = 0 for all k ∈ N.
Since the set of functionals F k is complete in H ∗, only F = 0 is possible. Hence,
h = H . ��
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Whereas Theorem 10.19, which we actually already proved in the context of
Theorem 10.18, is valid for both types I and II, the following theorems could (at
least at present) only be proved for type I.

Theorem 10.20. Let {F k}k∈N be a complete system in H ∗, where the Sobolev
space H = H ((Am,n), I,B) is given with Am,n 	= 0 for all m,n ∈ N0. Then the
system {F k

x KH (x, ·)}k∈N is closed (in the sense of the approximation theory) in the
Banach space (C(B),‖ · ‖C(B)).

Proof.

(1) H is dense in C(((B))):
Obviously, the fact that no coefficient Am,n may vanish, and the Sobolev Lemma
(Lemma 10.3) imply that

g := span
{

GI
m,n, j

∣∣ m,n ∈ N0; j = 1, . . . ,2n+ 1
}⊂ H ⊂ C(B) , (10.91)

see Definition 10.1. Moreover, Theorem 9.4 on p. 253 tells us that g is a linear
subspace of Pol(B), and the completeness of the orthonormal system in L2(B) ⊃
Pol(B) (see Theorem 9.1) additionally yields that g = Pol(B).

Furthermore, note that every F ∈ C(B) can be continuously extended to the cube
[−β ,β ]3 (and, actually, to R

3) by defining F̃ ∈ C([−β ,β ]3) with F̃ |B = F as

F̃(x) :=

{
F(x), if x ∈ B,

F
(

x
|x|β
)
, if x 	∈ B .

(10.92)

Next, we notice that the Weierstraß approximation theorem can be generalized to
multivariate functions on cuboids in R

n. We omit the proof of this theorem and refer
to [43, Corollary 6.6.4]. In particular,

Pol([−β ,β ]3)
‖·‖

C([−β ,β ]3) = C
(
[−β ,β ]3

)
(10.93)

and, consequently,

Pol(B)
‖·‖C(B) = C(B) . (10.94)

If we combine this result with (10.91), we get

H
‖·‖C(B) = C(B) . (10.95)

(2) Back to the spline basis:
Now let F ∈ C(B) and ε > 0 be given. From the considerations above, we
find G ∈ H such that ‖F − G‖C(B) < ε , and, from Theorem 10.19, we find
H ∈ span{F k

x KH (x, ·) |k ∈ N} such that ‖G−H‖H < ε . The latter result uses
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a different norm. However, from (10.9) with N = 0, we obtain ‖G− H‖C(Ω) ≤
C‖G−H‖H , where C is a constant given by the summability condition of type
I. In total, we get

‖F −H‖C(B) ≤ (1+C) ε . (10.96)

��
Theorem 10.21. Let {F k}k∈N be a complete system in H ∗, where the Sobolev
space H = H ((Am,n), I,B) is given with Am,n 	= 0 for all m,n ∈ N0. Then the
system {F k

x KH (x, ·)}k∈N is closed (in the sense of the approximation theory) in the
Hilbert space (L2(B), ‖ · ‖L2(B)).

Proof.

(1) C(((B))) is dense in L222(((B))):
Every F ∈ C(B) can be continuously extended to an open ball B̃ with radius β̃ > β
by using (10.92). From [188, Theorem 3.2.2] we get that the linear space {ϕ ∈
C(∞)(B̃) |suppϕ ⊂ B̃ compact} ⊂ C(B̃) is dense in L2(B̃). As a consequence,
C(B) is dense in L2(B).

(2) Back to the spline basis:
Let F ∈L2(B) and ε > 0 be given. Due to the considerations above, there exists G∈
C(B) such that ‖F −G‖L2(B) < ε . Moreover, Theorem 10.20 yields the existence

of H ∈ span{F k
x KH (x, ·) |k ∈ N} with ‖G−H‖C(B) < ε . Finally, (2.28) on p. 20

shows that ‖G−H‖L2(B) ≤ ‖G−H‖C(B)

√
4
3 πβ 3. Consequently, we get

‖F −H‖L2(B) ≤
(

1+

√
4
3

πβ 3

)
ε . (10.97)

��
We show the result of an application of the spline method to the inversion of
heterogeneous gravitational data. Above South America, data (of the gravitational
potential) at a denser grid and at a lower altitude (slightly above the surface) were
used. These data were combined with global data (of the second radial derivative
of the gravitational potential) at a coarser grid and a higher altitude (200km). From
these heterogeneous data, the spline in Fig. 10.4 was calculated (for further details,
see [135]). To obtain a unique solution, a harmonicity constraint was applied, that
is, X = I and Am,n = 0 for m > 0. We see that the higher resolution of the data over
South America is reflected by the spline. Note that low-altitude data are better for
an inversion than high-altitude data.

The spline method presented here was extended to the case where the domain is
an ellipsoid of revolution in [2, 3]. Moreover, a related version of the spline method
presented here was developed for an inverse problem of medical imaging in [59].
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Fig. 10.4 Result of a spline-based inversion of heterogeneous gravitational data for mass density
variations near the Earth’s surface: The resolution of the spline is locally adapted to the data
structure and quality. Since the data are better and denser over South America, the spline is
automatically equipped with a higher resolution there. The image is from [135]

10.3 Questions for Understanding

• How are Sobolev spaces defined on B?
• In correspondence to the two different basis systems, two summability conditions

are distinguished on the ball. Which of them do you consider to be more difficult
to satisfy? Give examples for summable sequences!

• What do the Sobolev spaces on the ball have in common with the spherical
Sobolev spaces? Which difference exists?

• For the splines on a ball, we allowed more general data in comparison to the
construction of spherical splines. In which sense? What is the reason for this
generalization? Why is the data type used for spherical splines a particular case
of the data type used for splines on a ball?

• What are the main features of the constructed splines on a ball? Which of them
are analogous to features of spherical splines?



Chapter 11
Wavelets for Inverse Problems on the 3D Ball

We present here one particular wavelet method, which was developed by the author.
This is certainly not the only wavelet method for tomographic problems on the 3D
ball. There exist alternatives, where at least [60,175,176] should be mentioned here.

11.1 The Problem

We will solve problems of the following class.

Problem 11.1. There exists a measurable set D ⊂ R
m, a complete subspace Y ⊂

L2(D,Rq), q ∈ N, and an operator T : L2(B) → Y with a known singular value
decomposition:

T F =
∞

∑
m,n=0

2n+1

∑
j=1

τm,n
〈
F,Gm,n, j

〉
L2(B)

bm,n, j ∀F ∈ L2(B), (11.1)

where the (not necessarily pairwise distinct) functions bm,n, j are elements of Y such
that {bm,n, j}m,n∈N0,τm,n�=0; j=1,...,2n+1 is complete in Y and

〈
bm,n, j,bμ,ν,ι

〉
L2(D,Rq)

= δmμ δnνδ jι , if τm,nτμ,ν �= 0. (11.2)

In other words, the system of all bm,n, j for m,n∈N0 with τm,n �= 0 and j = 1, . . . ,2n+
1 is an orthonormal basis of the Hilbert space (Y ,〈·, ·〉L2(D,Rq)). Moreover, we
assume that {τm,n}m,n∈N0 is bounded, that is, T is continuous. The inverse problem
is now: Given g ∈ Y , find f ∈ L2(B) such that T f = g.

Example 11.2. For example, if T : L2(B) → L2(σΩ) with σ > β is the operator
which maps a mass density distribution ρ ∈ L2(B) to the corresponding gravita-
tional potential at a spherical satellite orbit with radius σ , that is,

V. Michel, Lectures on Constructive Approximation, Applied and Numerical
Harmonic Analysis, DOI 10.1007/978-0-8176-8403-7 11,
© Springer Science+Business Media New York 2013
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(T ρ)(y) =
∫

B

ρ(x)
|x− y| dx, |y|= σ , (11.3)

then (see [130])

(T ρ)(ση) =
∞

∑
n=0

4π
2n+ 1

(
β
σ

)n
√

β 3

2n+ 3

2n+1

∑
j=1

〈
ρ ,GI

0,n, j

〉
L2(B)

1
σ

Yn, j (η) , η ∈ Ω ,

(11.4)

that is,

τm,n = δm0
4π

2n+ 1

(
β
σ

)n
√

β 3

2n+ 3
, (11.5)

b0,n, j =
1
σ

Yn, j

( ·
σ

)
, (11.6)

D = σΩ , (11.7)

Y = L2 (σΩ), (11.8)

q = 1, (11.9)

and bm,n, j may be chosen arbitrarily for m > 0. This is the inverse gravimetric
problem, which we already mentioned above. There also exist expansions for the
case that derivatives of the potential are given. For a detailed discussion, see [130].
In such cases, it can occur that the functions bm,n, j are not scalar but vectorial or
tensorial.

In [126, 127, 129] a wavelet method for the inverse gravimetric problem
(Example 11.2) was developed. We will follow here the generalized approach
in [128, 130, 132, 134], where inverse problems of the kind of Problem 11.1 are
treated. Note also that we can set T = Id, τm,n = 1∀m,n, bm,n, j = Gm,n, j∀m,n, j in
order to discuss the approximation of F ∈ L2(B) from direct data (this case is also
briefly described in [131]). Moreover, note that an Approximate Identity on the 3D
ball based on locally supported kernels was constructed in [4].

Furthermore, it should be mentioned that an extension to the case where a
singular value decomposition of the operator T is unknown was developed in [125].
Note that the inverse problem can be ill-posed. This is, in particular, the case, if

lim
N→∞

sup
m+n≤N

|τm,n|= 0, (11.10)
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which is the case of a compact operator. Then (τ−1
m,n)m,n is unbounded,1 and the

sequence (T−1bm,n, j)m,n, j is unbounded as well, though ‖bm,n, j‖L2(D,Rq) = 1 for all
m,n, j.

11.2 Convolutions

We adapt now the concept of convolutions introduced in Definition 3.31 (see p. 67).
Note that every Gm,n, j is scalar, but the functions bm,n, j can be scalar, vectorial, or
tensorial.2

Definition 11.3. Let K ∈ L2(B ×D, Rq) and g ∈ L2(D,Rq) be given. Then, we
define the convolution of K and g by

(K ∗ g)(x) :=
∫

D
K (x,y) ·g(y)dy , x ∈ B. (11.11)

Note that K(x,y) ·g(y) is here a Euclidean inner product.

Theorem 11.4. If K ∈ L2(B×D, Rq) and g ∈ L2(D, Rq), then K ∗ g ∈ L2(B, R).

Proof. The L2(B)-norm of K ∗ g can be estimated by using the Cauchy–Schwarz
inequality as follows:

∫

B
((K ∗ g)(x))2 dx =

∫

B

(∫

D
K(x,y) ·g(y)dy

)2

dx

≤
∫

B

∫

D
|K(x,y)|2

Rq dy
∫

D
|g(y)|2

Rq dydx

= ‖g‖2
L2(D,Rq) ‖K‖2

L2(B×D,Rq) <+∞ . (11.12)

�

Theorem 11.5. Let g ∈ Y be given and K ∈ L2(B×D, Rq) be of the form

K (x,y) =
∞

∑
m,n=0

2n+1

∑
j=1

K∧ (m,n) Gm,n, j(x)bm,n, j(y), x ∈ B, y ∈ D, (11.13)

where K∧(m,n) = 0, if τm,n = 0. Then

1For this example, we assume that τm,n �= 0 for all m,n ∈ N0.
2In the case of tensorial functions, that is, bm,n, j : D → R

3×3, we can use the isomorphism of R3×3

and R
9 and interpret this case as q = 9.
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K ∗ g =
∞

∑
m,n=0

2n+1

∑
j=1

K∧ (m,n)
〈
g, bm,n, j

〉
L2(D,Rq)

Gm,n, j (11.14)

in the sense of L2(B).

Before we prove Theorem 11.5, let us note that the functions

B×D � (x,y) �→ Gm,n, j(x)bm,n, j(y) (11.15)

are orthonormal in L2(B×D, Rq) (at least for those (m,n, j) with τm,n �= 0), since
Fubini’s theorem yields

∫

B×D
Gm,n, j(x)bm,n, j(y)

TGμ,ν,ι(x)bμ,ν,ι (y)d(x,y)

=

∫

B
Gm,n, j(x)Gμ,ν,ι (x) dx

︸ ︷︷ ︸
=δmμ δnν δ jι

∫

D
bm,n, j(y)

Tbμ,ν,ι(y)dy

= δmμ δnνδ jι
∥
∥bm,n, j

∥
∥2

L2(D,Rq)
︸ ︷︷ ︸

=1, if τm,n�=0 due to (11.2)

. (11.16)

However, this system is not complete for the following reason: Let us assume,
without loss of generality, that τ0,0 �= 0 and τ1,0 �= 0. Then we get [using (11.2)]

∫

B×D
G0,0,1(x)b1,0,1(y)

TGm,n, j(x)bm,n, j(y)d(x,y)

=

∫

B
G0,0,1(x)Gm,n, j(x)dx

︸ ︷︷ ︸
=δm0δn0δ j1

∫

D
b1,0,1(y)

Tbm,n, j(y)dy

= 〈b1,0,1, b0,0,1〉L2(D,Rq)

= 0 ∀m,n ∈ N0 ∀ j ∈ {1, . . . ,2n+ 1} , (11.17)

although (11.2) also implies that b1,0,1 �= b0,0,1.
Nevertheless, the orthonormality alone suffices to conclude that

‖K‖2
L2(B×D,Rq) =

∞

∑
m,n=0

(2n+ 1)
(
K∧ (m,n)

)2
, (11.18)

provided that K is given by (11.13).
Now let us prove Theorem 11.5.

Proof. Since K ∈ L2(B×D, Rq) and g ∈ Y ⊂ L2(D, Rq), the Fourier expansions
of K(x, ·) and g converge strongly in L2(D, Rq) (for almost every x ∈ B). Hence,
we get [using (11.2) and the completeness of {bm,n, j}τm,n�=0]
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(K ∗ g)(x) = 〈K(x, ·), g〉2

=

〈
∞

∑
m,n=0

2n+1

∑
j=1

K∧(m,n)Gm,n, j(x)bm,n, j ,
∞

∑
μ ,ν=0

τμ ,ν�=0

2ν+1

∑
ι=1

〈
g, bμ,ν,ι

〉
2 bμ,ν,ι

〉

2

=
∞

∑
m,n,μ ,ν=0

τμ ,ν�=0

2n+1

∑
j=1

2ν+1

∑
ι=1

K∧(m,n)
〈
g, bμ,ν,ι

〉
2 Gm,n, j(x)

〈
bm,n, j, bμ,ν,ι

〉
2

=
∞

∑
m,n=0

2n+1

∑
j=1

K∧(m,n)
〈
g, bm,n, j

〉
2 Gm,n, j(x), x ∈ B , (11.19)

in the sense of L2(B), where we used the abbreviation 〈·, ·〉2 := 〈·, ·〉L2(D,Rq). �

Theorem 11.5 is an analogue of Corollary 7.6 on p. 188, which played an

important role in the spherical wavelet theory.
In the following, we will present a linear wavelet theory for the regularization

of the inverse problem T f = g. “Linear” means that we do without the use of
dual wavelets—in contrast to a bilinear theory as we had it for the spherical
case. A bilinear theory for T f = g is presented in [128, 130]. In the numerical
implementations, there is no significant difference between both concepts.

11.3 Scaling Functions

Definition 11.6. We define a scaling function [with respect to the considered
inverse problem (Problem 11.1)] as a family of functions ΦJ on B×D of the form

ΦJ(x,y) =
∞

∑
m,n=0

2n+1

∑
j=1

Φ∧
J (m,n)Gm,n, j(x)bm,n, j(y); x ∈ B, y ∈ D; (11.20)

if the coefficients Φ∧
J (m,n) satisfy the following conditions3:

(SB1) Φ∧
J (m,n) = 0 for all (m,n) ∈ N

2
0 with τm,n = 0 and all J ∈ N0.

(SB2) |Φ∧
J (m,n)| ≤ |Φ∧

J+1(m,n)| for all J,m,n ∈ N0.
(SB3) limJ→∞ Φ∧

J (m,n) = τ−1
m,n for all (m,n) ∈ N

2
0 with τm,n �= 0.

(SB4) ∑∞
m,n=0 n(Φ∧

J (m,n))2 <+∞ for all J ∈ N0.

Note that (SB4) implies that ΦJ ∈ L2(B×D) for all J ∈ N0 due to (11.18).
The main property of a scaling function is the fact that it can be used to calculate
arbitrarily good but stable approximations to the (possibly instable) exact solution,
that is, it provides us with a regularization of the inverse problem. We will prove
this in two steps.

3“SB” refers here to “scaling function” and “ball.”
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Theorem 11.7 (Approximation of the Solution). Let the functions f ∈ L2(B)
and g ∈ L2(D, Rq) satisfy T f = g and 〈 f , Gm,n, j〉L2(B) = 0 for all (m,n, j) with
τm,n = 0. Moreover, let {ΦJ}J∈N0 be a corresponding scaling function. Then

lim
J→∞

‖ΦJ ∗ g− f‖L2(B) = 0. (11.21)

If T = Id (and, consequently, f = g), then Theorem 11.7 says that the scaling
function yields an Approximate Identity.

Proof. Note that T f = g guarantees that g ∈ Y due to (11.1) and the requirements
on {bm,n, j}m,n∈N0; j=1,...,2n+1. We can now use Theorem 11.5 to conclude that

ΦJ ∗ g =
∞

∑
m,n=0

2n+1

∑
j=1

Φ∧
J (m,n)

〈
g, bm,n, j

〉
L2(D,Rq)

Gm,n, j (11.22)

in the sense of L2(B). Moreover, the solution f of T f = g under the constraints of
the theorem is uniquely given by

f =
∞

∑
m,n=0

τm,n�=0

2n+1

∑
j=1

τ−1
m,n

〈
g, bm,n, j

〉
L2(D,Rq)

Gm,n, j (11.23)

in the sense of L2(B). Hence, the Parseval identity in combination with condition
(SB1) yields

‖ΦJ ∗ g− f‖2
L2(B) =

∞

∑
m,n=0

τm,n�=0

2n+1

∑
j=1

(
Φ∧

J (m,n)− τ−1
m,n

)2 〈
g, bm,n, j

〉2
L2(D,Rq)

. (11.24)

Furthermore, conditions (SB2) and (SB3) allow us to conclude that

0 ≤ (
Φ∧

J (m,n)− τ−1
m,n

)2 ≤ (∣∣Φ∧
J (m,n)

∣
∣+

∣
∣τ−1

m,n

∣
∣)2 ≤ 4τ−2

m,n. (11.25)

Since the solvability of the problem T f = g (actually, the fact that ‖ f‖L2(B) <+∞)
yields the convergence of the series

∞

∑
m,n=0

τm,n�=0

2n+1

∑
j=1

τ−2
m,n

〈
g, bm,n, j

〉2
L2(D,Rq)

<+∞, (11.26)

we see that the series in (11.24) is uniformly convergent with respect to J ∈ N0.
Hence, condition (SB3) implies
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lim
J→∞

‖ΦJ ∗ g− f‖2
L2(B) =

∞

∑
m,n=0

τm,n�=0

2n+1

∑
j=1

lim
J→∞

(
Φ∧

J (m,n)− τ−1
m,n

)2 〈
g, bm,n, j

〉2
L2(D,Rq)

= 0.

(11.27)
�


Theorem 11.8 (Stability of the Approximation). The mapping

RJ : Y � g �→ ΦJ ∗ g ∈ L2(B) (11.28)

is continuous.

Proof. Obviously, RJ is linear. Therefore, we show that the operator is bounded.
From Theorem 11.5 and the Parseval identity, we get

‖RJg‖2
L2(B) =

∞

∑
m,n=0

(
Φ∧

J (m,n)
)2

2n+1

∑
j=1

〈
g, bm,n, j

〉2
L2(D,Rq)

≤
(

sup
m,n∈N0

Φ∧
J (m,n)2

)

‖g‖2
L2(D,Rq) , (11.29)

where the supremum is finite due to condition (SB4). �

This shows us the principle of a regularization, which is as follows: If we know

that the mapping g �→ T−1g is discontinuous, we construct an alternative class of
continuous mappings g �→ ΦJ ∗g such that the sequence (ΦJ ∗g)J tends to T−1g. In
practice, there is usually an optimal J∗, after which the approximation deteriorates.4

Also, the scaling functions which we have here provide us with a multiresolution
analysis.

Definition 11.9. Let {ΦJ}J∈N0 be a scaling function. Then the spaces

VJ :=
{

ΦJ ∗ g
∣
∣g ∈ T

(
L2(B)

)}
, J ∈ N0, (11.30)

are called the corresponding scale spaces.

4This is, for example, caused by the following fact: Typically, g is noisy, where the relative
contribution of the noise to the Fourier coefficients 〈g, bm,n, j〉L2(D,Rq) increases with increasing
degree m or n. On the one hand, we get that Φ∧

J (m,n) tends to zero as m → ∞ or n → ∞ from
(SB4). On the other hand, (SB2) and (SB3) require that |Φ∧

J (m,n)| increases with increasing scale
J and approaches the (absolute value of the) reciprocal of the singular value. The former causes
that Fourier coefficients corresponding to high degrees are equipped with small factors due to the
convolution ΦJ ∗ g—which is good due to the noisy character of these coefficients. The latter,
however, causes that this smoothing effect gets weaker and weaker with increasing scale J such
that finally the noise is not sufficiently attenuated any more. An optimal scale J∗ corresponds to a
trade-off between a notable attenuation and a low approximation error.
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Note that we only convolve here the scaling function with right-hand sides g for
which a solution exists.

Theorem 11.10 (Multiresolution Analysis). Let {ΦJ}J∈N0 be a scaling function.
Then the corresponding scale spaces {VJ}J∈N0 constitute a multiresolution analysis,
that is,

(i) For all J ∈ N0,

V0 ⊂ ·· · ⊂VJ ⊂VJ+1 ⊂ ·· · ⊂ L2(B). (11.31)

(ii) The following property holds:

⋃

J∈N0

VJ

‖·‖L2(B)
=
{

f ∈ L2(B)
∣
∣
∣
〈

f , Gm,n, j
〉

L2(B)
= 0, if τm,n = 0

}
. (11.32)

Proof.

(1) Part (i):
From Theorem 11.4, we already know that VJ ⊂ L2(B) for all J ∈ N0. Now let
ΦJ ∗ g with g ∈ T (L2(B)) be an arbitrary element of VJ . We define h ∈ Y by its
Fourier coefficients

〈
h, bm,n, j

〉
L2(D,Rq)

:=

{ Φ∧
J (m,n)

Φ∧
J+1(m,n)

〈
g, bm,n, j

〉
L2(D,Rq)

, if Φ∧
J+1(m,n)�= 0,

0, else.
(11.33)

Indeed, h∈Y ⊂ L2(D, Rq) because 0≤ Φ∧
J (m,n)2 ≤ Φ∧

J+1(m,n)2 due to condition
(SB2) and, consequently,

∞

∑
m,n=0

2n+1

∑
j=1

〈
h, bm,n, j

〉2
L2(D,Rq)

≤
∞

∑
m,n=0

τm,n�=0

2n+1

∑
j=1

〈
g, bm,n, j

〉2
L2(D,Rq)

= ‖g‖2
L2(D,Rq) <+∞,

(11.34)
where we used condition (SB1) and (11.33).
Moreover, there also exists a solution f ∈ L2(B) of T f = h. Such a solution is, for
example, given by

〈
f , Gm,n, j

〉
L2(B)

:=

{
τ−1

m,n

〈
h, bm,n, j

〉
L2(D,Rq)

, if τm,n �= 0,

0, else.
(11.35)

The verification of T f = h is easy [see (11.1)]. Furthermore, f ∈ L2(B), because

∞

∑
m,n=0

2n+1

∑
j=1

〈
f , Gm,n, j

〉2
L2(B)

=
∞

∑
m,n=0

τm,n�=0

2n+1

∑
j=1

τ−2
m,n

〈
h, bm,n, j

〉2
L2(D,Rq)

≤
∞

∑
m,n=0

τm,n�=0

2n+1

∑
j=1

τ−2
m,n

〈
g, bm,n, j

〉2
L2(D,Rq)

, (11.36)
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and g ∈ T (L2(B)) [see also (11.26)]. Hence, ΦJ+1 ∗h∈VJ+1. The rest is analogous
to the spherical case (see Theorem 7.22 on p. 207): Theorem 11.5 yields

ΦJ+1 ∗ h =
∞

∑
m,n=0

Φ∧
J+1(m,n)�=0

2n+1

∑
j=1

Φ∧
J+1(m,n)

〈
h, bm,n, j

〉
L2(D,Rq)

Gm,n, j

=
∞

∑
m,n=0

Φ∧
J+1(m,n)�=0

2n+1

∑
j=1

Φ∧
J (m,n)

〈
g, bm,n, j

〉
L2(D,Rq)

Gm,n, j

= ΦJ ∗ g (11.37)

in the sense of L2(B), where Φ∧
J (m,n) = 0 for all (m,n) ∈N

2
0 with Φ∧

J+1(m,n) = 0
due to condition (SB2). Thus, VJ ⊂VJ+1.

(2) Part (ii):
Let f ∈ L2(B) with 〈 f , Gm,n, j〉L2(B) = 0 for all (m,n) ∈ N

2
0 with τm,n = 0 and all

j = 1, . . . ,2n + 1 be arbitrary. Then g := T f ∈ T (L2(B)) and (ΦJ ∗ g)J∈N0 is a
sequence in

⋃
J∈N0

VJ, which converges to f in the sense of L2(B) according to
Theorem 11.7. �


11.4 Wavelets

In correspondence to the choice of a linear theory (i.e., we use ΦJ and not Φ(2)
J ,

which would anyway not make any sense here), we do not distinguish primal and
dual wavelets anymore. The wavelet theory is here very simple.

Definition 11.11. Let {ΦJ}J∈N0 be a given scaling function. Then the correspond-
ing wavelet {ΨJ}J∈N0∪{−1} is defined by

ΨJ := ΦJ+1 −ΦJ ∀J ∈ N0, Ψ−1 := Φ0. (11.38)

We immediately get the following result.

Theorem 11.12 (Scale-Step Property). Let {ΦJ}J∈N0 be a scaling function and
{ΨJ}J∈N0 be the corresponding wavelet. If f ∈ L2(B) and g ∈ L2(D, Rq) such that
T f = g and 〈 f , Gm,n, j〉L2(B) = 0 for all (m,n, j) with τm,n = 0, then

ΦJ2 ∗ g = ΦJ1 ∗ g+
J2−1

∑
j=J1

Ψj ∗ g , (11.39)

f = ΦJ1 ∗ g+
∞

∑
j=J1

Ψj ∗ g , (11.40)

f =
∞

∑
j=−1

Ψj ∗ g (11.41)
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for all J1,J2 ∈ N0 with J1 < J2, where the latter two identities hold in the sense of
L2(B). Moreover, the detail spaces

WJ :=
{

ΨJ ∗ g
∣
∣g ∈ T

(
L2(B)

)}
(11.42)

satisfy

VJ2 =VJ1 +
J2−1

∑
j=J1

Wj (11.43)

for all J1,J2 ∈ N0 with J1 < J2.

Proof. Only one part is nontrivial: the inclusion

VJ +WJ ⊂VJ+1 ∀J ∈N0, (11.44)

which yields (11.43) by induction, since the opposite inclusion is trivial. Let g1,g2 ∈
T (L2(B)), that is, there exist f1, f2 ∈ L2(B) such that T f1 = g1 and T f2 = g2.
Hence, ΦJ ∗ g1 and ΨJ ∗ g2 are arbitrary elements of VJ and WJ , respectively.
Now, let h,h1,h2 ∈ Y be defined by h := h1 + h2 and

〈
h1, bm,n, j

〉
L2(D,Rq)

:=

{ Φ∧
J (m,n)

Φ∧
J+1(m,n)

〈
g1, bm,n, j

〉
L2(D,Rq)

, if Φ∧
J+1(m,n)�= 0

0, else,

〈
h2, bm,n, j

〉
L2(D,Rq)

:=

{ Φ∧
J+1(m,n)−Φ∧

J (m,n)
Φ∧

J+1(m,n)

〈
g2, bm,n, j

〉
L2(D,Rq)

, if Φ∧
J+1(m,n)�= 0

0 else

for all m,n ∈ N0 and all j ∈ {1, . . . ,2n+ 1}.
Note that 〈hk, bm,n, j〉L2(D,Rq) = 0 ∀k = 1,2, if τm,n = 0, due to condition (SB1) in
Definition 11.6. Moreover, condition (SB2) in the same definition also yields that,
indeed, hk ∈ Y ⊂ L2(D, Rq) ∀k = 1,2 (and, consequently, h ∈ Y ⊂ L2(D, Rq)),
since

∣
∣
∣
〈
hk, bm,n, j

〉
L2(D,Rq)

∣
∣
∣≤ 2

∣
∣
∣
〈
gk, bm,n, j

〉
L2(D,Rq)

∣
∣
∣ (11.45)

for all k ∈ {1,2}, m,n ∈N0, and all j ∈ {1, . . . ,2n+ 1}.
Furthermore, if we set

〈
Fk, Gm,n, j

〉
L2(B)

:=

{
τ−1

m,n

〈
hk, bm,n, j

〉
L2(D,Rq)

, if τm,n �= 0,

0 else
(11.46)

for all k ∈ {1,2}, m,n ∈ N0, and all j ∈ {1, . . . ,2n+ 1}, then (11.45) and the fact
that T fk = gk for all k ∈ {1,2} imply the inequality
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Fig. 11.1 ΦJ ∗ ∂ 2V
∂ r2 (left-hand column) and ΨJ ∗ ∂ 2V

∂ r2 (right-hand column) for J = 3, . . . ,8 (top to
bottom), where V is the gravitational potential from EGM96 (see [110]): The left-hand column
shows approximations of the harmonic density variations near the surface of the Earth at different
scales, and the right-hand column shows the details corresponding to the scale steps (from [130])
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Fig. 11.2 ΦJ ∗ ∂ 2V
∂ r2 (top, like in the left-hand column of Fig. 11.1 but with different color scales),

ΦJ ∗ ∂ 2Ṽ
∂ r2 (middle), where the perturbed function ∂ 2Ṽ

∂ r2 was obtained by adding 10 % artificial noise

to ∂ 2V
∂ r2 , and |ΦJ ∗ ∂ 2V

∂ r2 −ΦJ ∗ ∂ 2Ṽ
∂ r2 | (bottom) for J = 5 (left hand) and J = 6 (right hand). The

physical unit of the color bar is kg m−3 (from [130])

‖Fk‖2
L2(B) =

∞

∑
m,n=0

τm,n�=0

2n+1

∑
j=1

τ−2
m,n

〈
hk, bm,n, j

〉2
L2(D,Rq)

≤ 4
∞

∑
m,n=0

τm,n�=0

2n+1

∑
j=1

τ−2
m,n

〈
gk, bm,n, j

〉2
L2(D,Rq)

≤ 4‖ fk‖2
L2(B) <+∞ (11.47)
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Fig. 11.3 ΦJ ∗ ∂ 2V
∂ r2 (top, like in the left-hand column of Fig. 11.1 but with different color scales),

ΦJ ∗ ∂ 2Ṽ
∂ r2 (middle), where the perturbed function ∂ 2Ṽ

∂ r2 was obtained by adding 10 % artificial noise

to ∂ 2V
∂ r2 , and |ΦJ ∗ ∂ 2V

∂ r2 −ΦJ ∗ ∂ 2Ṽ
∂ r2 | (bottom) for J = 7 (left hand) and J = 8 (right hand). Note that

the low-pass filter at scale 8 is too weak such that the noise dominates the result. The occurrence
of such an effect at large scales is typical for ill-posed inverse problems. The physical unit of the
color bar is kg m−3 (from [130])

for all k ∈ {1,2}. Hence, h1,h2 ∈ T (L2(B)) and, consequently, h ∈ T (L2(B)).
Finally, Theorem 11.5 yields

VJ+1 � ΦJ+1 ∗ h = ΦJ ∗ g1 +(ΦJ+1 −ΦJ)︸ ︷︷ ︸
=ΨJ

∗g2. (11.48)

�
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Figures 11.1–11.3 show the result of a regularization of the inverse gravimetric
problem, where the second radial derivative of the gravitational potential of the
Earth is given 200 km above the Earth’s surface. The results are approximations
to the harmonic solution of the inverse problem, which are plotted at a sphere with
radius 0.999β . For further details of the numerical implementation, see [130] (note
that Ψ̃J ∗ΨJ in the paper corresponds to ΨJ in this book).

11.5 Questions for Understanding

• What kind of inverse problems can be solved by the considered wavelet method?
• How did we define convolutions on the ball?
• Why is the result of a convolution still an L2-function?
• All kinds of convolutions have in common that a particular property holds for the

Fourier transform/coefficients of a convolution. Which property is this (on the
ball and on the sphere)?

• How did we define scaling functions?
• Give examples for scaling functions in the case of the inverse gravimetric

problem!
• What do you know about the following keywords: multiresolution analysis,

wavelets, scale-step property?
• A linear wavelet theory was preferred for the inverse problems. Why? In the case

of the bilinear spherical wavelets, there is a refinement equation. What is the
analogue in a linear wavelet theory?

• The wavelet method is a regularization. What does this mean and why is this the
case here?



Chapter 12
The Regularized Functional Matching Pursuit

12.1 The Idea

The spline and wavelet methods presented so far have several advantages, which are
connected to the localization of the used (reproducing) kernel functions. However,
some drawbacks remain. These are as follows:

The choice of the centers of the “hat functions” is not flexible enough. In the case
of the wavelet method, a quadrature grid is needed. In the case of splines, the grid of
centers is immediately connected to the grid of data, and we cannot use a sparser grid
of centers due to the algorithm. If we have, however, a nowadays realistic number of
data between 104 and 106, then a numerical inversion of the spline matrix becomes
impossible. Moreover, we are limited to a preliminary choice of basis functions,
that is, we have to decide in the very beginning which scaling function we use or
which reproducing kernel we use (and the latter means, that all “hats” have the same
“width”). Furthermore, the Gm,n, j-functions, which are ideal to cover global trends,
cannot be incorporated in the expansion of the solution.

In the Euclidean setting, novel approaches which are called, for example, greedy
algorithms, matching pursuits, sparse regularization, or compressed sensing, have
become popular for several years (see, e.g., [14, 16, 25, 29, 37, 41, 42, 45, 115, 152,
181–183]). As usual, methods which perform well in the Euclidean setting do not
automatically work on the sphere or the ball. Hence, the knowledge of constructive
approximation on the 3D ball is needed to construct a novel algorithm that provides
us with properties that are analogous to those known for the Euclidean methods.
In [18, 54, 57], such a method is presented. This novel approach, which is called
the Regularized Functional Matching Pursuit (RFMP), yields promising first results
and needs to be investigated and enhanced in the future research. It appears not to be
reasonable to give a one-by-one copy of the paper [57] here, which gives a concise
description of the current state of the art. Instead, we will briefly explain the main
ideas of the algorithm.

V. Michel, Lectures on Constructive Approximation, Applied and Numerical
Harmonic Analysis, DOI 10.1007/978-0-8176-8403-7 12,
© Springer Science+Business Media New York 2013
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1. The algorithm is iterative: we start with F0 := 0 and consecutively determine the
summands of the expansion, that is, given Fn = ∑n

k=1 αk dk, find αn+1 dn+1.
2. Whereas αk is a constant real number, dk is an element of a preliminarily chosen

subset D ⊂ L2(B), which is called a dictionary. This set is typically over-
complete. It consists, for example, of orthonormal functions Gm,n, j and “hat”
functions KH1(xk, ·), . . . ,KHr(xk, ·) originating from different Sobolev spaces
H1, . . . ,Hr (i.e., we use “hats” with different “widths”). This enables us to
represent different features of the solution by trial functions of different kinds.

3. One novel feature is that we do not decide from the very beginning which
expansion functions dk are used. The algorithm will only select some of the
elements of the dictionary for the expansion. More precisely, the new summand
αn+1 dn+1 is chosen such that the functional

‖y−F (Fn +αn+1 dn+1)‖2
Rl +λ ‖Fn +αn+1 dn+1‖2

L2(B) (12.1)

is minimized, where y ∈R
l is the given data vector, F : L2(B)→R

l is an oper-
ator representing the (discretized) inverse problem1, and λ is the regularization
parameter. One currently open question in the research is whether a different
norm in the penalty term λ‖Fn + αn+1 dn+1‖2

L2(B)
can yield improvements.

Numerical experiments, however, indicate that norms which are commonly used
in the Euclidean setting do not yield satisfactory results here.

4. A joint inversion of different kinds of data is possible. This is, in particular,
important for the determination of a model of the Earth’s interior due to the null
spaces associated to each data type.

Figure 12.1 shows the result of an inversion of 25,440 gravitational data2 by the
RFMP with λ = 4.6416. The dictionary consists of the functions GI

0,n, j for n =
3, . . . ,8; j = 1, . . . ,2n+1 and (normalized versions of) KHi(xk, ·) for three different
Sobolev spaces Hi and an equiangular grid {xk}k of 39,800 points, that is, there are
approximately 120,000 functions available in the dictionary to choose from. The
left-hand image of the figure shows F20,000 (i.e., the algorithm was truncated after
20,000 functions were selected from the dictionary). We see typical mass density
anomalies in South America (like the Andes) and its vicinity (like the Caribbean
and parts of the Mid-Atlantic Ridge). The right-hand image shows the locations xk

of the centers of those “hat” functions KHi(xk, ·), which were selected from D to
build F20,000. Clearly, the algorithm uses a lot of basis functions in regions where
the solution requires a high resolution, whereas the grid of chosen centers is sparse
in areas where the solution has a low detail structure. This is one of the main features
of the novel method.

1For instance, FF represents the gravitational potential associated to the mass density function F
and measured at l points in space.
2This number is far beyond the limit for a stable inversion of the corresponding spline matrix.
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Fig. 12.1 Result of the RFMP for the inversion of gravitational data (left hand) and grid of “hat”
functions chosen by the algorithm (right hand): the higher the local detail structure of the solution,
the more basis functions the algorithm installs in the corresponding area (from [57])

For further numerical results, including the identification of climate-based (water)
mass transports, see [54–57].

12.2 Questions for Understanding

• What are the advantages and disadvantages of Fourier, spline, and wavelet
methods?

• What is the idea of the RFMP? What kinds of problems can the RFMP tackle
that the previous methods cannot tackle?

• Which practical examples of inverse problems on the ball can you imagine? What
are possible difficulties connected to them?



References

1. Abramowitz, M., Stegun, I.A.: Handbook of Mathematical Functions with Formulas, Graphs,
and Mathematical Tables. Dover, New York (1972)

2. Akhtar, N.: A multiscale harmonic spline interpolation method for the inverse spheroidal
gravimetric problem. Ph.D. thesis, University of Siegen, Department of Mathematics,
Geomathematics Group. Shaker, Aachen (2009)

3. Akhtar, N., Michel, V.: Reproducing Kernel based splines for the regularization of the inverse
ellipsoidal gravimetric problem. Appl. Anal. (2011). Accepted for publication, pre-published
online via doi:10.1080/00036811.2011.590479

4. Akram, M.: Constructive approximation on the 3-dimensional ball with focus on locally sup-
ported kernels and the Helmholtz decomposition. Ph.D. thesis, University of Kaiserslautern,
Department of Mathematics, Geomathematics Group. Shaker, Aachen (2009)

5. Akram, M., Amina, I., Michel, V.: A study of differential operators for particular complete
orthonormal systems on a 3D ball. Int. J. Pure Appl. Math. 73, 489–506 (2011)

6. Alfeld, P., Neamtu, M., Schumaker, L.L.: Fitting scattered data on sphere-like surfaces using
spherical splines. J. Comput. Appl. Math. 73, 5–43 (1996)

7. Amann, H., Escher, J.: Analysis III, 2nd edn. Birkhäuser, Basel (2008)
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Ph.D. thesis, Veröff. Geod. Inst. RWTH Aachen, RWTH Aachen, vol. 33 (1982)

158. Riley, K.F., Hobson, M.P., Bence, S.J.: Mathematical Methods for Physics and Engineering,
4th edn. Cambridge University Press, Cambridge (2008)

159. Rivlin, T.J.: An Introduction to the Approximation of Functions. Blaisdell Publishing
Company, Waltham (1969)

160. Robin, L.: Fonctions Sphérique de Legendre et Fonctions Sphéroidale, vol. 1. Gauthier-
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180. Szegö, G.: Orthogonal Polynomials, vol. XXIII, 14th edn. AMS Colloquium Publications,
Providence (1975)

181. Temlyakov, V.N.: Greedy algorithms and m-term approximation. J. Approx. Theor. 98,
117–145 (1999)

182. Temlyakov, V.N.: Greedy algorithms with regard to multivariate systems with special
structure. Constr. Approx. 16, 399–425 (1999)

183. Temlyakov, V.N.: Nonlinear methods of approximation. Found. Comput. Math. 3, 33–107
(2003)

184. Triebel, H.: Interpolation Theory, Function Spaces, Differential Operators. Johann Ambro-
sius Barth Verlag, Heidelberg (1995)

185. Trim, D.: Calculus. Prentice Hall, Scarborough (1993)
186. Tscherning, C.C.: Isotropic reproducing kernels for the inner of a sphere or spherical shell

and their use as density covariance functions. Math. Geol. 28, 161–168 (1996)
187. Tygert, M.: Fast algorithms for spherical harmonic expansions II. J. Comput. Phys. 227,

4260–4279 (2008)
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Symbols
F∧(n), 45
F∧(n, j), 123
Δ , 30
χD, 58
∃, 20
∀, 20
〈·, ·〉, 14
 ·!, 71
�·�, 71
∇, see gradient, 30
∇∗, 87
⊕, 23
|| · ||, 14
∧, 27

A
∀, 20
Abel-Poisson kernel, 116, 162, 201, 217

condition number of the spline matrix, 178
hat-width, 180

Abel-Poisson P-wavelet, 217
Abel-Poisson scaling function, 201
absolutely continuous, 18
AC, 18
accumulation point, 21
addition theorem for spherical harmonics, 103
adjoint operator, 26
admissibility condition, 191–193
admissible, 191
algebraic complement, 23
Approximate Identity, 7

1D, 63–65
ball, 290, 294
sphere

by means of a scaling function, 204
Poisson integral formula, 112–118

approximation by splines, 179, 280
arc

simple arc, 27
Aronszajn’s Theorem, 145
associated Legendre function, 128–130

B
Bn, 34
B, 249
ball, 249

open ball, 20
Banach space, 19

examples, 19, 26
bandlimited, 194
Beltrami operator, 87

eigenfunction, 101, 123
eigenvalue, 101, 123
spherical symbol, 101, 123

Bernstein operator, 34
Bessel inequality, 21
best approximation, 63, 170, 180, 279
Blackman P-wavelet, 217
Blackman scaling function, 195
bounded operator, 25, 26, 289

C
C (D,Rm), 15–16
C1(R), 65
χD, 58
C[a,b]

closed systems, 38
(C(B), || · ||C(B))

closed system, 285
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(C(Ω), || · ||C(Ω))
closed system, 120, 175

(C(Ω), || · ||L2(Ω))
closed system, 121

calculus
analogue of the fundamental theorem, 18

canonical orthonormal basis of R3, 85
Cauchy sequence, 19
Cauchy-Schwarz inequality, 15
center of a spline basis function, 161
characteristic function, 58
Chebyshev polynomials

of the first kind, 42, 43
of the second kind, 42, 43

Clenshaw algorithm, 47
closed

in the sense of the approximation theory,
38

in (C[a,b], || · ||∞), 38
in (C[a,b], || · ||L2

w[a,b]
), 38

in (C(B), || · ||C(B)), 285
in (C(Ω), || · ||C(Ω)), 120, 175
in (C(Ω), || · ||L2(Ω)), 121
in (H ((An);Ω), || · ||H ((An);Ω)), 175
in (H ((Am,n),X ,B), ||

·||H ((Am,n),X ,B)), 284

in (L2(B), || · ||L2(B)), 252, 286

in (L2(Ω), || · ||L2(Ω)), 121, 175
in the sense of the topology, 21

closed curve, 27
closure, 21
compact operator, 291
complement

algebraic complement, 23
orthogonal complement, 25

complete space, 19
complete system, 21, 38

complete orthonormal system, see
orthonormal basis

compressed sensing, 303
continuous

absolutely continuous, 18
continuous operator, 26, 289

convergence, 18
strong convergence, 19
uniform convergence, 20
weak convergence, 19

convolution, 7, 67–69
of two kernels, 188–190
on the ball, 291–293
spherical convolution, 184–188

cp P-wavelet, 215
cross product, 27

cubic polynomial scaling function, 195
cubic spline

definition, 56
Hermitian cubic spline, 60
Holladay’s theorem, 60
natural cubic spline, 59
periodic cubic spline, 60

curl
surface curl gradient, 87

curvature
linearized curvature, 61

curve, 27
closed curve, 27

D
Δ , 30
Δ∗, see Beltrami operator
δαβ , 21
degree

of a GI
m,n, j, 253

of a spherical harmonic, 103
delta

Kronecker delta, 21
delta function, 7
dense subset, 21
detail space

corresponding to Haar wavelets, 75
corresponding to spherical wavelets, 222
corresponding to wavelets on the ball, 298

dictionary, 304
dilated function, 192
dilation, 192
Dirac delta function, 7
direct sum, 23
discrepancy

generalized discrepancy, 234
dot product, 15
Driscoll-Healy grid, 135
Driscoll-Healy method, 230
dual space, 25
dual wavelet, see spherical wavelet

E
∃, 20
εk, 85
E , 149, 266
E ((An) ;Ω), 149
E ((Am,n),X ,B), 266
eigenfunction

GI
m,n, j, 264

GII
m,n, j, 264

Jacobi polynomial, 53
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Legendre polynomial, 53, 124
of the Beltrami operator, 101, 123
of the Legendre operator, 124
spherical harmonic, 101, 123
spherical Slepian function, 241, 244

eigenvalue
corresponding to a

GI
m,n, j-function, 264

GII
m,n, j-function, 264

Jacobi polynomial, 53
Legendre polynomial, 53
spherical harmonic, 101, 123, 124
spherical Slepian function, 241

of the Beltrami operator, 101, 123
of the Legendre operator, 124

energy ratio, 239
equidistributed point sets

on the sphere, 234
Euclidean dot product, 15
Extended Haar’s Theorem, 133, 231

F
fast Haar wavelet transform, 76
First and Second Green’s identity, 30
first and second Green’s surface identity, 92
first minimum property, 167, 278
FMP, see Regularized Functional Matching

Pursuit
formula

Funk-Hecke formula, 185
Poisson integral formula, 112–118
Rodriguez formula, 43

Fourier series, 22, 31
in L2[−1,1], see Legendre series
in L2(Ω), 122

Fourier transform
inverse spherical Fourier transform, 123,

130
spherical Fourier transform, 123, 130

frame, 227
fully normalized spherical harmonic, 126–130
function

characteristic function, 58
dilated function, 192
Gamma function, 41
harmonic function, 97, 252
indicator function, 58
localized function, 116
positive definite function, 163
strictly positive definite function, 163, 165
zonal function, see zonal function

functional, 25
Functional Matching Pursuit, see Regularized

Functional Matching Pursuit

fundamental system relative to Harm0...d(Ω),
231–234

fundamental theorem of calculus
analogue, 18

Funk-Hecke formula, 185

G
GI

m,n, j, 252–264
as eigenfunctions, 264
C(B)-norm estimate, 260
differential equation, 264
eigenvalues, 264

GII
m,n, j, 252–264

as eigenfunctions, 264
C(B)-norm estimate, 260
differential equation, 264
eigenvalues, 264

Gamma function, 41
Gauß’s Law, 29
Gauß-Weierstraß P-wavelet, 222
Gauß-Weierstraß scaling function, 203
Gaussian function, 64
Gegenbauer polynomials, 41
generalized discrepancy, 234
generator of a spherical scaling function

definition, 193
examples, 194–203

generator of a spherical wavelet
definition, 211
examples, 213–222

gradient, 30
decomposition in polar coordinates, 87
surface curl gradient, 87
surface gradient, 87

Gramian matrix, 164, 277
gravitational potential, 265
greedy algorithm, 303
Green’s identities, 30
Green’s surface identities, 92
grid, see point grid

H
H , see Sobolev space on the sphere, see

Sobolev space on the ball
H ((An) ;Ω), see Sobolev space on the sphere
H ((Am,n),X ,B), see Sobolev space on the

ball
Hs(Ω), see Sobolev space on the sphere
H I

s (B), see Sobolev space on the ball
H II

s (B), see Sobolev space on the ball
Haar scaling function, 73

fast Haar wavelet transform, 76
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Haar scaling function (cont.)
multiresolution analysis, 75
scale space, 74
scale-step property, 75

Haar transform, 76
Haar wavelet, 69

constant parts, 72
detail space, 75
fast Haar wavelet transform, 76
mother wavelet, 69
multiscale analysis, 72
scale-step property, 75
support, 71
wavelet coefficient, 72

Haar’s Theorem, 131
Extended Haar’s Theorem, 133

Hadamard’s criteria for well-posed problems,
163

Harm, 97
Harmn(Ω)

as eigenspace, 101, 123
definition, 99
dimension, 100
orthonormal basis, 103
reproducing kernel, 111

Harmn(R
3), 99–101

Harm0...n(Ω), 99–101
dimension, 101
fundamental system, 231–234

Harm0...n(R
3), 99–101

harmonic function, 97, 252
Hermitian cubic spline, 60
Hilbert space, 19

examples, 19
reproducing kernel Hilbert space, see

reproducing kernel
Hölder’s inequality, 17
Holladay’s Theorem, 60
Homm, 97–99
homogeneous polynomial, 97

I
identity

Approximate Identity, 7
1D, 63–65
ball, 290, 294
sphere: by means of a scaling function,

204
sphere: Poisson integral formula,

112–118
First and Second Green’s identity, 30
First and Second Green’s surface identity,

92

Funk-Hecke formula, 185
parallelogram identity, 15
Parseval identity, 22

in L2(Ω), 122
Poisson integral formula, 112–118
refinement equation, 210
Rodriguez formula, 43

ill-posed, 163
indicator function, 58
induced metric, 19
induced norm, 15
inequality

Bessel inequality, 21
Cauchy-Schwarz inequality, 15
Hölder’s inequality, 17
Marcinkiewicz-Zygmund inequality, 227,

236
inner point, 20
inner product, 14

examples, 15–17
integral

line integral, 27
surface integral, 27

interior, 20
inverse gravimetric problem, 252, 265, 290

numerical result
based on scaling functions and wavelets,

302
based on splines, 286
based on the RFMP, 304

inverse problem, 289, 304
inverse spherical Fourier transform, 123, 130
inverse spherical wavelet transform, 227
iterated kernel, 190

J
Jacobi polynomials

as eigenfunctions, 53
at t =−1, 49
C[−1,1]-norm, 49
Clenshaw algorithm, 47
definition, 41
differential equation, 53
eigenvalues, 53
L2

w[−1,1]-norm, 44
recurrence formula, 44
Rodriguez formula, 43

K
KH , see reproducing kernel
kernel

Abel-Poisson kernel, 162
convolution, 188–190
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iterated kernel, 190
reproducing kernel, see reproducing kernel

Kronecker delta, 21

L
L , see Legendre operator
L (X ,Y ), 25, 26
L1[a,b], 18
Lp(D,Rm), 16–18
L∗, 87
L2

w[a,b], 31–32
complete system, 38

L2[0,2π ]
trigonometric orthonormal basis, 53

L2(B)
orthonormal basis, 252

(L2(B), || · ||L2(B))
closed system, 286

(L2(Ω), || · ||L2(Ω))
closed system, 121, 175

L2(R)
localized trigonometric orthonormal basis,

54
L-curve method, 139
Lagrange basis, 171
Landau symbol, 14
Laplace operator, 30, 87
Laplace-Beltrami operator, see Beltrami

operator
Laplacian, see Laplace operator
latitude, 86
Legendre coefficient, 45
Legendre function

associated Legendre function, 128–130
Legendre operator, 90

eigenfunction, 124
eigenvalue, 124

Legendre polynomials
as eigenfunctions, 124
at t =−1, 52
C[−1,1]-norm, 49, 112

of an arbitrary derivative, 52
of the first derivative, 49

Clenshaw algorithm, 47, 48
definition, 41, 43
differential equation, 124
differential equation for Jacobi

polynomials, 53
eigenvalue, 124
expansion in Legendre polynomials, 45
L2[−1,1]-norm, 44
recurrence formula, 44
Rodriguez formula, 43

Legendre series, 45–46
line integral, 27

example, 28
linear operator, 25
linearized curvature, 61
localized function, 116
localized trigonometric orthonormal basis,

54
longitude, 86

M
M-wavelet, see spherical wavelet
Marcinkiewicz-Zygmund inequality, 227, 236
matching pursuit, 303
matrix

Gramian matrix, 164, 277
spline matrix, 178–180
Vandermonde matrix, 131

metric, 19
metric space, 19
minimum properties, see spherical spline, see

spline on the ball
modified rational P-wavelet, 217
modified rational scaling function, 200
modified Shannon P-wavelet, 213
modified Shannon scaling function, 195
mother wavelet, see Haar wavelet, see spherical

wavelet
MRA, see multiresolution analysis
multiresolution analysis

by a Haar scaling function, 75
by a scaling function on the ball, 296
by a spherical scaling function, 207

multiscale analysis, see multiresolution
analysis

N
N, 13
N0, 13
nabla, see gradient
natural cubic spline, 59

Holladay’s Theorem, 60
nodal width, 172
norm, 14

examples, 15–17, 26
induced norm, 15
of Jacobi polynomials in C[−1,1], 49
of Jacobi polynomials in L2

w[−1,1], 44
of Legendre polynomials in C[−1,1], 49,

112
of Legendre polynomials in L2[−1,1], 44
operator norm, 25, 26
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norm estimate
for GI

m,n, j in C(B), 260

for GII
m,n, j in C(B), 260

for spherical harmonics in C(Ω), 111
for Yn, j , 111

normed space, 14
examples, 15–17, 26

numerical integration
on the sphere, 230–236

O
Ω , 85
O , 14
o, 14
onb, see orthonormal basis
ons, see orthonormal system
open ball, 20
open set, 21
operator, 25

adjoint operator, 26
Beltrami operator, see Beltrami operator
Bernstein operator, 34
bounded operator, 25, 26, 289
compact operator, 291
continuous operator, 26, 289
Laplace operator, 30, 87
Laplace-Beltrami operator, see Beltrami

operator
Legendre operator, see Legendre operator
linear operator, 25
self-adjoint operator, 26

operator norm, 25, 26
optimally localized spatial Slepian

eigenfunctions, 244
order

of a spherical harmonic, 103
orthogonal basis, 21
orthogonal complement, 25
orthogonal decomposition, 25
orthogonal polynomials

1D, 32, 38, 40
Clenshaw algorithm, 47
examples, 41

on the ball, see GI
m,n, j

on the sphere, see Yn, j

orthogonal system, 21
orthonormal basis, 21

of H ((An);Ω), 159
of H ((Am,n),X ,B), 268
of Harmn(Ω), 103
of Harm0...∞(Ω), 103
of L2

w[a,b], 38

of L2[0,2π ] (trigonometric), 53
of L2(B), 252
of L2(Ω), 122
of L2(R) (Haar wavelets), 71
of L2(R) (localized trigonometric), 54
of R3 (canonical), 85
of R3 (local), 86
tensor product ansatz, 80

orthonormal polynomials
1D, 32, 38

Clenshaw algorithm, 47
on the ball, see GI

m,n, j
on the sphere, see Yn, j

orthonormal system, 21

P
Pn, see Legendre polynomials

P(α,β )
n , see Jacobi polynomials

Pn, j , see associated Legendre function
Pw,n, 32, 38

zeros, 39
P̃w,n, 40

examples, 41
P-wavelet, see spherical wavelet
parallelogram identity, 15
parameter range, 27
parametrization, 27

of a circle, 27
of a sphere, 27

Parseval identity, 22
in L2(Ω), 122

partition of unity, 36, 65, 113
Peano’s Theorem, 62
periodic cubic spline, 60
point grid

Driscoll-Healy grid, 135
Reuter grid, 137

Poisson integral formula, 112–118
Pol, 13
Pol0...m, 14
polar coordinates, 86
polar distance, 86
polynomials

Chebyshev polynomials, see Chebyshev
polynomials

frame, 227
Gegenbauer polynomials, 41
homogeneous polynomials, 97
Jacobi polynomials, see Jacobi polynomials
Legendre polynomials, see Legendre

polynomials
orthogonal polynomials
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1D, 32, 38, 40
1D examples, 41
on the ball, see GI

m,n, j
on the sphere, see Yn, j

orthonormal polynomials
1D, 32, 38
on the ball, see GI

m,n, j
on the sphere, see Yn, j

ultraspherical polynomials, 41
positive definite function, 163
potential

gravitational potential, 265
pre-Hilbert space, 14

examples, 15–17
primal wavelet, see spherical wavelet
Principle 1, 6
Principle 2, 7

Q
Q, 13
quantor, 20

R
R, 13
rational P-wavelet, 217

modified rational P-wavelet, 217
rational scaling function, 199

modified rational scaling function, 200
refinement equation, 210
regularization, 293–295, 302

of the spline matrix, 178, 280
sparse regularization, 303
Tykhonov regularization, 138, 178, 280

Regularized Functional Matching Pursuit,
303–304

reproducing kernel, 109–111, 145–149, 165,
171

Abel-Poisson kernel, 162
in the case of the ball, 268
in the case of the sphere, 111, 159

reproducing kernel Hilbert space, see
reproducing kernel

Reuter grid, 137
RFMP, see Regularized Functional Matching

Pursuit
Riesz representation theorem, 26
Rodriguez formula, 43

S
scalar product, see inner product
scale space

corresponding to a Haar scaling function,
74

corresponding to a scaling function on the
ball, 295

corresponding to a spherical scaling
function, 207

scale-step property
by Haar wavelets and scaling functions,

75
by spherical wavelets and scaling functions,

222
by wavelets and scaling functions on the

ball, 297
scaling function, 9

Haar scaling function, see Haar scaling
function

on the ball, 293
Approximate Identity, 294
approximation of the solution, 294
multiresolution analysis, 296
numerical example, 302
regularization, 293–295
scale space, 295
scale-step property, 297
stability of the approximation, 295

spherical scaling function, see spherical
scaling function

second minimum property, 169, 279
self-adjoint operator, 26
Shannon P-wavelet, 213

modified Shannon P-wavelet, 213
Shannon Sampling Theorem

for spherical splines, 170
for splines on the ball, 279

Shannon scaling function, 195, 241
modified Shannon scaling function, 195

simple arc, 27
Slepian function, see spherical Slepian function
Sobolev Lemma, 154, 268
Sobolev norm, see Sobolev space
Sobolev space

on the ball
closed system, 284
definition, 266
H I

s (B), 272–275
H II

s (B), 272–275
inner product, 266
norm, 274
orthonormal basis, 268
reproducing kernel, 268
Sobolev Lemma, 268

on the sphere
closed system, 175, 284
definition, 149
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Sobolev space (cont.)
Hs(Ω), 151–153, 157–159
inner product, 149
norm, 150, 153
orthonormal basis, 159
reproducing kernel, 159, 165, 171
Sobolev Lemma, 154

sparse regularization, 303
spatial Slepian function, see spherical Slepian

function
spherical Approximate Identity, 204
spherical convolution, 184–188
spherical Fourier transform, 123, 130
spherical harmonic

addition theorem, 103
as eigenfunction, 101, 123
computation, 130
definition, 99
degree, 103
differential equation, 101, 123
eigenvalue, 101, 123
fully normalized spherical harmonic,

126–130
norm estimate in C(Ω), 111
order, 103
orthogonality, 102
orthonormal basis, 103

spherical multiresolution analysis, 207
spherical scaling function

Abel-Poisson scaling function, 201
admissibility condition, 191–193
Approximate Identity, 204
bandlimited

definition, 194
examples, 194–195, 199

Blackman scaling function, 195
cubic polynomial scaling function, 195
definition, 190
examples, 194–203
Gauß-Weierstraß scaling function, 203
generator

definition, 193
examples, 194–203

modified rational scaling function, 200
modified Shannon scaling function, 195
multiresolution analysis, 207
non-bandlimited

definition, 194
examples, 199–203

rational scaling function, 199
refinement equation, 210
scale space, 207
scale-step property, 222
Shannon scaling function, 195, 241

Tykhonov-Philips scaling function, 203
spherical Slepian function, 239–244

as eigenfunction, 241, 244
eigenvalue, 241
optimally localized spatial Slepian

eigenfunctions, 244
spherical spline

convergence, 172, 174
definition, 161
error estimate, 172, 174
existence and uniqueness, 167
first minimum property, 167
second minimum property, 169
Shannon Sampling Theorem, 170
spline approximation, 179
spline basis function, 161

center, 161
spline matrix, 178–180

spherical wavelet
Abel-Poisson P-wavelet, 217
bandlimited

examples, 213–215, 217
Blackman P-wavelet, 217
cubic polynomial P-wavelet, 215
definition, 210
detail space, 222
dual wavelet, 210
examples, 213–224
Gauß-Weierstraß P-wavelet, 222
generator

definition, 211
examples, 213–222

inverse spherical wavelet transform, 227
M-wavelet

definition, 211
modified rational P-wavelet, 217
modified Shannon P-wavelet, 213
mother wavelet, 210
non-bandlimited

examples, 217–224
P-wavelet

definition, 211
examples, 213–224

primal wavelet, 210
rational P-wavelet, 217
refinement equation, 210
scale-step property, 222
Shannon P-wavelet, 213
Tykhonov-Philips P-wavelet, 222
wavelet transform, 226

spline
cubic spline, see cubic spline
on an ellipsoid, 286
on the ball
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convergence, 282
definition, 277
error estimate, 280
existence and uniqueness, 278
first minimum property, 278
second minimum property, 279
Shannon Sampling Theorem, 279
spline approximation, 280

spherical spline, see spherical spline
spline basis function

closed system, 175, 284–286
on the ball, 275
on the sphere, see spherical spline basis

function
spline matrix, 178–180
strictly positive definite function, 163, 165
strong convergence, 19
sum

direct sum, 23
summability condition

in the case of the ball, 267, 269–272
in the case of the sphere, 154
of type I, 267, 269–272
of type II, 267, 269

summable, see summability condition
surface, 27
surface curl gradient, 87
surface gradient, 87
surface integral, 27

example, 28

T
tensor product ansatz, 80
theorem

addition theorem for spherical harmonics,
103

Aronszajn’s Theorem, 145
Driscoll-Healy method, 230
Extended Haar’s Theorem, 133, 231
Funk-Hecke formula, 185
Haar’s Theorem, 131
Holladay’s Theorem, 60
Peano’s Theorem, 62
Poisson integral formula, 112–118
Riesz representation theorem, 26
Sobolev Lemma, 154, 268
Weierstraß approximation theorem,

34
tight frame, 227
trigonometric orthonormal basis, 53
Tykhonov regularization, 138, 178, 280
Tykhonov-Philips P-wavelet, 222
Tykhonov-Philips scaling function, 203

U
ultraspherical polynomials, 41
uniform convergence, 20
unisolvent, 131–134
unit sphere, 85

V
Vj

in the case of a Haar scaling function, 75
in the case of a scaling function on the ball,

295
in the case of a spherical scaling function,

207
Vandermonde matrix, 56, 57, 131
vector product, 27
volume integral

example, 28

W
Wj

in the case of Haar wavelets, 75
in the case of spherical wavelets, 222
in the case of wavelets on the ball, 298

wavelet, 9
dual wavelet, see spherical wavelet
frame, 227
Haar wavelet, see Haar wavelet
linear and bilinear theory (distinction), 293
M-wavelet, see spherical wavelet
mother wavelet, see Haar wavelet, see

spherical wavelet
on the ball

definition, 297
detail space, 298
numerical example, 302
scale-step property, 297

P-wavelet, see spherical wavelet
primal wavelet, see spherical wavelet
spherical wavelet, see spherical wavelet

wavelet coefficient
corresponding to a Haar wavelet in 1D, 72

wavelet transform, see Haar transform, see
spherical wavelet

weak convergence, 19
Weierstraß approximation theorem, 34
well-posed, 163

Y
Yn, j

addition theorem for spherical harmonics,
103
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Yn, j (cont.)
closed system, 120–122
computation, 130
definition, 103
fully normalized spherical harmonic,

126–130
maximum norm estimate for ∇∗Yn, j ,

155

norm estimate in C(Ω), 111
orthonormal basis of L2(Ω), 122

Z
Z, 13
zonal function, 93–96

convolution, 188–190
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W.O. Bray and C.V. Stanojević: Analysis of Divergence (ISBN 978-0-8176-4058-3)

G.T Herman and A. Kuba: Discrete Tomography (ISBN 978-0-8176-4101-6)

J.J. Benedetto and P.J.S.G. Ferreira: Modern Sampling Theory (ISBN 978-0-8176-4023-1)

A. Abbate, C.M. DeCusatis, and P.K. Das: Wavelets and Subbands (ISBN 978-0-8176-4136-8)

L. Debnath: Wavelet Transforms and Time-Frequency Signal Analysis
(ISBN 978-0-8176-4104-7)

K. Gr-ochenig: Foundations of Time-Frequency Analysis (ISBN 978-0-8176-4022-4)

D.F. Walnut: An Introduction to Wavelet Analysis (ISBN 978-0-8176-3962-4)

O. Bratteli and P. Jorgensen: Wavelets through a Looking Glass (ISBN 978-0-8176-4280-8)

H.G. Feichtinger and T. Strohmer: Advances in Gabor Analysis (ISBN 978-0-8176-4239-6)

O. Christensen: An Introduction to Frames and Riesz Bases (ISBN 978-0-8176-4295-2)

L. Debnath: Wavelets and Signal Processing (ISBN 978-0-8176-4235-8)

J. Davis: Methods of Applied Mathematics with a MATLAB Overview
(ISBN 978-0-8176-4331-7)

G. Bi and Y. Zeng: Transforms and Fast Algorithms for Signal Analysis and Representations
(ISBN 978-0-8176-4279-2)

J.J. Benedetto and A. Zayed: Sampling, Wavelets, and Tomography
(ISBN 978-0-8176-4304-1)

E. Prestini: The Evolution of Applied Harmonic Analysis (ISBN 978-0-8176-4125-2)

O. Christensen and K.L. Christensen: Approximation Theory (ISBN 978-0-8176-3600-5)

L. Brandolini, L. Colzani, A. Iosevich, and G. Travaglini: Fourier Analysis and Convexity
(ISBN 978-0-8176-3263-2)

W. Freeden and V. Michel: Multiscale Potential Theory (ISBN 978-0-8176-4105-4)

O. Calin and D.-C. Chang: Geometric Mechanics on Riemannian Manifolds
(ISBN 978-0-8176-4354-6)

J.A. Hogan and J.D. Lakey: Time-Frequency and Time-Scale Methods
(ISBN 978-0-8176-4276-1)

C. Heil: Harmonic Analysis and Applications (ISBN 978-0-8176-3778-1)

K. Borre, D.M. Akos, N. Bertelsen, P. Rinder, and S.H. Jensen: A Software-Defined GPS
and Galileo Receiver (ISBN 978-0-8176-4390-4)

T. Qian, V. Mang I, and Y. Xu: Wavelet Analysis and Applications (ISBN 978-3-7643-7777-9)

G.T. Herman and A. Kuba: Advances in Discrete Tomography and Its Applications
(ISBN 978-0-8176-3614-2)



Applied and Numerical Harmonic Analysis (Cont’d)

M.C. Fu, R.A. Jarrow, J.-Y. J. Yen, and R.J. Elliott: Advances in Mathematical Finance
(ISBN 978-0-8176-4544-1)

O. Christensen: Frames and Bases (ISBN 978-0-8176-4677-6)

P.E.T. Jorgensen, K.D. Merrill, and J.A. Packer: Representations, Wavelets, and Frames
(ISBN 978-0-8176-4682-0)

M. An, A.K. Brodzik, and R. Tolimieri: Ideal Sequence Design in Time-Frequency Space
(ISBN 978-0-8176-4737-7)

B. Luong: Fourier Analysis on Finite Abelian Groups (ISBN 978-0-8176-4915-9)

S.G. Krantz: Explorations in Harmonic Analysis (ISBN 978-0-8176-4668-4)

G.S. Chirikjian: Stochastic Models, Information Theory, and Lie Groups, Volume 1
(ISBN 978-0-8176-4802-2)

C. Cabrelli and J.L. Torrea: Recent Developments in Real and Harmonic Analysis
(ISBN 978-0-8176-4531-1)

M.V. Wickerhauser: Mathematics for Multimedia (ISBN 978-0-8176-4879-4)

P. Massopust and B. Forster: Four Short Courses on Harmonic Analysis
(ISBN 978-0-8176-4890-9)

O. Christensen: Functions, Spaces, and Expansions (ISBN 978-0-8176-4979-1)

J. Barral and S. Seuret: Recent Developments in Fractals and Related Fields
(ISBN 978-0-8176-4887-9)

O. Calin, D. Chang, K. Furutani, and C. Iwasaki: Heat Kernels for Elliptic and Sub-elliptic
Operators (ISBN 978-0-8176-4994-4)

C. Heil: A Basis Theory Primer (ISBN 978-0-8176-4686-8)

J.R. Klauder: A Modern Approach to Functional Integration (ISBN 978-0-8176-4790-2)

J. Cohen and A. Zayed: Wavelets and Multiscale Analysis (ISBN 978-0-8176-8094-7)

D. Joyner and J.-L. Kim: Selected Unsolved Problems in Coding Theory (ISBN 978-0-8176-
8255-2)

J.A. Hogan and J.D. Lakey: Duration and Bandwidth Limiting (ISBN 978-0-8176-8306-1)

G. Chirikjian: Stochastic Models, Information Theory, and Lie Groups, Volume 2 (ISBN 978-0-
8176-4943-2)

G. Kutyniok and D. Labate: Shearlets (ISBN 978-0-8176-8315-3)

P.G. Casazza and G. Kutyniok: Finite Frames (ISBN 978-0-8176-8372-6)

T. Andrews, R. Balan, J. Benedetto, W. Czaja, and K. Okoudjou: Excursions in Harmonic
Analysis, Volume 1 (ISBN 978-0-8176-8375-7)

T. Andrews, R. Balan, J. Benedetto, W. Czaja, and K. Okoudjou: Excursions in Harmonic
Analysis, Volume 2 (ISBN 978-0-8176-8378-8)

D. Mitrea, I. Mitrea, M. Mitrea, and S. Monniaux: Groupoid Metrization Theory: With Applications
to Analysis on Quasi-Metric Spaces and Functional Analysis (ISBN 978-0-8176-8396-2)

V. Michel: Lectures on Constructive Approximation (ISBN 978-0-8176-8402-0)

For a fully up-to-date list of ANHA titles, visit http://www.springer.com/series/4968?detailsPage=titles
or http://www.springerlink.com/content/t7k8lm/.


	Cover
	Lectures on Constructive 
Approximation
	ANHA Series Preface
	Preface
	Contents

	2 Basic Fundamentals: What You Need to Know
	2.1 Preliminaries
	2.2 Basics of Functional Analysis
	2.3 Curves and Surfaces

	3 Approximation of Functions on the Real Line
	3.1 Orthogonal Basis Systems on Intervals
	3.2 A Brief Introduction to Cubic Splines
	3.3 An Approximate Identity for R
	3.4 The Haar Wavelet
	3.5 A Remark on Higher Dimensions: The Tensor Product Ansatz
	3.6 Questions for Understanding

	4 Basic Aspects
	4.1 Some Fundamental Tools
	4.2 Questions for Understanding

	5 Fourier Analysis
	5.1 Spherical Harmonics
	5.2 Fully Normalized Spherical Harmonics
	5.3 Point Grids
	5.4 Questions for Understanding

	6 Spherical Splines
	6.1 Reproducing Kernel Hilbert Spaces
	6.2 Spherical Sobolev Spaces
	6.3 Spherical Splines
	6.4 Some Remarks
	6.4.1 More General Data
	6.4.2 The Spline Matrix
	6.4.3 Another Remark on Point Grids

	6.5 Questions for Understanding

	7 Spherical Wavelet Analysis
	7.1 Convolutions
	7.2 Scaling Functions
	7.3 Wavelets
	7.4 Numerical Integration on the Sphere (Very Briefly)
	7.5 Questions for Understanding

	8 Spherical Slepian Functions
	8.1 Spherical Slepian Functions
	8.2 Questions for Understanding

	9 Orthonormal Bases
	9.1 Construction and Basic Properties
	9.2 Eigenfunctions of Differential Operators
	9.3 Questions for Understanding

	10 Splines
	10.1 Sobolev Spaces
	10.2 Splines on the 3D Ball
	10.3 Questions for Understanding

	11 Wavelets for Inverse Problems on the 3D Ball
	11.1 The Problem
	11.2 Convolutions
	11.3 Scaling Functions
	11.4 Wavelets
	11.5 Questions for Understanding

	12 The Regularized Functional Matching Pursuit
	12.1 The Idea
	12.2 Questions for Understanding

	References
	Index

